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Abstract A new non-simplified model of formation flying is derived in the presence of an oblate main-

body and third-body perturbation. In the proposed model, considering the perturbation of the third-

body in an inclined orbit, the effect of obliquity (axial tilt) of the main-body is becoming important

and has been propounded in the absolute motion of a reference satellite and the relative motion of a

follower satellite. From a new point of view, J2 perturbed relative motion equations and considering a

disturbing body in an elliptic inclined three dimensional orbit, are derived using Lagrangian mechanics

based on accurate introduced perturbed reference satellite motion. To validate the accuracy of the model

presented in this study, an auxiliary model was constructed as the Main-body Center based Relative

Motion (MCRM) model. Finally, the importance of the main-body’s obliquity is demonstrated by several

examples related to the Earth-Moon system in relative motion and lunar satellite formation keeping.

The main-body’s obliquity has a remarkable effect on formation keeping in the examined in-track and

projected circular orbit (PCO) formations.

Key words: space vehicles — celestial mechanics — Moon — planets and satellites — formation —

obliquity

1 INTRODUCTION

In recent years, formation flying as a key component of

future space missions has become more and more at-

tractive for researchers. Furthermore, derivation of the

relative motion equations has a special importance for

analyzing new space missions (Yang et al. 2015; Zeng

et al. 2015). These equations were established primarily

based on Keplerian circular orbits. Efforts were made to

derive the equations for non-circular and perturbed or-

bits. Also, researchers have tried to obtain more accurate

equations with consideration of zonal harmonics force

(Casotto 2016), atmosphere drag (Gaias et al. 2015) and

creating variations in reference satellite orbit characteris-

tics (Chu et al. 2015).

For long-term missions of formation flying, satellite

motion is affected by third-body perturbation and solar

radiation pressure in high altitude orbits. Hence, in mod-

ern modeling and design of satellite formation (Gong

et al. 2011, 2009; Hu et al. 2016; Shahid & Kumar 2014),

the perturbation force of third-body gravity and solar ra-

diation are also considered in relative motion analysis.

The perturbation effect of a third-body on the ab-

solute motion of a spacecraft in the inertial coordinate

system has been extensively studied in the literature

(Carvalho et al. 2010; Domingos et al. 2015, 2014, 2013;

Lara et al. 2012). Using the average and double-average

methods (Carvalho et al. 2010; Feng et al. 2015; Gomes

& de Cássia Domingos 2015; Ma & Li 2013), investiga-

tion of prolonged flight in the presence of a disturbing-

body is still an interesting research subject. In previous

works, for simplification, the X-Y plane was introduced

as a third-body’s orbital plane instead of the equatorial

plane of the main-body. Liu (Liu et al. 2012) was the first

researcher who employed the double-average method to

investigate the effect of a third-body’s inclination angle

on the absolute motion of a satellite.
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Later, Ortore (Ortore et al. 2016) expanded the third-

body gravity function as a Legendre polynomial up to

second order, and analytically established the absolute

motion equations of the satellite with consideration of an

inclined third-body.

Nevertheless, the perturbation effect of a third-body

on the relative motion of a spacecraft has attracted atten-

tion. Recently, for the first time Roscoe (Roscoe et al.

2013) has been able to analytically obtain the perturba-

tion effects of the Moon on satellite formation, by using

the model introduced by Bertachini de Almeida Prado

(2003) without consideration of obliquity. An overall re-

view of the literature shows that there are only a handful

of papers on the modeling of satellites’ relative motion in

the presence of a third-body.

As can be found from the above literature, relative

motion equations have not been solved exactly with con-

sideration of third-body gravity and obliquity effects of a

main-body. Also, in most of the previous works, the ref-

erence orbit perturbation has been ignored, which causes

significant errors in long time flight. Also, it is demon-

strated that the extension of the chaotic zone clearly de-

pends on the value of obliquity and axial tilt can lead

to large variation of orbit eccentricity (Liu et al. 2012).

Furthermore, the amount of obliquity effects cannot be

ignored for planets in the solar system. So, the purpose

of this paper is to clarify the main-body’s obliquity ef-

fects on relative motion and formation design.

To derive the near/far distance formation flying

model, a new approach is employed to drive the non-

simplified motion equations of the reference satellite in

the presence of a third-body based on six hybrid ele-

ments. The comparison of absolute motion with previous

models indicates that the proposed model has very good

accuracy in long-duration flights. In the next step, by ap-

plying Lagrangian mechanics, the new exact relative mo-

tion equations have been extracted with consideration of

third-body gravity in a three-dimensional orbit with an

oblate main-body. To confirm the accuracy of the pre-

sented relative motion model, a model called the Main-

body Center based Relative Motion (MCRM) model has

been introduced. Finally, the effect of the main-body’s

axial tilt on two kinds of satellite formation (in-track and

projected circular orbit (PCO)) is investigated.

2 THE DYNAMIC MODEL OF RELATIVE

MOTION

The system studied in this work consists of four masses:

a main-body with mass M , a perturbing-body with

mass m′, reference satellite m and follower satellite mj .

The configuration of this system has been depicted in

Figure 1. Two coordinate systems have been used here.

One, the main coordinate system (OXY Z), has its ori-

gin O attached to the center of mass of the main-body.

The XY plane of this system coincides with the equato-

rial plane of the main-body and its Z-axis is towards the

north pole of the main-body (Curtis 2013).

The other coordinate system is the Local-Vertical

Local-Horizontal (LVLH) frame, whose origin is at the

centroid of the reference satellite. This rotating frame

generally rotates about the z-axis. By applying pertur-

bation forces, it will experience another rotation around

the x-axis. It should be mentioned that the LVLH sys-

tem will not experience any rotation relative to the along-

track direction. In this coordinate system, the x-axis (ra-

dial direction) is directed from the main-body center to-

wards the reference satellite, and the z-axis (cross-track)

is normal to the orbital plane of the reference satellite

(Vallado 2001). Also, the y-axis (along-track) completes

the LVLH coordinate system.

The angular rotational velocity of the LVLH frame

is as follows

ω = ωxx + ωyy + ωzz . (1)

In the above equation, ωx and ωz are the steering rate

and orbital rate of the orbital plane, respectively. Based

on the orbital elements of the reference spacecraft, they

are expressed as (Xu & Wang 2008)

ωx = i̇cθ + Ω̇sθsi, (2)

ωz = θ̇ + Ω̇ci, (3)

where c∗ and s∗ represent cos(∗) and sin(∗) respectively.

Also, i, θ and Ω represent inclination, argument of lati-

tude and the right ascension of ascending node, respec-

tively. The derivatives of these unit vectors are obtained

as follows

ẋ = ω × x = ωzy, (4)

ẏ = ω × y = ωxx, (5)

ż = ω × z = −ωxy, (6)

x =
r

|r|
, z =

h

|h|
, y = z × x. (7)

Also, based on the orbital elements of the reference satel-

lite, the angular velocity component about the y-axis is

equal to zero (Kechichian 1998).

ωy = −i̇sθ + Ω̇cθsi = 0. (8)
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Fig. 1 Schematic diagram of the main-body centered coordinate system and relative frame attached to a center of reference satellite

in the presence of an inclined perturbing-body.

2.1 Perturbed Reference Satellite Motion

In this work, the relative motion equations without sim-

plification are defined on the basis of a perturbed refer-

ence orbit with regard to a disturbing-body in an inclined

orbit as well as oblate main-body. Therefore, it is neces-

sary to first derive the perturbed motion equations of the

reference satellite.

It is assumed that the reference and fol-

lower satellites are orbiting around the main-body,

with hybrid orbital elements (r, vx, i, h, θ, Ω) and

(rj , vxj, ij, hj , θj , Ωj), respectively. Also, the third-

body is in a Keplerian orbit with semimajor axis a′,

eccentricity e′, inclination i′, argument of perigee ω′,

argument of latitude θ′ and right ascension of ascending

node Ω′ (Xu et al. 2012). Based on the theory of celestial

mechanics, the potential function due to a third-body

perturbation is expressed as follows (Liu et al. 2012)

W ′ = µ′

(
1

d
−

1

r′3
r.r′

)
, (9)

where µ′ is the perturbing-body gravitational constant,

r
′

= r′xx+r′yy+r′z z is the vector connecting the centers

of the main-body and third-body in the LVLH frame and

d = r′−r is the vector from the reference satellite toward

the third-body center. That can be defined as follows

d =
√

(r′x − r) + r′y
2 + r′z

2. (10)

The gradient of the potential function of the perturbing-body is given as

∇W ′ =

(
−

µ′

d3

)
r +

(
µ′

r′3
−

µ′

d3

)
r′, (11)

where the main-body is assumed to be an oblate body with zonal harmonic J2. Furthermore the gradient of the potential

function of the main-body will be

∇W =

(
µ

r3
+

kJ2

r5

(
1 − 5s2

ϕ

))
r +

2kJ2sϕ

r4
z, (12)

where kJ2 = 3µJ2R
2
e/2 and Z = sisθx + sicθy + ciz as well as sφ = sisθ. To obtain the gradient of the potential

function applied on the reference satellite, it is necessary to express the position, velocity and acceleration vectors of

the reference satellite in the LVLH frame. Thus, we have (Xu et al. 2012):

r = rx, (13)

ṙ = V = vxx +
h

r
y, (14)
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r̈ =

(
v̇x −

h2

r3

)
x +

ḣ

r
y + ωx

h

r
z. (15)

In the above equations, h is the angular momentum, which is defined as h = |r× ṙ|. By using the relation between the

unit vectors r = x, r = [r 0 0]
T

, r′ =
[
r′x r′y r′z

]T
and a summation of Equations (11) and (12), the gradient

of the potential function applied on the reference satellite is expressed in the LVLH frame as follows

∇W =

[
µ

r2
+

kJ2

r4

(
1 − 3s2

i s
2

θ

)
−

µ′

d3
+

(
µ′

r′3
−

µ′

d3

)
r′x

]
x +

[
kJ2

r4
s2

i s2θ +

(
µ′

r′3
−

µ′

d3

)
r′y

]
y

+

[
kJ2

r4
s2isθ +

(
µ′

r′3
−

µ′

d3

)
r′z

]
z. (16)

Now by employing the relation r̈ = −∇W and by combining Equations (15) and (16), after some manipulations,

the motion equations of the reference spacecraft in the presence of inclined third-body gravity and J2 perturbation can

be derived as in Equations (17)–(22).

ṙ = vx, (17)

v̇x = −
µ

r2
+

h2

r3
− µ′

(
1

r′3
−

1

d3

)
r′x −

µm

d3
r −

kJ2

r4

(
1 − 3s2

i s
2

θ

)
, (18)

ḣ = −µ′

(
1

r′3
−

1

d3

)
r′yr −

kJ2

r4s2
i

s2θ, (19)

θ̇ =
h

r2
+

2kJ2

hr3
c2

i s2θ +
rcisθ

hsi

µ′

(
1

r′3
−

1

d3

)
r′z , (20)

i̇ = −
r

h
cθµ

′

(
1

r′3
−

1

d3

)
r′z −

kJ2

2hr3
s2

2is2θ, (21)

Ω̇ = −
r

h

sθ

si

µ′

(
1

r′3
−

1

d3

)
r′z −

2

h

kJ2

r3
s2

θci. (22)

The motion equations of the reference satellite are extracted without any simplification with six hybrid orbital ele-

ments. The motion equations obtained for the reference satellite are independent of Ω. Thus, it can be analyzed by

using the five equations given by Equations (17)–(21). Also, this equation considers the perturbing-body inclination

that is important for long-term motion evaluation.

Furthermore, the orbital rate ωz is equal to (Wei et al. 2013)

ωz =
h

r2
. (23)

Also, by using Equations (15) and (16), the steering rate of the orbital plane will be determined as

ωx = −
kJ2

hr3
sθs2i − µ′

(
1

r′3
−

1

d3

)
r′z

r

h
. (24)

Then, by using Equations (23), (24) and (19), the expressions related to the time derivative of the rotation components

of the LVLH system relative to the main coordinate system can be derived as follows:

αx = ω̇x = − µ′
r

h

(
1

r′3
−

1

d3

)(
ṙ

r
−

ḣ

h

)
ṙ′z + 3

r

h
µ′

(
ṙ′

r′4
−

ḋ

d4

)
r′z

+
kJ2

h2r6

(
− 8kJ2s

3

i s
2

θcicθ + 3hr2vxsθs2i − h2rcθs2i

)
. (25)

αz = ω̇z = −
kJ2

r5
s2θs

2

i −
2vxh

r3
−

µ′

r

(
1

r′3
−

1

d3

)
r′y, (26)

where

ḋ =
[
(r′x − ṙ) + ṙ′y + ṙ′z

]
. (27)
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2.2 Dynamics of Perturbed Relative Motion

In the second step, the motion equations of the follower satellite relative to the reference satellite should be obtained.

For this purpose, Lagrange’s equations are used to derive the relative motion model for the jth satellite.

In general, by setting the Lagrangian equal to the difference between the kinetic and potential energies of the jth

satellite (Lj = Kj−Uj), Lagrange’s equation for deriving the relative motion model can be expressed as Equation (28)

(Bosanac et al. 2016)

d

dt

(
∂Kj

∂q̇n

)
−

∂Kj

∂qn

+
∂Uj

∂qn

= Qnj , (28)

in which qj = [xj yj zj ]
T

is the generalized displacement and q̇j = [ẋj ẏj żj ]
T

is the generalized velocity.

Also, Qj
n is the sum of the non-conservative forces applied on the jth satellite. Here, Qj

n denotes the control force

applied on the follower satellite. Now, by precisely computing the potential and kinetic functions, the relative dynamic

equations for the motion of the jth satellite in the LVLH system can be derived.

2.2.1 Kinetic energy

The position vector rj of the jth satellite in the LVLH frame is

rj = (r + xj)x + yjy + zjz. (29)

The velocity vector V j is obtained by taking the derivative of Equation (29) and substituting Equations (4)–(6)

ṙj =V = (vx − ẋj − yiωz)x −

(
h

r
+ ẏj + xjωz − zjωx

)
+ (żj + yjωx)z. (30)

The kinetic energy (per unit mass) for the jth satellite is obtained in Equation (31)

Kj =
1

2
ṙj ṙj =

1

2

[
(vx − ẋj − yiωz)

2
+

(
h

r
+ ẏj + xjωx

)2

+ (żj + yjωx)
2

]
. (31)

Substituting Equation (31) into the first two terms of Lagrange’s equation (Eq. 28) gives




ẍj − 2ẏjωz − xjω

2
z − yjαz + zjωxωz − r (ωz)

2
+ (v̇x)

ÿj − 2ẋjωz − 2żjωx + xjαz − yjω
2
z − yjω

2
x − zjαx + 2vx (ωz) + r (αz)

z̈ + 2ẋjωz + xjωxωz + yjαx − zjω
2
x − r (ωzωx)



 . (32)

By using Equations (18), (23), (24) and (26) and substituting into the expression within the parenthesis in

Equation (32), the following expression is obtained

d

dt

(
∂Kj

∂q̇n

)
−

∂Kj

∂qn

=





ẍj − 2ẏjωz − xjω
2
z − yjαz + zjωxωz − ry2 −

µ

d3
rµ′

(
1

r′3
−

1

d3

)
r′x − χsisθ

ÿj − 2ẋjωz − 2żjωx + xjαz − yjω
2
z − yjω

2
x − zjαx − µ′

(
1

r′3
−

1

d3

)
r′y − χsicθ

z̈ + 2ẏjωx + xjωxωz + yjαx − zjω
2
x − µ′

(
1

r′3
−

1

d3

)
r′z − χci




,

(33)

where

χ =
2kJ2

r4
sθsi, (34)

γ2 =
µ

r3
+

kJ2

r5
−

5kJ2

r5
s2

θs
2

i . (35)



39–6 M. Bakhtiari et al.: Long-term Obliquity Effect on Satellite Formation

2.2.2 Potential energy

The applied gravitational potential energy on the jth satellite, due to the gravitational fields of the main-body and

third-body (similar to Eq. (9)), is expressed as follows

Uj =
µ

rj

−
kJ2r

2
jz

3r3
j

+
kJ2

r5
j

− µ′

(
1

dj

−
1

r′3
rj · r′

)
, (36)

where rj and rjZ are given as

rj =
√

(r + xj)
2 + y2

j + z2
j , (37)

rjz = rj · Ẑ. (38)

Thus, with regard to Equation (28) and using Equation (36) we will have

∂Uj

∂qj

=





γ2
j − 2 (r + xj) + χjsisθ + µ′

(
1

r′3
−

1

d3
j

)
r′x +

µ′ (r + r′x)

d3
j

γ2
j yj + χjsicθ + µ′

(
1

r′3
−

1

d3
j

)
ym +

µ′r′x
d3

j

γ2
j zj + χjci + µ′

(
1

r′3
−

1

d3
j

)
zm +

µ′r′z
d3

j





, (39)

where

χj =
2kJ2

r5
j

rjz , (40)

γ2

j =
µ

r3
j

+
kJ2

r5
j

−
5kJ2rjZ

2

r7
j

, (41)

dj = |r′ − rj | =
√

(r′x − (r + xj))
2 + (r2

y − yj)2 + (r2
z − zj)2. (42)

Now, by using Equations (33), (39) and (28) and considering thrust forces to be non-conservative, the motion equations

of the jth satellite relative to the reference satellite can be obtained as:

ẍj = 2ẏjωz − xjγ
2

j + xjω
2

z + yjαz − zjωxωz +
µ′

d3
r − r′xµ′

(
1

d3
−

1

d3
j

)
−

(
µ

r3
j

+
µ′

d3
j

)
(r + xj)

− (χj − χ) sθsi − r
(
γ2

j − γ2
)

+ Txj , (43)

ÿj = −2ẋjωz + 2żjωx + yjγ
2 − xjαz + yj

(
ω2

x + ω2

x

)
− r′yµ′

(
1

d3
−

1

d3
j

)
−

(
µ

r3
j

+
µ′

d3
j

)

yj − (χj − χ) sθsi + Tyj, (44)

z̈j = −2ẏjωx − zjγ
2

j + zjω
2

x + yjαx − xjωxωz − r′zµ
′

(
1

d3
−

1

d3
j

)
−

(
µ

r3
j

+
µ′

d3
j

)
zj − (χj − χ) ci + Tzj, (45)

where Tzj , Tzj, Tzj are control force components on the jth spacecraft. Thus, the equations obtained for the relative

motion of the satellites are derived without any simplification and, moreover, the J2 perturbation and disturbing-

body in an inclined elliptical orbit are considered. To analyze the relative motion of the controllable satellite, it is

necessary to use Equations (43)–(45) together with Equations (17)–(22), so that the variations of reference satellite

orbital elements are computed instantaneously and applied to the relative motion equations.



M. Bakhtiari et al.: Long-term Obliquity Effect on Satellite Formation 39–7

2.3 The Third-Body Motion in LVLH Frame

By using Equations (17)–(22) and (43)–(45), the ref-

erence and follower satellite motion as well as forma-

tion operation can be analyzed. For employing these

equations, the displacement
[
r′x, r′y, r′z

]
and velocity[

ṙ′x, ṙ′y, ṙ′z
]

components of a perturbing body in the

LVLH frame must be known. To obtain these compo-

nents, the following procedure is given:

1- The classical orbital elements of the third-body

in an inclined elliptical orbit (a′, i′, e′, ω′, Ω′, f ′) are ob-

tained based on Keplerian motion.

2- The position and velocity vectors of the third-

body in the perifocal frame are provided using the

perturbing-body’s classical orbital elements by (Curtis

2013)

r̄′ =
h′

µ′

1

1 + e′cf ′

(cf ′p + sf ′q) , (46)

˙̄r′ = v̄′ =
h′

µ′
[−cf ′p + (e′ + cf ′) q] , (47)

where the unit vector along the x̄-axis (the apse line in

the perifocal frame) is denoted by p. The ȳ-axis, with

unit vector q, lies along the 90◦ true anomaly to the x̄-

axis.

3- By applying transfer matrix and third-body orbital

elements (Qi & Xu 2015), the position and velocity vec-

tors of the third-body in the perifocal frame can transfer

to the main-body frame as follows



cω′cΩ′ − sω′ci′sΩ′ −sω′cΩ′ − cω′ci′sΩ′ sω′sΩ′

cω′sΩ′ + sω′ci′cΩ′ −sω′sΩ′ − cω′ci′cΩ′ −si′cΩ′

sω′si′ cω′si′ ci′



 ,

(48)

r′E = QE
p r̄′, (49)

v′E = QE
p v̄′. (50)

4- Now, by using the transfer matrix based on the

orbital elements of the reference satellite (Alfriend et al.

2009), the position and velocity of the third-body in the

LVLH coordinate system can be obtained.

ΦL
E =




cθcΩ − sθcisΩ cθcΩ + sθcicΩ sθsi

−sθcΩ − cθsisΩ −sθsΩ − cθcicΩ cθsi

sisΩ −sicΩ ci



 ,

(51)

r′ = ΦL
Er′E =

[
r′x, r′y , r′z

]T
, (52)

v′ = ΦL
Ev′E =

[
ṙ′x, ṙ′y, ṙ′z

]T
. (53)

3 MAIN-BODY CENTERED BASED RELATIVE

MOTION (MCRM) MODEL

To ascertain the validity and accuracy of the presented

model, the structure of an MCRM model is constructed.

To establish such a structure, the equations of the refer-

ence and follower satellite should be written in the main-

body frame. The equations of motion of the reference

satellite perturbed by the third body are given as

R̈ = −
µ

R3
R + ∇

[
−

µ

R3
J2R

2

eP2

(
Z

R

)]

+µm

(
D

D3
−

Rm

R3
m

)
, (54)

where R is the satellite’s position vector, R′ is the

third-body’s position vector and D = Rm − R is the

vector connecting the centroid of the reference satellite

to the disturbing body center in the main-body frame.

Similarly, the perturbed jth follower motion in the main-

body centered frame, with regards to the thrust force, can

be expressed as follows

R̈j = −
µ

R3
j

Rj + ∇

[
−

µ

R3
j

J2R
2

eP2

(
Zj

Rj

)]

+µm

(
Dj

D3
j

−
Rm

R3
m

)
. (55)

Now, by using Equations (54) and (55), the position and

velocity of each satellite in the main-body coordinate

system can be obtained. Finally, by subtracting the po-

sition and velocity components of the satellites, the rela-

tive position and velocity of the follower satellite will be

obtained.

ρ =
[
ΦL

I

]
Rj − R, (56)

ρ̇ =
[
Φ̇L

I

]
Ṙ +

[
ΦL

I

]
Ṙ − ω × ρ. (57)

To do this, the position Rj = [Xj Yj Zj ]
T

and ve-

locity Ṙj =
[
Ẋj Ẏj Żj

]T
of the follower satellite in

the main-body centered coordinate system, as well as po-

sition r = [r 0 0]
T

and velocity ṙ = [vx h/r 0]
T

of the reference satellite in the LVLH frame, angular ve-

locity vector of the reference orbit ω = [ωx 0 ωz]
T

and transfer matrix
[
ΦL

I

]
at any moment, are required.

The array of
[
ΦL

I

]
is dependent on the reference orbital

elements. This structure is explained in Figure 2.
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Fig. 2 Flowchart of the MCRM model.

4 RESULT ANALYSIS

In this section, several numerical simulations are per-

formed to validate the presented model for both the ref-

erence satellite and the follower’s relative motion. The

model introduced by Liu et al. (2012) is used to val-

idate the motion equations of the reference spacecraft

(Eqs. (17)–(22)). The presented relative motion equa-

tions are also validated against the MCRM model which

is produced in this study to fill the gap of available data.

After verifying the presented model, the necessity for

consideration of main-body’s obliquity on relative mo-

tion and formation design will be investigated.

4.1 Earth-Moon System

As mentioned earlier, in this study, it is assumed that the

Moon is the main-body and the reference satellite is or-

biting around the Moon. These motions are perturbed by

the Earth as a third-body. Also, contrary to the works

of (Carvalho et al. 2011, 2010; Gong & Li 2015; Qi &

Xu 2015) in which the inclination of the third-body has

been ignored, here, the inclination of the perturbing-body

is not considered to be zero (see Tresaco et al. (2016)).

Also, no restriction has been employed in obtaining the

equations or simulations. The motion of the reference

spacecraft obtained in this study is validated against the

results obtained by Liu et al. (2012) (with considera-

tion of i′ and the double averaged method), by similar

orbital parameters. Figure 3 and 4 illustrate the effect

of the main-body’s obliquity and difference between the

double-averaging and the proposed exact solution.

In Figures 3 and 4, the exact proposed model of satel-

lite motion by Equations (1)–(6) is compared with the

double-average model (Liu et al. 2012) to show the ac-

curacy of the model in long-time flight in the presence of

a third-body perturbation. In Liu’s work, some simplifi-

cations were considered to derive the motion equation of

a satellite under inclined third body perturbation. Also,

the only perturbing force that was considered in Liu’s

paper was the third body gravity effect of orbiting in a

6.68◦ inclined orbit. The third body perturbation force

was inversely proportional to the distance between the

third body and satellite, so that with distance decreas-

ing between the third body and satellite, the perturbing

force increased and had a significant effect on satellite

motion. Based on the above-mentioned issues Liu’s work

had some simplification to include the influence of the

Moon’s gravity on the satellite motion equation. These

simplifications cause an approximate value of lunar per-

turbation to be employed in the computation. Also, by

decreasing the distance between the third body and the

satellite, the error due to simplification offered by Liu’s

work became larger with more elapsed time.

In the next step, the relative motion of the follower

spacecraft is validated against the presented MCRM

model. The initial conditions of the reference and fol-
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Fig. 3 Variation of eccentricity over 400 canonical time units (1737 days) for different initial inclinations, double-averaged model

(Liu et al. 2012) (dashed-lines) and the proposed model (solid-lines).

Fig. 4 Variation of inclination over 400 canonical time units (1737 days) for different initial inclinations, double-averaged model

(Liu et al. 2012) (dashed-lines) and the proposed model (solid-lines).

lower spacecraft are presented in Equation (58):

a = 6244 km, e = 0.25, i = 35◦, Ω = 41◦, θ = 18◦,

ω = 30◦, for reference orbit

a = 6239 km, e = 0.21, i = 36◦, Ω = 40◦, θ = 20◦,

ω = 31◦, for follower A orbit

a = 5998 km, e = 0.10, i = 30◦, Ω = 35◦, θ = 10◦,

ω = 20◦ for follower B orbit.

(58)

Also, by using Equations (56) and (57), the initial condi-

tions for the relative motion of the follower spacecraft in

the LVLH system are obtained.

As seen in Figures 5 and 6, the results obtained by

the suggested model show a very good agreement with

the MCRM model. It should be noted that in all simu-

lations it was supposed that the third-body is in an el-

liptic inclined three-dimensional Keplerian orbit around

the main body with a′ = 386000 km, e′ = 0.05, i′ =

6.68◦, ω′ = Ω′ = 0.

4.2 Obliquity Effects on Relative Motion

In this section, several simulations have been made to in-

vestigate the main-body’s obliquity effects with different

initial conditions for followers in specific cases of for-

mation flying. For this purpose, first, the lunar orbiter is

considered with the following orbital elements that orbit

around a spherical Moon (neglecting the J2 zonal har-

monic of the Moon being equal to 2.0320× 10−4)

a = 5844 km, e = 0.10, i = 20◦, Ω = 15◦,

θ = 30◦, ω = 30◦, for reference orbit. (59)

For simulation of different scenarios, the follower orbital

element is assumed to be the same as Equation (59) with

consideration of some variation in these orbital elements.

Accordingly, the initial conditions of follower satellites
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Fig. 5 The relative position and velocity for follower A, the MCRM model (bullets) and the presented model (lines).

Fig. 6 The relative position and velocity for follower B, the MCRM model (bullets) and the presented model (lines).

are given in Table 1 with regard to above-mentioned vari-

ations. It should be noted that these initial conditions are

obtained using the variation of each orbital element of

the reference satellite and by employing Equations (56)

and (57).

Figure 7 depicts the obliquity effects of the Moon

on the position and velocity components of the follower.

It shows that a significant deviation is produced in long-

term prediction of relative motion, despite low axial tilt

of the Moon. As can be found from Figure 7, when the ar-
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Fig. 7 The position and velocity components of the follower satellite considering the obliquity of the Moon (yellow lines) and

neglecting the obliquity effect (black lines) effect.
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Fig. 8 The position of the follower satellite in the LVLH frame in different inclinations and eccentricities of the reference orbit

with constant perigee. (Yellow and black correspond to the simulation with consideration of lunar axial tilt and with ignorance of

obliquity, respectively.)

Fig. 9 Required thrust for in-track lunar formation keeping around different reference orbit eccentricity and inclination. (The yellow

lines indicate the needed thrust with lunar obliquity and the black lines correspond to the results obtained neglecting the effect of

the Moon’s axial tilt.)

gument of perigee changes, the obliquity will be affected

with a longer time. Also, in some cases the axial tilt ef-

fects cannot be ignored even with low flight time. Due to

the above mentioned issues, consideration of the main-

body’s obliquity has a significant effect on the accuracy

of formation flying.

4.3 The Effects of Orbital Elements and Obliquity

on Formation Flying

Figure 8 shows the relative position of the follower satel-

lite in relative coordinates LVLH, attached to the refer-

ence satellite. Also, the effects of different orbital ele-

ments of the reference satellite are investigated as well

as obliquity effects. It should be noted that the orbital



M. Bakhtiari et al.: Long-term Obliquity Effect on Satellite Formation 39–13

Fig. 10 The deviation of position from desired lunar in-track formation type due to neglect of lunar obliquity around the eccentric-

ities and inclinations of different reference orbits. (Yellow and black correspond to simulation with and without consideration of

lunar axial tilt, respectively.)

Fig. 11 The deviation from desired lunar PCO formation type due to neglect of the Moon’s axial tilt. (Yellow and black correspond

to simulation with and without consideration of lunar obliquity, respectively.)
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Table 1 The Initial Condition of a Follower Satellite in Different Scenarios due to Variations

in Reference Satellite Orbital Elements

δω = 0.1◦ δΩ = 0.1◦ δθ = 0.1◦ δi = 0.1◦

x (m) 0.7282 –7.7700 –7.282 –2.0021

y (m) −2 × 10−10 8626.5 9179.7 –3.4680

z (m) −1.13 × 10−10 –2717.7 0 4589.8

vx (m s−1) –1.449 –14.676 –14.488 –0.0060

vy (m s−1) –0.0012 –0.0126 –0.0126 –0.0104

vz (m s−1) 0 2.7294 0 13.802

elements of the reference and follower satellites are con-

sidered from Equation (59) (by applying the variation of

δω = 0.5◦ for the follower satellite). As can be seen

in Figure 8, the obliquity effect will show itself at a

lower time, when the eccentricity increases. Also, with

constant eccentricities and lower inclinations, the fol-

lower deviation will be considerable when ignoring the

Moon’s obliquity. Accordingly, consideration of the ax-

ial tilt effects is a crucial issue, specifically during long

term flight.

4.4 The Obliquity Effects on Formation Flying

Design

In this section the obliquity effects are investigated on

formation flying design (Roscoe 2012; Roscoe et al.

2013). As presented in the previous sections, neglecting

the obliquity in relative motion of satellites, a deviation

is produced. The amount of this deviation has particu-

lar importance in design of a long-term formation flying

mission. Here, two types of formation flying designs are

investigated.

4.4.1 In-track formation design

One of the simplest methods of formation flying design is in-track formation. In this formation, the follower satellite

moves in the orbital plane of the reference satellite with zero components except the along-track component (y) in the

LVLH coordinate (Lane 2007). Here, we assume that

xf (t) = zf (t) = 0, yf (t) = λ sin

(
2π

T
t

)
+ ζ, (60)

where xf , yf , zf are the desired relative position components of the follower satellite and T is the period of the

reference satellite orbit. With consideration of Equation (60), the follower satellite has a distance of ζ = 1 km at

perigee and ζ + λ = 1.5 km at apogee in the case of in-track formation. Now, the required thrust for formation

keeping and accomplishing the mission can be obtained by applying constraints in Equations (43)–(45). The amount

of required thrust with and without considering the Moon’s axial tilt has been shown in Figure 9. This necessary thrust

is expressed in the following:

Txj = −yfαz − 2ẏfωz −

(
µ

r3
+

µ′

d3

)
+ r′xµ′

(
1

d3
−

1

d3
j

)
+

(
µ

r3
j

+
µ′

d3
j

)
(r + xj)

+ (χj − χ) sθsi + r
(
γ2

j − γ2
)

(61)

Tyj = −yf

(
ω2

z + ω2

x

)
+ r′yµ′

(
1

d3
−

1

d3
j

)
+

(
µ

r3
j

+
µ′

d3
j

)
yf + (χj − χ) sθsi (62)

Tzj = yfαx + 2ẏfωx + r′zµ
′

(
1

d3
−

1

d3
j

)
+

(
µ

r3
j

+
µ′

d3
j

)
zf + (χj − χ) ci . (63)
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All parameters in Equations (61)–(63) have been introduced in previous sections. Also, in this case:

dj = |r′ − rj | =
√

(r′x − r)2 + (r2
y − yf )2 + r2

z (64)

rj =
√

r2 + y2

f . (65)

Figure 9 shows the effect of the Moon’s obliquity on the thrust required for the mentioned in-track formation

keeping. It is obvious that the obtained thrust is under the influence of the Moon’s obliquity and it should not be

ignored. In many former works, the effect of the main-body’s obliquity has been disregarded in the investigation of a

satellite’s motion, but as has been demonstrated in (Liu et al. 2012), this parameter could play a significant role in the

motion of a satellite over a long time.

As shown in Figure 10, the simulation of formation flying has been accomplished by solving the relative mo-

tion equation with regard to the above generated thrusts (Eqs. (61)–(63)), exclusively. When the obliquity effects are

ignored, in the early time of the simulation, a large deviation occurs and the main goal of formation design fails.

However, with consideration of the Moon’s axial tilt in formation design, the formation is preserved in prolonged

missions.

4.4.2 Projected Circular Orbit formation design

PCO formation flying is considered to further understand the importance of obliquity effects. This formation creates a

circular image on the z − y plane and motion of the follower satellite associated with this formation type in the LVLH

coordinate (Yan et al. 2009) is assumed to be:

xp (t) = 2λ sin (nt + α0) , yp (t) = λ cos (nt + α0) , zp (t) = λ sin (nt + α0) , (66)

where α0 = π/6, n =
√

µ/a3 and λ is assumed equal to 0.5 km in this simulation. The required thrust for maintaining

the formation characteristics can be procured with substitution of Equation (66) into Equations (43)–(45).

Tx = −xf

(
ω2

z + n2
)
− yfαz + zfωz (2n + ωx) − r

µ′

d3
+ r′xµ′

(
1

d3
−

1

d3
j

)

+

(
µ

r3
j

+
µ′

d3
j

)
(r + xj) + (χj − χ) sθsi + r

(
γ2

j − γ2
)

(67)

Ty = −yf

(
n2 − nωz + 2nωx + ω2

z + ω2

x

)
− xfαz + zfαx + r′yµ′

(
1

d3
−

1

d3
j

)
+

(
µ

r3
j

+
µ′

d3
j

)
yj

+ (χj − χ) sθsi (68)

Tz = −zf

(
n2 + 2nωx + ω2

x

)
+ xfωxωz + yfαx + r′zµ

′

(
1

d3
−

1

d3
j

)
+

(
µ

r3
j

+
µ′

d3
j

)
zj + (χj − χ) ci (69)

where all parameters in Equations (67)–(69) were introduced in previous sections. Also, similar to the previous kind

of formation, the generated thrust with and without consideration of the Moon’s obliquity are obtained and applied

in Equations (43)–(45) and (17)–(22) for analyzing motion of the follower satellite. When neglecting the Moon’s

obliquity, the X −Y plane is taken as the third-body’s (i.e. the Earth’s) orbital plane instead of the equatorial plane of

the Moon (it means that the third-body’s inclination is ignored (Ren & Shan 2012).

In Figure 11, deviation of satellite formation from the desired shape is shown for various scenarios due to ne-

glecting effects of the Moon’s axial tilt for different inclinations. Also, it can be seen that with consideration of the

obliquity effects, formation is maintained even in prolonged operations.
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5 CONCLUSIONS

In this paper, the near/far distance modeling of formation

flying and analysis of relative motion were investigated

by taking the third-body gravity and oblate main-body

into account. The proposed model is based on new rela-

tive motion equations of satellites regarding a perturbing-

body in an inclined orbit. In addition, the motion equa-

tions of the reference satellite were obtained without any

simplifications by using a new approach that considers

the third-body perturbation and axial tilt of the main-

body. The suggested equations provide the possibility of

considering the effects of the main-body’s obliquity and

oblateness on the relative motion model. In this work, the

X−Y plane was introduced as the equatorial plane of the

main-body, not the third-body’s orbital plane. After vali-

dating and comparing the motion equations of the refer-

ence satellite with previous works, the obtained relative

motion equations have been validated against the MCRM

equations that have been introduced in this paper. It was

shown that neglecting obliquity causes a deviation in the

follower satellite position, and this deviation is signifi-

cant in prolonged missions.

Finally, for a further investigation of the effect of a

third-body on formation missions, two kinds of forma-

tions (in-track and PCO) are introduced and the influence

of axial tilt was studied. Accordingly, the obliquity of the

main-body had a significant role in achieving long-term

formation and future space missions.
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