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Abstract A new non-simpli ed model of formation ying is derived in #hpresence of an oblate main-
body and third-body perturbation. In the proposed modehsiering the perturbation of the third-
body in an inclined orbit, the effect of obliquity (axialt)ilof the main-body is becoming important
and has been propounded in the absolute motion of a refesateltite and the relative motion of a
follower satellite. From a new point of view, perturbed relative motion equations and considering a
disturbing body in an elliptic inclined three dimensiongbib, are derived using Lagrangian mechanics
based on accurate introduced perturbed reference satabition. To validate the accuracy of the model
presented in this study, an auxiliary model was construatethe Main-body Center based Relative
Motion (MCRM) model. Finally, the importance of the mainetys obliquity is demonstrated by several
examples related to the Earth-Moon system in relative madiod lunar satellite formation keeping.
The main-body's obliquity has a remarkable effect on foliorakeeping in the examined in-track and
projected circular orbit (PCO) formations.

Key words: space vehicles — celestial mechanics — Moon — planets aedlitzt — formation —
obliquity

1 INTRODUCTION etal. 2011, 2009; Hu et al. 2016; Shahid & Kumar 2014),
the perturbation force of third-body gravity and solar ra-

In recent years, formation ying as a key component ofdiation are also considered in relative motion analysis.

future space missions has become more and more at-

tractive for researchers. Furthermore, derivation of the  Tpe perturbation effect of a third-body on the ab-

relative motion equations has a special importance fogqyte motion of a spacecraft in the inertial coordinate
analyzing new space missions (Yang et al. 2015; Zengysiem has been extensively studied in the literature
et al. 2015). These equations were established primar"(/(:arvalho et al. 2010; Domingos et al. 2015, 2014, 2013;
based on Keplerian circular orbits. Efforts were made tq 4,4 et al. 2012). Using the average and double-average
derive the equations for non-circular and perturbed orynethods (Carvalho et al. 2010; Feng et al. 2015; Gomes
bits. Also, researchers have tried to obtain more accuratg 4e cassia Domingos 2015; Ma & Li 2013), investiga-
equations with consideration of zonal harmonics forcg;gp of prolonged ight in the presence of a disturbing-
(Casotto 2016), atmosphere drag (Gaias et al. 2015) anghqy s still an interesting research subject. In previous
creating variations in reference satellite orbit chanaste works, for simpli cation, the X-Y plane was introduced
tics (Chu et al. 2015). as a third-body's orbital plane instead of the equatorial

For long-term missions of formation ying, satellite plane of the main-body. Liu (Liu et al. 2012) was the rst
motion is affected by third-body perturbation and solarresearcher who employed the double-average method to
radiation pressure in high altitude orbits. Hence, in modinvestigate the effect of a third-body's inclination angle
ern modeling and design of satellite formation (Gongon the absolute motion of a satellite.
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Later, Ortore (Ortore et al. 2016) expanded the thirdFigure 1. Two coordinate systems have been used here.
body gravity function as a Legendre polynomial up toOne, the main coordinate systd@XY Z), has its ori-
second order, and analytically established the absolutgin O attached to the center of mass of the main-body.
motion equations of the satellite with consideration of anThe XY plane of this system coincides with the equato-
inclined third-body. rial plane of the main-body and i&-axis is towards the

Nevertheless, the perturbation effect of a third-bodynorth pole of the main-body (Curtis 2013).
on the relative motion of a spacecraft has attracted atten- The other coordinate system is the Local-Vertical
tion. Recently, for the rst time Roscoe (Roscoe et al.Local-Horizontal (LVLH) frame, whose origin is at the
2013) has been able to analytically obtain the perturbaeentroid of the reference satellite. This rotating frame
tion effects of the Moon on satellite formation, by using generally rotates about theaxis. By applying pertur-
the model introduced by Bertachini de Almeida Pradobation forces, it will experience another rotation around
(2003) without consideration of obliquity. An overall re- the x-axis. It should be mentioned that the LVLH sys-
view of the literature shows that there are only a handfutem will not experience any rotation relative to the along-
of papers on the modeling of satellites' relative motion intrack direction. In this coordinate system, thexis (ra-
the presence of a third-body. dial direction) is directed from the main-body center to-

As can be found from the above literature, relativewards the reference satellite, and #axis (cross-track)
motion equations have not been solved exactly with conis normal to the orbital plane of the reference satellite
sideration of third-body gravity and obliquity effects of a (Vallado 2001). Also, thg-axis (along-track) completes
main-body. Also, in most of the previous works, the ref-the LVLH coordinate system.
erence orbit perturbation has been ignored, which causes The angular rotational velocity of the LVLH frame
signi cant errors in long time ight. Also, it is demon- is as follows
strated that the extension of the chaotic zone clearly de-
pends on the value of obliquity and axial tilt can lead

to large variation of orbit eccentricity (Liu et al. 2012). |4 the above equation,, and! , are the steering rate
Furthermore, the amount of obliquity effects cannot beang orbital rate of the orbital plane, respectively. Based
ignored for planets in the solar system. So, the purposg, the orbital elements of the reference spacecraft, they

of this paper is to clarify the main-body’s obliquity ef- e expressed as (Xu & Wang 2008)
fects on relative motion and formation design.

P =lyx+!ly+1,z: (1)

To derive the near/far distance formation ying Ix=1lic + ssj; (2)
model, a new approach is employed to drive the non-
simpli ed motion equations of the reference satellite in l,= _+ _G: 3)

the presence of a third-body based on six hybrid ele-
ments. The comparison of absolute motion with previougvherec ands represent cosf and sin() respectively.
models indicates that the proposed model has very goofilso, i; and represent inclination, argument of lati-
accuracy in long-duration ights. In the next step, by ap-tude and the right ascension of ascending node, respec-
p|y|ng Lagrangian mechanics, the new exact relative motively. The derivatives of these unit vectors are obtained
tion equations have been extracted with consideration s follows
third-body gravity in a three-dimensional orbit with an

oblate main-body. To con rm the accuracy of the pre- X=1 x=tay @)
sented relative motion model, a model called the Main-

body Center based Relative Motion (MCRM) model has y=" y="5hx Q)
been introduced. Finally, the effect of the main-body's

axial tilt on two kinds of satellite formation (in-track and z=1! z= lyuy; (6)
projected circular orbit (PCQO)) is investigated.

r h

2 THE DYNAMIC MODEL OF RELATIVE X=qp 25 Y= ox© (7)

MOTION
Also, based on the orbital elements of the reference satel-

The system studied in this work consists of four massedite, the angular velocity component about fhaxis is
a main-body with massvl, a perturbing-body with equal to zero (Kechichian 1998).

massm?, reference satelliten and follower satelliten; . _

The con guration of this system has been depicted in ly= 18 + €5 =0: (8)
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Fig. 1 Schematic diagram of the main-body centered coordinatersyand relative frame attached to a center of referenchiteate
in the presence of an inclined perturbing-body.

2.1 Perturbed Reference Satellite Motion node °(Xuetal. 2012). Based on the theory of celestial
mechanics, the potential function due to a third-body

In this work, the relative motion equations without sim- perturbation is expressed as follows (Liu et al. 2012)

pli cation are de ned on the basis of a perturbed refer-

ence orbit with regard to a disturbing-body in an inclined WAE = g (9)

orbit as well as oblate main-body. Therefore, it is neces- d r

sary to rst derive the perturbed motion equations of theyhere 0 s the perturbing-body gravitational constant,
reference satellite. r’ = rOx+ roy+ r2 zis the vector connecting the centers
It is assumed that the reference and fol-of the main-body and third-body in the LVLH frame and
lower satellites are orbiting around the main-body,d = r° r isthe vector from the reference satellite toward
with hybrid orbital elements(r;vy;i;h; ; ) and the third-body center. That can be de ned as follows
(ri;wiiij hi; 5 j), respectively. Also, the third- q
body is in a Keplerian orbit with semimajor axa®, d= (19 )+ rP+rd% (10)
eccentricitye®, inclination i°, argument of perige¢ °,
argument of latitude® and right ascension of ascending

ol 1 o

The gradient of the potential function of the perturbinghp@s given as

0 0 0
@' E P
where the main-body is assumed to be an oblate body with bamadonicl,. Furthermore the gradient of the potential
function of the main-body will be

r wo= re (11)

oS 1 582 r+ 2ky28

rw= + — ;
rs r4

- (12)

wherek;, =3 J ;R2=2andZ = sis x + sicy+ gz aswellass = s;s . To obtain the gradient of the potential
function applied on the reference satellite, it is necgstaexpress the position, velocity and acceleration veabdr
the reference satellite in the LVLH frame. Thus, we have (Kal€2012):

r=rx; (13)

r=V = vwx + 2y; (14)
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h? h h
P = Vg 3 X+Fy+!XFZ' (15)
In the above equationk,is the angular momentum, which is de nedtas jr  rj. By using the relation between the
unit vectorsr = x,r =[r 0 O ,r%= r? ro r? T and a summation of Equations (11) and (12), the gradient
of the potential function applied on the reference sageititexpressed in the LVLH frame as follows
0 0 0 0 0

Ki2 k

— 22 0 J2 .2 0

rw= _r2+_ 1 3ss —+ — = Iy x+ r45i52 + o ry y
0 0

r4 ad réd X

k
+ %Szis f S @ rd z: (16)
Now by employing the relation = r W and by combining Equations (15) and (16), after some maatfjauls,
the motion equations of the reference spacecraft in theepoesof inclined third-body gravity and perturbation can

be derived as in Equations (17)—(22).

r= vV, (17)

Vy = r—2+?—§ 0 r%g d_13 ro d—rgr % 1 38?8 ; (18)
s 0 L Lo ﬁéz, (19)
:%@%ﬁN%§O} =0 (20)

i= ¢ %.3 F ro %sﬁ@; (21)

'S o 1 1 0 2k (22)

h Si r@ ds
The motion equations of the reference satellite are exddaaiithout any simpli cation with six hybrid orbital ele-
ments. The motion equations obtained for the referencdlisatae independent of . Thus, it can be analyzed by
using the ve equations given by Equations (17)—(21). Aldds equation considers the perturbing-body inclination
that is important for long-term motion evaluation.
Furthermore, the orbital rate, is equal to (Wei et al. 2013)

h
I, = r—zj (23)
Also, by using Equations (15) and (16), the steering ratbefirbital plane will be determined as
_ ko2 o 1 1 or.
Iy = ms S2i P rzﬁ- (24)

Then, by using Equations (23), (24) and (19), the expressiglated to the time derivative of the rotation components
of the LVLH system relative to the main coordinate systemtalnaderived as follows:

of 1 1 h o .1 o ° d

x = Lx = -~ T8 E_ — I, +3— = — T
- h r® & r h % “h # @ 7
—:;rzﬁ 8kyosis’cc +3hr2ves sy h?rc sy (25)

=1_ = ES 3.2 ZVXh _O i i ro'
z =z r5 2 9 r3 r d3 y?

(26)

where
d= (rg D+rg+rd: (27)
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2.2 Dynamics of Perturbed Relative Motion

In the second step, the motion equations of the followellgateelative to the reference satellite should be obtdine
For this purpose, Lagrange's equations are used to dervethative motion model for thigth satellite.

In general, by setting the Lagrangian equal to the diffeedretween the kinetic and potential energies ofj the
satellite(L; = K; U;), Lagrange's equation for deriving the relative motion madé be expressed as Equation (28)
(Bosanac et al. 2016)

d @ @k _ @y_, .

i @ @ @ o )
inwhichg =[x; vy z ]T is the generalized displacement ad= [Xx; Yy zJ-F]T is the generalized velocity.
Also, Q! is the sum of the non-conservative forces applied o thesatellite. HereQ!, denotes the control force
applied on the follower satellite. Now, by precisely compgthe potential and kinetic functions, the relative dyimam
equations for the motion of thjeh satellite in the LVLH system can be derived.

2.2.1 Kinetic energy
The position vector; of thej th satellite in the LVLH frame is
rp=(r+x)x+yy+zz (29)

The velocity vectol ; is obtained by taking the derivative of Equation (29) andssitiiting Equations (4)—(6)
h
p=V=_(w X Viz)x Ty tXlz 7l +(z +ylx)z: (30)

The kinetic energy (per unit mass) for thid satellite is obtained in Equation (31)

1 1 h 2
Ki=onn=5 (e x Wil + S+yi+xle +(z+yh)” (31)

Substituting Equation (31) into the rst two terms of Lageg's equation (Eq. 28) gives

2 3

Xio2l. X2y oz, r ()P (%)
4Yj 2!z, 24l x+ X 2 yj!g yj!s Zj x+2Vx(!z)+r(z)5: (32)
22X+ X Y x it 2 (ML)

By using Equations (18), (23), (24) and (26) and substitutinto the expression within the parenthesis in
Equation (32), the following expression is obtained

2 3
1 1
Xj 2Ml.'Z Xj!f Yj Z+Zj!X!Z ryz @r 0 r— @ rg S S
d @ @ 1
dt @If @—g: i 2!z 2'x+x 2 YitZoylioz o« 0 B P r)? SiC 7,
1 1
ZH2y Xl vy x ozt2 0 ® F rf ¢
(33)
where
2k

= s s (34)

2= 4+ £ 287k (35)
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2.2.2 Potential energy

The applied gravitational potential energy on flie satellite, due to the gravitational elds of the main-lyoahd
third-body (similar to Eq. (9)), is expressed as follows

kiof ko2 11
U = — ]z + M2 0o - Ty o . 36
P ar? rs d e T (36)
wherer; andr; Z are given as
q
= (r+x)P+y2+ 2 (37)
iz =1 2 (38)
Thus, with regard to Equation (28) and using Equation (36)wllehave
2 ! 3
1 1 Or + r?
A R R —‘djg )
@y . o 1 1 T
=F = 2yi + .SiCc + — = + ; 39
@g iYi iSi ; dj:i Ym dj3 (39)
1 &0
]-ZZj+ jG + 0 % d_Jg, Zm"'—djgz
where
2k
i r;J-,z jz (40)
i
k 5Ky or
2 _ J2 J2ljz
PTEtTs T (41)
i i i
q
d =jr% rjj= (12 (rEx)iH(r2 y)2H(rz z)Z (42)

Now, by using Equations (33), (39) and (28) and considetingst forces to be non-conservative, the motion equations

of thej th satellite relative to the reference satellite can beinbthas:
! !

0 1 1 0
X =2% . X FExIIRY o gt gr 0 St (1)
] j j
(j Iss r 7 74Ty (43)
! !
L= X, 42Zi Y 2 X L4y 12412 rooi 1 _+_O
Y = Xj*z Ziix 1Y j zTYj X y RE dj3 rj?» d]-3
i (i )ssi+Ty; (44)
I |
= 2yl 24 2124\ 1 0o 1 1 + ° ) . -+ T, : (45
z = Yix Z jtZiixtTYi x Xpixiz [I; F P PR 7z ( ) Gi zj, (45)

whereT; ; T ; T are control force components on tjt spacecraft. Thus, the equations obtained for the relativ
motion of the satellites are derived without any simpliicet and, moreover, thd, perturbation and disturbing-
body in an inclined elliptical orbit are considered. To azal the relative motion of the controllable satellite, it is
necessary to use Equations (43)—(45) together with Equatib7)—(22), so that the variations of reference satellite
orbital elements are computed instantaneously and apipliéhe relative motion equations.
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2.3 The Third-Body Motion in LVLH Frame 3 MAIN-BODY CENTERED BASED RELATIVE

. . MOTION (MCRM) MODEL
By using Equations (17)—(22) and (43)—(45), the ref-

erence and follower satellite motion as well as forma-To ascertain the validity and accuracy of the presented
tion operation can be analyzed. For employing thesenodel, the structure of an MCRM model is constructed.
equations, the displacement?;r9;r? and velocity To establish such a structure, the equations of the refer-
re;rg;ry components of a perturbing body in the ence and follower satellite should be written in the main-
LVLH frame must be known. To obtain these compo-body frame. The equations of motion of the reference

nents, the following procedure is given: satellite perturbed by the third body are given as
1- The classical orbital elements of the third-body

in an inclined elliptical orbi(a®%i%e%!1 % ©f9 are ob- ) z
; : ; R= —R+r —JoREP2,  —
tained based on Keplerian motion. R3 R3 e R
2- The position and velocity vectors of the third- D Rpn
body in the perifocal frame are provided using the tm D RZ ; (54)
perturbing-body's classical orbital elements by (Curtis "
2013) where R is the satellite's position vectoiR? is the
he 1 third-body's position vector an® = R R is the
o ' . m
T 01+ e (Grop + Sroq); (46) vector connecting the centroid of the reference satellite

to the disturbing body center in the main-body frame.
Similarly, the perturbegth follower motion in the main-
body centered frame, with regards to the thrust force, can

where the unit vector along theaxis (the apse line in e expressed as follows

0
r_O: VO: h—O[ Cfop+(eo+ Cfo)q]; (47)

the perifocal frame) is denoted gy The y-axis, with " #
unit vectorq, lies along thed0 true anomaly to the- o ‘ 2 Z

3- By applying transfer matrix and third-body orbital !
elements (Qi & Xu 2015), the position and velocity vec- + Dj R_g“ . (55)
tors of the third-body in the perifocal frame can transfer D; Rin

to the main-body frame as follows

Now, by using Equations (54) and (55), the position and
velocity of each satellite in the main-body coordinate
system can be obtained. Finally, by subtracting the po-
sition and velocity components of the satellites, the rela-
tive position and velocity of the follower satellite will be
obtained.

CioC o SioCoS o S oCo CoCoS o SoSo
4Cg 0S o+ S;0CoC o Sj0S o  CoCoC o  SjoC 05;
S 0Sjo C 0Sjo Cjo
(48)

r® = Qfro (49)

— L .

= Ri R; (56)

vE = QEve (50) L
4- Now, by using the transfer matrix based on the h

orbital elements of the reference satellite (Alfriend et al = L RrR+ LR I . (57)

2009), the position and velocity of the third-body in the

LVLH coordinate system can be obtained. ) - -
To do this, tﬁe positiofR;. = [X; Y; Z;] and ve-
CC SGS CC +SCGC S _ ~ T L
sc css Ss CGC Cs5: locity Ry = X5 Y4 Z; ofthe follower satellite in
Sis sic G the main-body centered coordinate system, as well as po-
(51) sitionr =[r O 0]T and velocityr =[vx h=r 0]T
of the reference satellite in the LVLH frame, angular ve-
locity vector of the reference orbit = [!, 0 ! Z]T

mr-
I
N

0_ L,E _ .0..0. .0 T.
r-= r= = rg;ry;r ; 52 . !
E Xy oz (52) and transfer matrix - at any moment, are required.
0 L E o T The array of | is dependent on the reference orbital
= = r

A A A A S (33)  elements. This structure is explained in Figure 2.
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from its Orbital Element

{ |
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2
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T pi = [}]R; + [®FIR; — i+t — @t x pl

Obtain Position of Target in LVLH Frame

rk=[r.00]" . r=yX2+Y2+ 272

Fig.2 Flowchart of the MCRM model.

4 RESULT ANALYSIS orbital parameters. Figure 3 and 4 illustrate the effect
of the main-body's obliquity and difference between the

In this section, several numerical simulations are Peryouble-averaging and the proposed exact solution.
formed to validate the presented model for both the ref- In Figures 3 and 4, the exact proposed model of satel

erence satellite and the follower's relative motion. The,. . ) _ .
. . . lite motion by Equations (1)—(6) is compared with the
model introduced by Liu et al. (2012) is used to val- :
ﬂouble-average model (Liu et al. 2012) to show the ac-

idate the motion equations of the reference spacecra

(Egs. (17)=(22)). The presented relative motion equa(_:uracy of the model in long-time ight in the presence of

tions are also validated against the MCRM model which® third-body perturbation. In Liu's work, some simpli -

is produced in this study to Il the gap of available data. cations were considered to derive the motion equation of

After verifying the presented model, the necessity for® satellite under inclined third body perturbation. Also,

. . . ] e . the only perturbing force that was considered in Liu's
consideration of main-body's obliquity on relative mo- _ . o
tion and formation design will be investigated paper was the third body gravity effect of orbiting in a

' 6:68 inclined orbit. The third body perturbation force

was inversely proportional to the distance between the
third body and satellite, so that with distance decreas-
As mentioned earlier, in this study, it is assumed that thd"d between the third body and satellite, the perturbing
Moon is the main-body and the reference satellite is orforce increased and had a signi cant effect on satellite
biting around the Moon. These motions are perturbed bwotion. Based on the above-mentioned issues Liu's work
the Earth as a third-body. Also, contrary to the workshad some simpli cation to include the in uence of the
of (Carvalho et al. 2011, 2010; Gong & Li 2015; Qi & Moon's gravity on the satellite motion equation. These
Xu 2015) in which the inclination of the third-body has Simpli cations cause an approximate value of lunar per-
been ignored, here, the inclination of the perturbing-bodyurbation to be employed in the computation. Also, by
is not considered to be zero (see Tresaco et al. (2016)§i_ecreasing the distance between the third body and the
Also, no restriction has been employed in obtaining thesatellite, the error due to simpli cation offered by Liu's
equations or simulations. The motion of the referencéVork became larger with more elapsed time.

spacecraft obtained in this study is validated against the In the next step, the relative motion of the follower
results obtained by Liu et al. (2012) (with considera-spacecraft is validated against the presented MCRM
tion of i® and the double averaged method), by similarmodel. The initial conditions of the reference and fol-

4.1 Earth-Moon System
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Fig. 3 Variation of eccentricity over 400 canonical time units§Zdays) for different initial inclinations, double-avgeal model
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Fig. 4 Variation of inclination over 400 canonical time units (Z#8ys) for different initial inclinations, double-aveetymodel
(Liu et al. 2012) ¢lashed-linesand the proposed modeldlid-lines.

lower spacecraft are presented in Equation (58): the main body witha® = 386000 km; €® = 0:05;i° =
6:68 ;! °= 0=0.
a=6244km;e=0:25i=35; =41 ; =18 ;
I' =30 ; for reference orbit 4.2 Obliquity Effects on Relative Motion
a=6239km;e=0:21,i=36 ; =40 ; =20 ;

In this section, several simulations have been made to in-
vestigate the main-body's obliquity effects with diffeten
a=5998km;e=0:10;i =30 ; =35 ; =10 ; initial conditions for followers in speci c cases of for-
I =20 for follower B orbit : mation ying. For this purpose, rst, the lunar orbiter is
(58) considered with the following orbital elements that orbit
around a spherical Moon (neglecting thg zonal har-
Also, by using Equations (56) and (57), the initial condi-monic of the Moon being equal 0320 10 *)
tions for the relative motion of the follower spacecraft in a=5844km; e=0:10 i=20 : =15
the LVLH system are obtained.

As seen in Figures 5 and 6, the results obtained by
the suggested model show a very good agreement withor simulation of different scenarios, the follower orbita
the MCRM model. It should be noted that in all simu- element is assumed to be the same as Equation (59) with
lations it was supposed that the third-body is in an el-consideration of some variation in these orbital elements.
liptic inclined three-dimensional Keplerian orbit around Accordingly, the initial conditions of follower satellge

I =31 ; for follower A orbit

=30 ; ! =30 ; forreference orbit (59)
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Fig.5 The relative position and velocity for follower A, the MCRMatel (ullety and the presented modéhgs).
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Fig.6 The relative position and velocity for follower B, the MCRMbatel (pulletg and the presented modéhgs).

are given in Table 1 with regard to above-mentioned vari-

Figure 7 depicts the obliquity effects of the Moon

ations. It should be noted that these initial conditions aren the position and velocity components of the follower.
obtained using the variation of each orbital element ofit shows that a signi cant deviation is produced in long-
the reference satellite and by employing Equations (56)erm prediction of relative motion, despite low axial tilt

and (57).

of the Moon. As can be found from Figure 7, when the ar-
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gument of perigee changes, the obliquity will be affected4.3 The Effects of Orbital Elements and Obliquity

with a longer time. Also, in some cases the axial tilt ef- on Formation Flying

fects cannot be ignored even with low ight time. Due to

the above mentioned issues, consideration of the mairf=igure 8 shows the relative position of the follower satel-

body’s obliquity has a signi cant effect on the accuracy lite in relative coordinates LVLH, attached to the refer-
of formation ying. ence satellite. Also, the effects of different orbital ele-

ments of the reference satellite are investigated as well
as obliquity effects. It should be noted that the orbital
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Fig. 10 The deviation of position from desired lunar in-track fotioa type due to neglect of lunar obliquity around the ecgent
ities and inclinations of different reference orbits. (el and black correspond to simulation with and without é¢desation of
lunar axial tilt, respectively.)

Fig. 11 The deviation from desired lunar PCO formation type due tglew of the Moon's axial tilt. (Yellow and black correspond
to simulation with and without consideration of lunar oblity, respectively.)
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Table 1 The Initial Condition of a Follower Satellite in Differentc€narios due to Variations

in Reference Satellite Orbital Elements

I =0:1 =0 1 =0:1 i =0:1
x (m) 0.7282 —7.7700 —7.282 —-2.0021
y (m) 2 10 10 8626.5 9179.7 —3.4680
z (m) 1:13 10 10 —2717.7 0 4589.8
vx (ms 1) —1.449 -14.676 —14.488 —0.0060
vy (ms 1) -0.0012 -0.0126 -0.0126 -0.0104
vz (ms 1) 0 2.7294 0 13.802

elements of the reference and follower satellites are con4.4 The Obliquity Effects on Formation Flying
sidered from Equation (59) (by applying the variation of Design

I = 0:5 for the follower satellite). As can be seen

in Figure 8, the obliquity effect will show itself at a
lower time, when the eccentricity increases. Also, wit
constant eccentricities and lower inclinations, the fol-
lower deviation will be considerable when ignoring the
Moon's obliquity. Accordingly, consideration of the ax-
ial tilt effects is a crucial issue, speci cally during long
term ight.

In this section the obliquity effects are investigated on
pformation ying design (Roscoe 2012; Roscoe et al.
2013). As presented in the previous sections, neglecting
the obliquity in relative motion of satellites, a deviation
is produced. The amount of this deviation has particu-
lar importance in design of a long-term formation ying
mission. Here, two types of formation ying designs are
investigated.

4.4.1 In-track formation design

One of the simplest methods of formation ying design istimek formation. In this formation, the follower satellite
moves in the orbital plane of the reference satellite wittoz®mponents except the along-track compoiignin the
LVLH coordinate (Lane 2007). Here, we assume that

X (0= 2 (=0, y (= sin =t + (60)
wherexX; ;s ; z+ are the desired relative position components of the foltogatellite andT is the period of the
reference satellite orbit. With consideration of Equat{6f), the follower satellite has a distance of= 1 km at
perigee and + = 1:5km at apogee in the case of in-track formation. Now, the meguthrust for formation
keeping and accomplishing the mission can be obtained blyiagonstraints in Equations (43)—(45). The amount
of required thrust with and without considering the Moogatilt has been shown in Figure 9. This necessary thrust
is expressed in the following:

0 0 0 1 1 0
TXj = Vi 2 zyj_'z r—3+¥ +rX @ @ + r_3+¥ (r+XJ)
] ] j
+( 5 )ssi+r 72 (61)
I I
2 2 00 1 0
Typ = yr tg+15 +r1y RE d_Jg + $+d_13 ye +( )S Si (62)
| |
— oo 1 1 0 .
Ty =Y x+2yi!x+ 1, = = o+ =+ ze +( )Gi: (63)

RERE &
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All parameters in Equations (61)—(63) have been introdirc@devious sections. Also, in this case:

q
d =i rjj= (19 nZ+(rz yp)2+r2 (64)

q
= r2+y?: (65)

Figure 9 shows the effect of the Moon's obliquity on the thmejuired for the mentioned in-track formation
keeping. It is obvious that the obtained thrust is under theeince of the Moon's obliquity and it should not be
ignored. In many former works, the effect of the main-boadiquity has been disregarded in the investigation of a
satellite's motion, but as has been demonstrated in (Lilt @04 2), this parameter could play a signi cant role in the
motion of a satellite over a long time.

As shown in Figure 10, the simulation of formation ying hasdm accomplished by solving the relative mo-
tion equation with regard to the above generated thrusts. (6G)—(63)), exclusively. When the obliquity effects are
ignored, in the early time of the simulation, a large dewiatoccurs and the main goal of formation design fails.
However, with consideration of the Moon's axial tilt in foation design, the formation is preserved in prolonged
missions.

4.4.2 Projected Circular Orbit formation design

PCO formation ying is considered to further understandithportance of obliquity effects. This formation creates a
circularimage onthe y plane and motion of the follower satellite associated witk formation type in the LVLH
coordinate (Yan et al. 2009) is assumed to be:

Xp(t)=2 sin(nt+ o); yp(t)= cospt+ o); z(t)= sin(nt+ o); (66)

where o= =6,n = P =a3and isassumed equal @5 kmin this simulation. The required thrust for maintaining
the formation characteristics can be procured with suligiit of Equation (66) into Equations (43)—(45).
!

1 1
| i
o
St rx)+( ;) )ss+r P2 (67)
j j
! !
Ty= yr n? nl+2nl + 12412 % ,+2 spo0 L1y +0y
y = f Lz =X -z X f z f X y 13 _3 _3 _3 ]
+(j )ssi (68)
! !
2 2 oo 1 1 0
T,= z no+2nl y+ 1o + X!kl 2+ Yy x+71;5 F P + r_3+@ zi +( ) G (69)

where all parameters in Equations (67)—(69) were introdilcg@revious sections. Also, similar to the previous kind
of formation, the generated thrust with and without consgitlen of the Moon's obliquity are obtained and applied
in Equations (43)—(45) and (17)—(22) for analyzing motidrthe follower satellite. When neglecting the Moon's
obliquity, theX Y plane is taken as the third-body's (i.e. the Earth's) otlgitane instead of the equatorial plane of
the Moon (it means that the third-body's inclination is iged (Ren & Shan 2012).

In Figure 11, deviation of satellite formation from the desdi shape is shown for various scenarios due to ne-
glecting effects of the Moon's axial tilt for different irglations. Also, it can be seen that with consideration of the
obliquity effects, formation is maintained even in proledgperations.
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