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Abstract Since the first discovery of microlensing events nearly twoatles ago,
gravitational microlensing has accumulated tens of TByiedata and developed
into a powerful astrophysical technique with diverse aggilons. The review starts
with a theoretical overview of the field and then proceedsisouss the scientific
highlights. (1) Microlensing observations toward the Mégec Clouds rule out the
Milky Way halo being dominated by MAssive Compact Halo Olge@ACHOS).
This confirms most dark matter is non-baryonic, consistetit wther observations.
(2) Microlensing has discovered about 20 extrasolar ptafid published), including
the first two Jupiter-Saturn like systems and the only fiveldddeptunes” yet de-
tected. They probe a different part of the parameter spagevdhlikely provide the
most stringent test of core accretion theory of planet fdiona(3) Microlensing pro-
vides a unique way to measure the mass of isolated starsdinglbrown dwarfs and
normal stars. Half a dozen or so stellar mass black hole datel have also been pro-
posed. (4) High-resolution, target-of-opportunity spaaif highly-magnified dwarf
stars provide intriguing “age” determinations which mather hint at enhanced he-
lium enrichment or unusual bulge formation theories. (53idiensing also measured
limb-darkening profiles for close to ten giant stars, whitfaltenges stellar atmo-
sphere models. (6) Data from surveys also provide strongtcaints on the geometry
and kinematics of the Milky Way bar (through proper motigrikg latter indicates
predictions from current models appear to be too anisatrominpared with observa-
tions. The future of microlensing is bright given the newataifities of current surveys
and forthcoming new telescope networks from the ground eord §pace. Some open
issues in the field are identified and briefly discussed.

Key words: Galaxy: structure — formation — bulge — gravitational levgsi—
planetary systems: formation

1 INTRODUCTION

Gravitational microlensing in the local group refers to tlamporal brightening of a background star
due to intervening objects. Einstein (1936) first studiet(a)lensing by a single star, and concluded
that “there is no great chance of observing this phenomeéadthough there were some works in
intervening years by Refsdal (1964) and Liebes (1964), &éhe Was revitalized by Paczynski (1986)
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who proposed it as a method to detect MAssive Compact Haled@h{MACHOS) in the Galactic
halo.

From observations of microwave background radiation ardemsynthesis (see, e.g. Komatsu
et al. 2011; Steigman 2007), it is clear that most of the daakten must be non-baryonic, and so
the original goal of microlensing is now obsolete. Nevelghs, microlensing has developed into a
powerful technique with diverse applications in astroptssincluding constraints on MACHOSs,
the study of the structure of the Milky Way, stellar atmogiseand the detection of extrasolar
planets and stellar-mass black hole candidates. Sincergtali§coveries of microlensing events
in 1993 (Alcock et al. 1993; Udalski et al. 1993), the field maade enormous progress in the
last two decades. A number of reviews have been written antdipic (e.g. Paczynski 1996; Mao
2001; Evans 2003; Wambsganss 2006), with the most recdmtdfi¢s given in Mao (2008a), Gould
(2008) and Gaudi (2010). The readers will also greatly beffrefin two recent, comprehensive
conference proceedings: the Manchester Microlensing&enté and the 2011 Sagan Exoplanet
Summer Workshop: Exploring Exoplanets with Microlengirithe workshop materials contain not
only recent scientific highlights but also hands-on exescfer data reduction and modeling.

The structure of this review is as follows. Section 2 introglsithe basics of gravitational mi-
crolensing, which reproduces Mao (2008b) in a slightly rfiediform; Section 3 builds on the
introduction and discusses the applications of gravitationicrolensing. We finish this review with
an outlook for the field in Section 4. Due to the rapid expamsibthe field, it is unavoidable that
the reference list is incomplete (and somewhat biased).

2 BASICS OF GRAVITATIONAL MICROLENSING
2.1 What is Gravitational Microlensing?

According to general relativity, the light from a backgrausource is deflected, distorted and
(de)magnified by intervening objects along the line of sitftthe lens, source and observer are suf-
ficiently well aligned, then strong gravitational lensirencoccur. Depending on the lensing object,
strong gravitational lensing can be divided into three sre@crolensing by stars, multiple-images
by galaxies, and giant arcs and large-separation lensdsi$teis of galaxies. For microlensing, the
lensing object is a stellar-mass compact object (e.g. nisstaes, brown dwarfs or stellar remnants
[white dwarfs, neutron stars and black holes]); the imaditisig in this case is usually too small
(of the order of a milli-arcsecond in the local group) to bsalged by ground-based telescopes, thus
we can only observe the change in magnification as a funcfibme.

The left panel in Figure 1 illustrates the geometry of miending. A stellar-mass lens moves
across the line of sight toward a background star. As theemges closer to the line of sight, its
gravitational focusing increases, and the backgroundis&eomes brighter. As the source moves
away, the star falls back to its baseline brightness. If tiotions of the lens, the observer and the
source can be approximately taken as linear, then the ligihviecis symmetric. Since the lensing
probability for microlensing in the local group is of the ercf10~° (see Sect. 2.8), the microlens-
ing variability usually should not repeat. Since photonglifferent wavelengths follow the same
propagation path (geodesics), the light curve (for a pawitrse) should not depend on the color.
The characteristic symmetric shape, non-repeatability,achromaticity can be used as criteria to
separate microlensing from other types of variable starsefations to these rules will be discussed
in Sect. 2.6).

To derive the characteristic light curve shape shown initite panel of Figure 1, we must look
closely at the lens equation, and the resulting image positand magnifications for a point source.

1 http://pos.sissa.it/cgi-bin/reader/conf.cgi?confidEs
2 http://nexsci.caltech.edu/workshop/2011/
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Fig.1 The left panel shows a side-on view of the geometry of micrsileg where a lens moves
across the line of sight toward a background source. Thé pghel shows two light curves corre-
sponding to two dimensionless impact parameteys= 0.1 and 0.3. The time on the horizontal axis
is centered on the peak timg and is normalized to the Einstein radius crossing timeThe lower
the value ofug, the higher the peak magnification. For the definitionapéndtr, see Section 2.5.1.

Fig. 2 lllustration of various distances and angles in the lenggon (Egs. (1) and (2)).

2.2 Lens Equation

The lens equation is straightforward to derive. From Fighue the lensing configuration, simple
geometry yields

Dy

DSA: =
M + Dygsx éDd

1)
whereDy, Dy and Dy, are the distance to the lens (deflector), distance to thecs@ird distance
between the lens (deflector) and the soufgés the source position (distance perpendicular to the
line connecting the observer and the lergs)s the image position, ané is the deflection angle.
For gravitational microlensing in the local group, Euchdegeometry applies anfdys = Ds — Dy.
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Mathematically, the lens equation provides a mapping frieensource plane to the lens plane. The
mapping is not necessarily one-to-one.
Dividing both sides of Equation (1) b&,, we obtain the lens equation in angles

Bra=0. (2)

where = n/Ds, @ = £/Dq4, anda = & x Dqs/Ds is the scaled deflection angle. These angles
are illustrated in Figure 2.

For an axis-symmetric mass distribution, due to symmeteysource, observer and image po-
sitions must lie in the same plane, and so we can drop the vsigio, and obtain a scalar lens
equation

B+a=280. 3)

2.3 Image Positions for a Point Lens

For a point lens at the origin, the deflection angle is given by

a=——75¢, (4)

and the value of the scaled deflection angle is

 Dus,.,  Das 4GM

“= D, & D. >Dgf

Or>
571 §:Dd97 (5)

where we have defined the angular Einstein radius as

- 1-Dg/Ds [ Dy \ Y2/ M \'?
O = —2 ~ 0.55mas, | . 6
= Da N Dy/Ds (8 kpc> 0.3M¢ ©)

The lens equation for a point lens in angles is therefore

Or?
B+ —=90. (7)
0
We can further simplify by normalizing all the angles &y, s = (/0g, andr = 0/0g, then the
above equation becomes

rets=r, (8)
T

wherer, is the source position and not to be confused with the sizéefktar, which we denote
asr,.

For the special case when the lens, source and observerrégetlyealigned ¢ = 0), due to
axis-symmetry along the line of sight, the images form a (ignstein” ring) with its angular size
given by Equation (6).

For any other source positiof # 0, there are always two images, whose positions are given by

re /152 + 4 )
—

The *+' image is outside the Einstein radius.(> 1) on the same side as the source, while the °
image is on the opposite side and inside the Einstein radius<( 0 and|r_| < 1). The angular
separation between the two images is

A =0g(ry —r_)=0gv4+r2. (20)

r4+ =
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The image separation is of the same order as the angulaelisameter whem, <1, and thus
will be in general too small to be observable given the tylesing from the ground one arc-
second); we can only observe lensing effects through magtidn. One exception may be the VLT
interferometer (VLTI) which can potentially resolve theatimages. This may be important for dis-
covering stellar-mass black holes since they have largag@separations due to their larger masses
than typical lenses with mass 0.3/, (Delplancke et al. 2001; Rattenbury & Mao 2006).

The physical size of the Einstein radius in the lens planévisngby

B _ [4GM D4Da, Dy Da\ [ Ds \'?( M \'?
(11)

So the size of the Einstein ring is roughly the scale of tharsgystem, which is a coincidence that
helps the discovery of extrasolar planets around lenses.

2.4 Image Magnifications

Since gravitational lensing conserves surface brightnéiss magnification of an image is simply
given by the ratio of the image area and source area, whicarieml is given by the determinant of
the Jacobian in the lens mapping (see Sect. 2.7).

Here we attempt a more intuitive derivation. For a very srealirce, we can consider a thin
source annulus with angl&¢ (see Fig. 3). For a point lens, this thin annulus will be mapio¢o
two annuli, one inside the Einstein ring and one outside.

The area of the source annulus is given by the product of tii@lravidth and the tangential
lengthdrs x rsA¢. Similarly, each image areads x rA¢p, and the magnification is given by

dr xrA¢ 1 dr

r= drg X rsAg r_sdrs ' (12)
For two images given in Equation (9), one finds
(e VTR (- VREEA 3
e = drovrs2 +4 == drovrs2 +4

The magnification of the ‘+’ image is positive, while the'image is negative. The former image is
said to have positive parity while the latter is negative {fee geometric meaning, see Fig. 3). The
total magnification is given by

e+ | =
/’[’ - /’L+ :LL* - Tsma
and the difference is identically equal to unity

| = |p-|=1. (15)

We make some remarks about the total magnification and inegg@ ations:

(14)

(1) Whenr, = 1, u = 3/4/5 ~ 1.342, corresponding to about 0.319 magnitude. Such a differ-
ence is easily observable (For bright stars, the accuraphofometry can reach a few milli-
magnitudes.), and so the area occupied by the Einstein singually taken as the lensing
“cross-section.”

3 Imagine looking at a piece of white paper with a magnifyingsgl, the area is magnified, but the brightness of the paper
is the same.
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Fig. 3 Images of a thin annulus from, to rs + drs by a point lens on the plane of the sky. The
dashed line is the Einstein rind\¢ is the angle subtended by the thin annulus. Notice that the
positive image (outside the Einstein ring) is clockwise lelthe negative image (inside the Einstein
ring) is counter-clockwise.

(2) Whenry — oo, |py/pu—| — 7% u — 1+ 2r,=%. The angular image separation is given by
AG = (rg + 21y 1)0g.

(3) High magnification events occur when — 0. The asymptotic behaviors are— r,=1(1 +
3r2/8), A — (2 + r2/4)0g, anddr/drs — 1/2. The last relation implies that, at high
magnification, the image is compressed by a factor of twoerrdidial direction (see Fig. 3).

2.5 Light Curve and Microlensing Degeneracy

Given a source trajectory, we can easily describe the stdrgt curve with a few parameters
which suffer from the microlensing degeneracy.

2.5.1 Standard light curve

For convenience, we put the lens at the origin, and let theceauove across the line of sight along
the z-axis (see Fig. 4). The impact parameter in units of the Einstadius is labeled as,. For
convenience, we define the Einstein radius crossing timeifogscale’) as

e O TE s
t = — = 5 9 = - 5 = ) 16
E Ve [irel E Dd Hrel Dd ( )

wherew; is the transverse velocity (on the lens plane) and is the relative lens-source proper
motion. Substituting the expression for the Einstein radlitio Equation (11), we find that

Dy Da\ [ Ds \'?( M \'? v -1
tp A~ 19 dayy /4 x =2 (1 24 .7
B ay\/ “D. ( DS) (8kpc> 0.3M,, (200kms*1) 7

If the closest approach is achieved at time= ¢y, then the dimensionless coordinates are=
(t —to)/tr, ys = uo and the magnification as a function of time is given by

() 42 iy — t—to\?
u = B - 4 (22 (18)
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Fig. 4 lllustration of the lens position and source trajectorye @imensionless impact parameter is
uo, (zs,ys) is the dimensionless source position along the trajectonyys is the distance between
the lens and source.

Two examples of light curves are shown in the right panel gtiré 1 forug = 0.1 and 0.3.

To model an observed light curve, three parameters arergras&quation (18)g, tg, and
ug. In practice, we need two additional parametets, the baseline magnitude, atfd, a blending
parameterF, characterizes the fraction of light contributed by the ézhsource; in crowded stellar
fields, each observed ‘star’ may be a composite of the lertsedagher unrelated stars within the
seeing disk and the lens if it is luminous (Alcock et al. 20Kdwztowski et al. 2007). Blending will
lower the observed magnification and in genefaldepends on the wavelength, and so each filter
requires a separaik, parameter.

Unfortunately, we can see from Equation (18) that there g one physical parametety) in
the model that relates to the lens’ properties. Siacgepends on the lens mass, distances to the lens
and source, and the transverse veloeityrom an observed light curve well fitted by the standard
model, one cannot uniquely infer the lens distance and nthissjs the so-called microlensing
degeneracy. However, given a lens mass function and soreenkitic model of the Milky Way, we
can infer the lens mass statistically.

2.6 Non-standard Light Curves

The standard model assumes the lensed source is poinbbkie,the lens and source are single
and all the motions are linear. The majority 00%) of microlensing events are well described by
this simple model. However, about 10% of the light curvesraye-standard (exotic), due to the
breakdown of one (or more) of the assumptions. We brieflyHisse possibilities below. These non-
standard microlensing events allow us to derive extra caimss, and partially lift the microlensing
degeneracy. Because of this, they play a role far greatarttiear numbers suggest.

(1) binary lens eventsThe lens may be in a binary or even a multiple system (Mao &z{paski
1991). The light curves for a binary or multiple lensing gystcan be much more diverse (see
Sect. 2.7). They offer an exciting way to discover extrasplanets (Mao & Paczynski 1991;
Gould & Loeb 1992; Bennett & Rhie 1996; Griest & Safizadeh 1PR&tenbury et al. 2002,
for more see Sect. 3.5).

(2) binary source eventsThe source is in a binary system. In this case, the lightewi\ be a
simple, linear superposition of the two sources (when tib&armotion can be neglected, see
Griest & Hu 1992).
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(3) finite source size eventBhe finite size of the lensed star cannot be neglected. Toisre when
the impact parameter, is comparable to the stellar radius normalized to the Eimssalius,
ug ~ r./rg. In this case, the light curve is significantly modified by fivéte source size
effect (Witt & Mao 1994; Gould 1994). The finite source sizeef is most important for high
magnification events.

(4) parallax/“xallarap” events The standard light curve assumes all the motions are linear
However, the source and/or the lens may be in a binary sydtethermore, the Earth re-
volves around the Sun. All these motions induce accelerstibhe effect due to Earth’s motion
around the Sun is usually called “parallax” (e.g. Gould 13®aith et al. 2002; Poindexter et al.
2005), while that due to binary motion in the source planalted “xallarap” (“parallax” spelt
backwards, Bennett 1998; Alcock et al. 2001a). ParallaxaHldrap” events usually have long
timescales. For a typical microlensing event with timeseal~ 20 day, the parallax effect due
to the Earth rotation around the Sun is often undetectabllegs the photometric accuracy of
the light curve is very high or the lens is very close).

(5) Repeating eventMicrolensing can “repeat,” in particular if the lens is adwibinary (Di Stefano
& Mao 1996) or the source is a wide binary. In such cases, fensing may manifest as two
well-separated peaks, i.e., as a “repeating” event. A femegrd of microlensing events are
predicted to repeat, consistent with the observationswWgkoet al. 2009).

Notice that several violations may occur at the same timégimin some cases allow the microlens-
ing degeneracy to be completely removed (e.g. An et al. 2D6Ag et al. 2009b; Gaudi et al. 2008).

In particular, when both finite source size and parallaxat$fare seen, the lens mass can be
determined uniquely (Gould 1992). Microlensing paralleeasures the projected Einstein radius in
the observer plane (in units of the Earth-Sun separation); AY= rg x Ds/Dgs, Or equivalently,
the parallaxry, = 1 AU/7g. The finite source size effect, on the other hand, measueestio of
the angular stellar radius. to the angular Einstein radids;. Since the angular size of the lensed
star can be measured from its color and apparent magnituate €lval. 2004), we can derive the
angular Einstein radiuz. It is straightforward to combine Equations (11) and (6) ibain

c? & Og
M=—igblg =——. 19

4G PP T 1G e (19)
Notice that the determination is independent of all theadises.

Equation (19) is especially transparent in the natural &dism advocated by Gould (2000),
which provides a way to connect quantities measurable inal@osing (g, 0k, tg) with other phys-
ical quantities

0
Trel = 7TE9E7 Hrel = t_E ) (20)
E
whererg = 1/7g, mea = 1/Dgq — 1/ Dy is the lens-source relative parallax gmd, is the relative
proper motion (also used in Eq. (16)). For example, if the l@nd source distance can be measured
(using other means), then.; can be determined. In addition, if the lens and source msitam be
measured, then we can determine the relative proper mdtions

2.7 N-point Lens Gravitational Microlensing

It is straightforward to derive the (dimensionless) lengampn for N-point lenses. We can first cast
Equation (8) in vector form and then rearrange

1

TS:T—WT'.

(21)
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The above expression implicitly assumes that the lens seatttigin, and all the lengths have been
normalized to the Einstein radius corresponding to its nj@ssquivalently, the lens mass has been
assumed to be unity).

Let us consider the general case where we éygoint lenses, ait;, = (xy, y) with massMy,,
k=1,---,N.We normalize all the lengths with the Einstein radius cgpmnding to the total mass,

M =S~ M. The generalized lens equation then reads

r—7L M,
re =17 — Zm 1 |2 me = — (22)

whereZ]kV:1 my = 1. If there is only one lensnf; = 1) and the lens is at the origin, then
Equation (22) reverts to the single lens Equation (21).

Two-dimensional vectors and complex numbers are closédyed Witt (1990) first demon-
strated that the above equation can be cast into a complexdfpdirect substitutions of the vectors
by complex numbers

N
Z— Zk my
SRR Ll ey i D (23)

wherez = x + y i, 2z = Tk + yr i, andzs = x5 + ys ¢ (¢ is the imaginary unit).

We can take the conjugate of Equation (23) and obtain an ssjore forz. Substituting this
back into Equation (23), we obtain a complex polynomial afréeN 2 + 1. This immediately shows
that 1) even a binary lens equation cannot be solved anallytio general since it is a fifth-order
polynomial containing all orders of terms, and 2) the maximmumber of images cannot exceed
N? + 1. In fact, the upper limit i$S(N — 1) (see Sect. 3.7), which indicates that most solutions of
the complex polynomial are not real images of the lens eqoati

The magnification is related to the determinant of the Jasobf the mapping from the source
plane to the lens planézs, ys) — (z,y). In the complex form, this is (Witt 1990)

1\2 |

P g Owsy) | 0% 0%
J A(z,y) 0z 0z
Notice that the Jacobian can be equal to zero implying a {psaurce will be infinitely magnified.
The image positions satisfyin§g= 0 form continuougritical curves which are mapped intcaus-
ticsin the source plane. Of course, stars are not point-like; liaxe finite sizes. The finite source
size of a star smooths out the singularity. As a result, thgnifigation remains finite.
For N-point lenses, from the complex lens Equation (23), we have

(24)

0z N mp N mp 2
S P S g 25
0z Z (z — z)2 Z (z — z)2 (25)
k=1 k=1
It follows that the critical curves are given by
N
2
> =1 (26)
el G
The sum in the above equation must be on a unit circle, andlbé@n can be cast in a parametric
form
N .
Z e (27)
Z — Zk

k=1
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Fig.5 Left panel Caustics (red curves) and critical curves (green curvasafbinary lens. The
lenses (indicated by two ‘+’ signs) are locatedzat = (—0.665,0) and z2 = (0.035,0) with
massm; = 0.95 andma = 1 — m1 = 0.05 respectively. The black line shows the trajectory for
three source sizes,/rg = 0,0.05,0.3, indicated by the cyan and blue circles and a dot (for a
point source). The trajectory starts(at2, —1) with a slope of 0.7Right panel Corresponding light
curves for the three source sizes along the trajectory itefbanel. The time is normalized to the
Einstein radius crossing timeég, and¢ = 0 corresponds to the starting position. Notice that as the
source size increases, the lensing magnifications aroengetiks usually decrease.

where0) < ® < 27 is a parameter. The above equation is a complex polynomaggfee2 N with
respect toz. For each®, there are at mogtV distinct solutions. As we varg continuously, the
solutions trace out at mo&tV continuous critical curves (critical curves of differenligions can
smoothly join with each other). In practice, we can solve ¢heation for oneb value, and then
use the Newton-Raphson method to find the solutions for athlees of®. For a point source, the
complex polynomial can be easily solved numerically (esingithezr oot s routine in Press et al.
1992, see also Skowron & Gould 2012). However, for a sourdk finite size, the existence of
singularities makes the integration time-consuming (s&e.8). The right panel in Figure 5 shows
the light curves for three source sizes along the trajedtaficated by the straight black line. As
the source size increases, the lensing magnifications drtberpeaks usually decrease and become
broader. Furthermore, the number of peaks may differ fdedht source sizes.

2.8 Optical Depth and Event Rates

So far we have derived the lens equation and light curve forgteénsing by a single star. In reality,
hundreds of millions of stars are monitored, aa@000 unique microlensing events are discovered
each year (OGLE-IV alone identifies about 1500 microlensinents each year). Clearly we need
some statistical quantities to describe microlensing expents. For this, we need two key concepts:
optical depth and event rate.



Astrophysical Applications of Gravitational Microlengin 957

2.8.1 Optical depth

The optical depth (lensing probability) is the probabilityat a given source falls into the Einstein
radius of any lensing star along the line of sight. Thus th&capdepth can be expressed as

DS
T = / TL(Dd) (7TTE2) dDd, (28)
0

which is an integral of the product of the number density ofsks, the lensing cross-sectica (
mrg?) and the differential pathdDy).
Alternatively, the optical depth can be viewed as the foactf sky covered by the angular areas
of all the lenses, which yields another expression
I
.

=— [n(Da)dmDa’dDy] (7057), (29)
4T /o

where the term in the [ ] gives the numbers of lenses in a spdiesfell with radiugy to Dy +d Dy,

70r? is the angular area covered by a single lens, and the terne idehominator is the total solid

angle over all the skyir).

If all the lenses have the same mads thenn(Dy) = p(Dq)/M, nrg? < M, and the lens
mass drops out in(Dg4)nrg?. Therefore the optical depth depends on the total masstyetsng
the line of sight, but not on the mass function.

Let us consider a simple model where the density is consliamg&he line of sightp(Dq) = po.
Integrating along the line of sight one finds

_2nGpo o 1 GpodnD*/3 1 GM(< D) V2
TT 32 T T g2 D, T9227 D, 22’

whereM (< D) is the total mass enclosed within the sphere of radiysind the circular velocity
is given byV? = GM (< Ds)/Ds.

For the Milky Way,V ~ 220km s~! andr ~ 2.6 x 10~". The low optical depth means millions
of stars have to be monitored to have a realistic yield of ai@rsing events, and thus one needs to
observe dense stellar fields, which in turn means accuraeweded field photometry is essential (see
Alard & Lupton 1998; Alard 2000; Wozniak 2000, 2008, and refeces therein).

(30)

2.9 Event Rate

The optical depth indicates the probability of a given dtat ts within the Einstein radii of the lenses
at any given instantAs such, the optical depth is a static concept. We are obljanterested in
knowing the event rate (a dynamic concept), i.e., the nurab@rew) microlensing events per unit
time for a given number of monitored starg, .

To calculate the eventrate, it is easier to imagine the asemoving in a background of static
stellar sources. For simplicity, let us assume all the lemseve with the same velocity of. The
new area swept out by each lens in the time intedvad equal to the product of the diameter of the
Einstein ring and the distance traveledit, dA = 2rg x vidt = 2rg2dt/tg. The probability of a
source becoming a new microlensing event is given by

Ds Ds 2TE2
dr = / n(Da)dAdDg = / n(Dd)< t )dthd. (31)
0 0 E

The total number of new eventsié, dr, and thus the event rate is given by

N, d Ds 2 2N, [d
=9 _ N*/ n(Dg) (— -WE2> dDy = /—T. (32)
0 Tt s tg

dt
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If, for simplicity, we assume that all the Einstein radiuessing times are identical, then we have
- 2N, T

r .
7TtE

(33)

We make several remarks about the event rate:

(1) If we takety = 19 day (roughly equal to the median of the observed timescalesi, we have

ON, T N, 7 tg O\
I~ — =1200yr ! ) 34
— YT 1081076 <19day) (34)

For OGLE-III, about2 x 10® stars are monitored, so the total number of lensing events we
expect per year is ~ 2400 if 7 ~ 10~°, which is within a factor of four of the observed rate
(indicating the detection efficiency may be of the order d¥30

(2) While the optical depth does not depend on the mass famatie event rate does because of
tg(oc M'/?) in the denominator of Equation (33). The timescale distiinucan thus be used
to probe the kinematics and mass function of lenses in thiey\ilay.

(3) The lenses and sources have velocity distributions;mnst account for them when realis-
tic event rates are needed. Furthermore, the source distsimniknown, and so in general we
need to average over the source distance (for example attms, see Griest 1991; Kiraga &
Paczynski 1994).

3 APPLICATIONS OF GRAVITATIONAL MICROLENSING

As we can see, the theory of gravitational microlensinglatinely simple. When Paczynski (1986)
first proposed microlensing, the astronomical communitg wery skeptical whether microlensing
events could be differentiated from other types of variades (for an example of skepticism, see
Mao 2008b). As proven again and again in the field, such péssimng often unwarranted: with the
rapid increase in the discovery rate of microlensing evéfntsn a few events in the early years to
about 2000 events annually), even small probability evesnisbe discovered. The best example may
be the seemingly crazy idea of terrestrial parallax progtseHardy & Walker (1995) and Holz &
Wald (1996), which has subsequently been observed by Gawdd €009). Since the discovery
of the first microlensing events in 1993, more than 10 000 &vénostly in real-time) have been
discovered. In the process, tens of TBytes of data have lmemaulated. This tremendous database
is a treasure trove for exploring diverse astrophysicaliegions.

3.1 MACHOs in the Galactic Halo?

Microlensing was originally proposed to detect MACHOs i fBalactic halo (Paczynski 1986).
Earlier results by the MACHO collaboration suggest thatlzsgantial fraction4 20%) of the halo
may be in MACHOs (Alcock et al. 2000) based on 13-17 eventsitdwhe Large Magellanic Cloud
(LMC) in 5.7 years of data. The number of events quoted heresaomewhat depending on the
selection criteria, which is a debated point (see, e.golebv et al. 2004; Bennett 2005; Griest &
Thomas 2005; Evans & Belokurov 2007).

In any case, the result turns out to be controversial, agthembers are not confirmed by the
EROS (Tisserand et al. 2007) or OGLE collaborations (Wyomydki et al. 2011). A recent anal-
ysis of the OGLE data toward the LMC concluded omly2% of the halo could be in MACHOs
(Wyrzykowski et al. 2011) - all events can be explained bysieg by normal stars. In fact, at least
two of the MACHO events turn out to be by stars in the thick diékhe Milky Way (Drake et al.
2004; Kallivayalil et al. 2006). The lack of MACHOs is enfiyeonsistent with the baryonic content
determined from many other astrophysical observatiows flem microwave background observa-
tions, Komatsu et al. 2011).
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3.2 Galactic Structure

Microlensing data offer a number of ways to study the Gatagttiucture, which is still somewhat
under-explored, and more work is needed.

3.2.1 Color-Magnitude Diagrams

Microlensing surveys yield many high-quality color-maguie diagrams of stellar populations over
hundreds of square degrees. Such data contain much infomaiout stellar populations in the

bulge. Despite some promising earlier attempts (e.g. N¢ €086), not much work has been done
since due to the difficulty of disentangling the dust exiimtt spatial distributions and complexities
in the stellar populations (see the next subsections) nigvertheless worthwhile to perform further
analyses in this area.

3.2.2 Red Clump Giants As Standard Candles

Red clump giants are metal-rich (core helium-burning) zmntal branch stars. They have approx-
imately constant luminosity (standard candles) (Paczy®sktanek 1998) and relatively little de-
pendence on the metallicities, especially in fhband (see Udalski 1998a; Zhao et al. 2001; Nataf
& Udalski 2011, and references therein). As such, they carsbd to determine the distances to the
Galactic center and the Magellanic Clouds (Udalski 1998bis complements the determination of
other standard candles such as RR Lyrae stars and Cephea=n@degen et al. 2008). The dis-
tance to the Galactic center determined with these metlsotpically very close to 8 kpc, with a
combined systematic and statistical error of about 5%.

The observed width of red clump giants in a given line-ofsigpward the Galactic center is
larger than their intrinsic scatters:(0.2 mag) because of the finite depth of the Galactic bar. A
careful analysis of the counts of red clump giants can be tsdetermine the geometric parameters
of the bar. For example, for 44 fields from the OGLE-II data three axial lengths are found to be
close to 10:3.5:2.6 with a bar angle of227 (Rattenbury et al. 2007a), largely consistent with the
earlier study by Stanek et al. (1997). Extra care, howewsda to be taken for fields off the plane
due to the presence of two red clump populations (Nataf &xCdl0), which suggests an X-shaped
structure in the Milky Way center (see also McWilliam & Zot@010; Saito et al. 2011).

We note that the OGLE-IIl and OGLE-IV campaigns cover muchédaareas on the sky, which
can be used to constrain not only the bar but perhaps alsa apin structures. Investigations taking
this approach are already under way (Nataf et al. 2012, ipgvedion).

3.2.3 Extinction Maps

Red clump giants can also be used to infer extinctions towerdalactic Center. The first applica-
tion of this method to the OGLE-I data was performed by Stgi€6) and later to the OGLE-II
data by Sumi (2004). The extinction maps are approximatehsistent with those obtained with
other methods (e.g. Schlegel et al. 1998). One interestinglasion from these studies is that the
extinction law is almost always anomalous toward the Gelaenter (Udalski 2003).

A very recent application of the method to the VISTA Variahiethe Via Lactea (VVV) survey
can be found in Gonzalez et al. (2012).

3.2.4 Proper Motions

Nearly two decades of time series of observations for mafigrdnt bulge fields offer a way to
determine stellar proper motions. This has been done fdDBEE-II catalog for about five million
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stars with an accuracy ef mas yr—! (see Sumi et al. 2004 and Rattenbury & Mao 2008 for a study
of selected high-proper motion stars).

One particularly interesting issue concerns the anisgtiophe bulge kinematics. The proper
motion dispersions in the longitudinal and latitudinaleditions have ratios close te 0.9; these
values are similar to those independently measured withth#ble Space Telescope in a number
of fields but for a smaller number of stars (Koztowski et al0o@0Clarkson et al. 2008). A com-
parison with theoretical predictions seems to indicatetthatheoretical models are too anisotropic
(Rattenbury et al. 2007hb). This effect is also seen in marenemodeling with the Schwarzschild
method (Wang et al. 2012). The reason for this discrepangtisompletely clear. One issue worth
mentioning is that bulge observations are often contamihhy disk stars, a point emphasized by
Vieira et al. (2007).

3.2.5 Optical Depths and Galactic bar

In Section 2.8, we showed that the optical depth provides@degendent probe of the density distri-
bution in the bulge. Earlier determinations of the opticgptth in the Baade Window have provided
independent evidence that the Galactic bulge contains &Kliraga & Paczynski 1994; Zhao et al.
1996). While we have discovered about ten thousand micsaigrevents over the last two decades,
only a small fraction has been used for statistical analgegtical depths.

More recent determinations of microlensing optical deptige been performed by Hamadache
et al. (2006) using 120 red clump giants from the EROS cotiatiian, 60 red clump giants from
the MACHO collaboration (Popowski et al. 2005), 28 eventslie MOA collaboration (Sumi et al.
2003) and 32 high signal-to-noise ratio events for the OGaliaboration (Sumi et al. 2006). The
measured optical depths are largely consistent with thieat@redictions (e.g., Wood & Mao 2005;
Ryu et al. 2008; Kerins et al. 2009).

The reason that the measurements have only been performeztifolump giants is that they
are bright and are supposed to suffer less from the blenditigeicrowded bulge field (in fact, this is
not rigorously true, see Sumi et al. 2006). If we can overctinizeand the issue of human resources
(see the next subsection), combined with the number cotinksl@lump giants, we can in principle
constrain the bulge density distribution much better usiog-parametric models. For example, we
can use non-parametric models rather than the simple paniamedels often used in the literature
(still based on very poor-resolutior:[7°] maps from DIRBE on COBE, Dwek et al. 1995).

3.2.6 Timescale Distributions and Mass Functions

As we have seen in Section 2.9, the timescale distributiogvent rates carries information about
the mass function of lenses. An early study by Han & Gould §)@9 51 events concluded that for
a power-law mass function(M)dM ~ M—? dM, the preferred slopg ~ 2.1, with a lower mass
cutoff of about0.04 M. Their slope is close to the Salpeter valwe= 2.35). The study by Zhao
et al. (1996) also concluded that the data are inconsistghtadtarge population of brown dwarfs
in the bulge. A more recent analysis by Calchi Novati et @00&) modeled the mass function and
foundg ~ 1.7 + 0.5. The large error bar is again due to the small number of evesgd (~ 100).

The current data base contains roughly two orders of magmitoore events - it would be very
interesting to explore what we can learn with the full datavee now possess. However, there
are at least two difficulties that will need to overcome. Osi@diman resources: extensive Monte
Carlo simulations must be performed to determine the cotmpéss of surveys - this will be a time-
consuming exercise. Secondly, the effect of blending okbemund stars needs to be taken into
account (see Sect. 2.5.1). This is not so straightforwarcdesthe fields have different degrees of
crowding (Smith et al. 2007). Nevertheless, it will be véllgato perform an analysis of the optical
depth maps and timescale distributions using the entir@ skgtto understand the density map and



Astrophysical Applications of Gravitational Microlengin 961

mass functions of the bulge and mass of the disk. Notice keairticrolensing sample is largely a
massselected sample, rather than a light-selected samplerasshother studies.

This exercise may be particularly interesting in light ofdance for systematic variations in
the initial mass functions in elliptical galaxies from badlinamics (Cappellari et al. 2012) and
strong gravitational lensing (Treu et al. 2010). A carefuty of the mass functions in the bulge and
disk from microlensing offers an important independentitmn these conclusions by investigating
whether the Galactic bulge follows similar trends.

3.3 Stellar Atmosphere and Bulge Formation

High-magnification events offer great targets-of-oppuitiuto obtain spectra with high signal-to-
noise ratio to study stellar atmospheres in bulge starsnaeset al. 1996). More recent observations
using 8m class telescopes allow determinations of a nunfbstetbar parameters such as surface
gravity, metallicity and ages (e.g. Lennon et al. 1996; Thtial. 2006; Cohen et al. 2008).

The most recent studies by Bensby et al. (2010, 2011) of 38 stdicate that for dwarf stars,
there may be two populations of stars. The metal-poor pdpuldeems to be predominantly old
(age~ 12 Gyr) while the metal-rich population appears to have aobiah distribution: one is old
(~ 12 Gyr) while the other one is intermediate age (3—4 Gyr). &kistence of intermediate age
stars seems to be in conflict with broad-band color and spemipy of giants (e.g. Zoccali et al.
2008). One way to resolve this conflict is that the age esémay be incorrect due to enhanced
helium enrichment (Nataf et al. 2011). While more microkshstars are desirable, it demonstrates
the power of microlensing as a natural telescope, similalusters of galaxies as a natural telescope
to study very high-redshift galaxies.

The surface brightness of a star is not uniform, insteadnitb Lisually appears darker (“limb-
darkening”). Limb-darkening profiles have been measuredHfie Sun and a few other stars. The
sharp magnification gradient in high-magnification or ciaustossing events allows us to study the
limb-darkening profile as the source moves across the lir@ghit or caustics. Notice that limb-
darkening profiles can not only be studied in broad-bandlsotia spectral lines such asHf one
has time-resolved spectra during microlensing (Thurl €2@06).

Approximately 10 G and K giants had their limb-darkeningfjies measured with microlensing
(Cassan et al. 2006; Thurl et al. 2006; Zub et al. 2011). Tlsasdies suggest that “the classical
laws are too restrictive to fit well the microlensing obséinms” (Cassan et al. 2006), and radiative
transfer models will need to be improved.

3.4 Mass Determinations of Isolated Stars: from Brown Dwars to Stellar Mass Black Holes

As shown in Section 2.5.1, for standard microlensing evehtslens mass cannot be determined
unigquely. However, for exotic events, partial or completeoval of this degeneracy is possible (see
Eqg. (19)). Microlensing thus provides an important new waglétermine the mass of isolated stars.

All stellar black hole candidates in the Milky Way are in hipaystems and have been discov-
ered through X-ray emissions (see Remillard & McClintock@®or a review). Their masses range
from5 Mg to 30 M. Microlensing provides an independent way to study isdlatack holes. The
principle is very simple: typical microlenses have masdesbout0.3 Mg, black holes argz 10
times more massive, and so events due to stellar mass blskdimuld be a factor of a few longer.
These events thus have a much larger chance of exhibitirdjgasignatures, which can be used to
determine the lens as a function of distance. Combined withss density and kinematic models of
the Milky Way, we can constrain the lens mass. If it is higlerta few solar masses and it is dark
(as can be inferred from the light curve from the blendingapaaterF,, see Sect. 2.5.1), thenitis a
potential stellar mass black hole candidate.
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Half a dozen or so such candidates have been identified by Mab €002); Bennett et al.
(2002) (see also Agol et al. 2002; Poindexter et al. 2005)edch for the X-ray emission in one
of the candidates, MACHO-96-BLG-5, yielded only an upperitiMaeda et al. 2005; Nucita et al.
2006), consistent with the system being a truly isolatedlblele.

An ambitious 3-year HST survey (192 orbits) is under way bgaart led by K. Sahu to detect
microlensing events caused by non-luminous isolated tatds and other stellar remnants. It will
be very interesting to see the results from this survey (Salal 2012).

Other direct mass measurements have also been perfornpeatialy for highly magnified
microlensing events. The determined range from brown dearélidates (Smith et al. 2003b; Gould
et al. 2009; Hwang et al. 2010) to more normal stars (see, Bagista et al. 2009 and references
therein).

3.5 Extrasolar Planets

Undoubtedly the highlight of gravitational microlensingthe last decade has been the discovery
of extrasolar planets. At the time of writing, about 20 mlersing extrasolar planets have been
discovered, including 16 published (Bond et al. 2004; Udads al. 2005; Beaulieu et al. 2006;
Gould et al. 2006; Bennett et al. 2008; Gaudi et al. 2008; Datngl. 2009b; Janczak et al. 2010;
Sumi et al. 2010; Miyake et al. 2011; Batista et al. 2011; Nkueaal. 2011; Yee et al. 2012; Bachelet
et al. 2012; Bennett et al. 2012). Of these, 11 are high-nfiagtion events, demonstrating they are
excellent candidates for hunting planets, as pointed ouBiigst & Safizadeh (1998); Rattenbury
et al. (2002). While this is a small fraction of the 800 extdas planets discovered so fathey
occupy a distinct part of the parameter space which wouldffieudt to access with other methods
(see Fig. 8 to see below).

The method itself was proposed more than 20 years ago (Maoc&yRaki 1991; Gould &
Loeb 1992). In the abstract of Mao & Paczynski (1991), it wasmistically claimed that “A mas-
sive search for microlensing of the Galactic bulge stars feay to a discovery of the first extra-
solar planetary systems.” Paczyhski, however, mentidtheddea as “science fiction” at the 1991
Hamburg gravitational lensing conference. In realityoibk more than a decade of microlensing
observations for the first convincing extrasolar planetéddund (Bond et al. 2004), with heroic
efforts in between. Much of the theory and observations le@en reviewed by Rattenbury (2006)
and Gaudi (2010); we refer the readers to those papers fiefudetails.

Figure 6 shows an example of an extrasolar planet discourexicrolensing. The extrasolar
planet has a mass of aroudd M, manifested as a secondary bump on the declining wing of the
light curve, lasting for about one day. This illustratestttmafind an extrasolar planet, the dense
sampling of light curves plays a critical role.

The first two-planet system discovered by Gaudi et al. (28@®&ugh monitoring of high mag-
nification events is shown in Figure 7. The light curve in thése is much more dramatic due to
the complex caustics involved (the top left inset) and afbitotion in the system (see Penny et al.
2011 for detailed predictions). The mass and separatiotiedfvo planets are very much like those
for the Saturn and Jupiter in our solar system. Such mulfifaleet systems constitute about 10% of
the extrasolar planets discovered through microlensiremyMnultiple planetary systems have been
discovered in radial velocity and transit surveys (e.g.igiret al. 2009; Fabrycky et al. 2012 and
references therein). In radial velocity surveys, at le®8t2f known planetary systems appear to
contain multiple planets (Wright et al. 2009). However staéwo fractions cannot be easily com-
pared since the planets discovered are at very differearatipns from the host stars. Furthermore,
microlensing is only sensitive to planets within a narrowga of the Einstein radius. A more de-
tailed comparison is needed to address this issue.

4 http://exoplanet.eu/
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Table 1 lists all the published extrasolar planets discadéry microlensing at the time of writ-
ing. This is an expanded version of table 3 in Miyake et al1@0The microlensing planets occupy
a distinct part in the plane of mass vs. separation nornthligethe snow line. This is illustrated in
Figure 8. It is seen that microlensing planets reside masttgide the snow line where their equi-
librium temperatures are low, about 100K (see also, e.g3figBeaulieu et al. 2008). Beyond the
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Table 1 Parameters of Exoplanets Discovered by Microlensing

Name Host Star Mass Distance Planet Mass Separation Méassiest by Ref
My (Mg) Dy, (kpe) My a (AU)

OGLE-2003-BLG-235Lb 0.63 1007 58105 2.6 108 M; 43758 g, LB [1,2]
OGLE-2005-BLG-071Lb 0.46 £0.04 3.2+0.4 3.8+ 0.4 M; 3.6+ 0.2 0r, 5, DL [3.4]
OGLE-2005-BLG-169Lb 0.49 *0-2% 2.7 18 1315 Mg 2717 0r, Bayesian 5]
OGLE-2005-BLG-390Lb 0.22 7021 6.6 110 55157 Mg 2.6 750 0r, Bayesian  [6]
OGLE-2006-BLG-109Lb 0.51 *0°07  1.49+£0.19 231 £ 19 Mg 2.34£0.5 g, T (7]
OGLE-2006-BLG-109Lc 0.51 T00> 1.49+0.19 86+ 7 Mg 45124 O, TR [7]
OGLE-2007-BLG-368Lb 0.64 T30 5.9 79 20 1T Mg 3370% 0r, Bayesian  [8]
MOA-2007-BLG-192Lb 0.084 *0-015 0.70 03} 3.2 752 Mg 0.66 7019 O, TR [9]
MOA-2007-BLG-400Lb  0.30 7519 5.8 705 0.83 7539 My 0.72 7038 /6.5 732 0, Bayesian [10
MOA-2008-BLG-310Lb 0.67 £0.14 > 6.0 28 158 Mg 147107 0r, Bayesian  [11]
MOA-2009-BLG-319Lb  0.38 7032 6.1 111 5013 Mg 24708 0r, Bayesian [12]
MOA-2009-BLG-387Lb  0.19 7530 57%22 26712 M; 1810 0r, Bayesian [13]
MOA-2009-BLG-266Lb  0.56 + 0.09 3.04£0.33  10.441.7Mg 3.275 Og, TR [14]¢
MOA-2011-BLG-293Lb  0.44 02T 7.154+0.65 2.4 T)2M; 1.0£0.1/3.5+£0.5 0, Bayesian [151
MOA-2010-BLG-477Lb  0.67 7533 23406  1.5705M; 2t3 0r, Bayesian [161
MOA-bin-1 0751058 5175?  3.7+£2.1M; 8.3153 05, Bayesian [17]

¢ MOA-2007-BLG-400Lb has two solutions due to a strong cloi#é model degeneracy (see Sect. 3.7).
b Details of the MOA-2008-BLG-310Lb parameters are discddse Janczak et al. (2010) and Sumi et al. (2010). The
error bars take into account the degeneracy.
¢ 90% confidence limit.
4 The system has two solutions due to a close/wide separatigenéracy (see Sect. 3.7), thus two separations are given
from a Bayesian analysis assuming the lens is a main seqstrcéhe close separation is slightly favored.
Notes: LB: lens brightness; DL: detection of the lens.
References: [1] Bond et al. (2004); [2] Bennett et al. (20(&])Udalski et al. (2005); [4] Dong et al. (2009a); [5] Gould
et al. (2006); [6] Beaulieu et al. (2006); [7] Gaudi et al. @8), [8] Sumi et al. (2010); [9] Bennett et al. (2008); [10] mp
et al. (2009b); [11] Janczak et al. (2010); [12] Miyake ef(2011); [13] Batista et al. (2011); [14] Muraki et al. (201[05]
Yee et al. (2012); [16] Bachelet et al. (2012); [17] Bennétile(2012).

snow line, the density of solid particles in the disk incesasather abruptly, the planetesimal cores
can form faster and the formation of gas giants becomesre@sie equilibrium temperatures are
very different from the hot planets found, for example, idiahvelocity searches.

Analyses of microlensing extrasolar planets has alreaelglgd very interesting statistical re-
sults on planet frequency. Surprisingly, six high-magatiien events appear to form a well-defined
“sample” (Gould et al. 2010) even though the observationghieyfollowup teams were triggered
by somewhat chaotic human involvement. The authors predetie first measurement of the
planet frequency beyond the snow line, for the planet-#o4stass-ratio interval-4.5 < logq <
—2, corresponding to the range of ice giants to gas giants. Téguéncy was found to follow
d? Ny /dlogq/dlogs = (0.36 + 0.15)dex 2, wheregq is the mass ratio andl is the separation.
This is consistent with the extrapolation of Cumming et 2008) to large separations. Their study
also implies a first estimate of 1/6 for the frequency of stika systems.

More recently, Cassan et al. (2012) reported a statistitallyais of microlensing data (gathered
in 2002-07) and concluded that about 20% of stars host Jupiéss planets (between 0.3 and 10
Jupiter masses) while cool Neptuné$ (- 30Mg) and super-Earths(— 10Mg,) are even more
common: their abundances per star are close to 60%.

Somewhat controversially, the study by Sumi et al. (201Lntba population of free-floating
Jupiters, with 1.8 Jupiters per star on average. These tglame not bound to any parent stars;
observationally they manifest as very short-time scale&vén contrast to very long events for
stellar mass black hole candidates). Whether such a higiudrecy of free-floating Jupiter-mass
planets can be produced in core accretion theory or grattinstability theory is unclear.
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Fig. 8 Extrasolar planets in the plane of mass vs. separation {ta afithe snow line, indicated by
the vertical dashed green line). The snow line is taken ta be 27 M1, /M AU, where My, is the
lens mass (see Table 1). The red filled circles with error inalisate planets found by microlensing.
The open symbols show the degenerate close-separatidiossltor MOA-2007-BLG-400Lb and
MOA-2011-BLG-293Lb (see Table 1). The black triangles ahgetsquares indicate the planets
discovered by radial velocities and transits, respegtivehe magenta and green triangles indicate
the planets detected via direct imaging and timing, resgygt The non-microlensing exoplanet
data were taken from The Extrasolar Planets Encyclopaédtip:/(exoplanet.eu/). The planets in
our solar system are indicated with initial letters (in cyan

3.6 Numerical Methods in Modeling Binary and Multiple Light Curves

The modeling of light curves can be naturally divided intmtparts: The efficient calculation of
light curves and finding the best-fit models iyasense. We refer the readers to Bennett (2010) for
an excellent discussion of this topic.

3.6.1 Calculation of light curves

For a single lens, the image magnifications and positiona@aéytical. The light curve calculation
is straightforward, even accounting for a finite source gi¥et & Mao 1994).

For a finite size source lensed by a binary or multiple sysiestmagnification can be calculated
in three different regimes with increasing complexities:

— When the source is far away from the caustics or any sharmifieegion gradient, then the
point source approximation can be used. In this case, thaifigion can be readily found by
solving the fifth-order or the tenth-order polynomials fardry or triple lens systems (e.g. using
thezr oot s routine in Press et al. 1992; for a more efficient impleméoncvailable publically
see Skowron & Gould 2012). In practice, as the source mowegats trajectory, we can feed
the image positions from the previous step as the initiasges and use the Newton-Raphson
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(Simpson 1740) method to achieve rapid convergence to nksiats for the current source
position. These can be used to deflate the polynomial to arloveker one, which can then be
solved much more easily.

In the case of binary lensing, the deflated polynomial is ip@dther linear or quadratic and
its solutions can then be found analytically. In this appioave, at all times, keep all the five
solutions to the polynomial (not all are true solutions @& bans equation). This efficient method
was used in the first attempt to predict binary light curvesqdzyhski & Mao 2001); it is
similar to Skowron & Gould (2012) in spirit. We note that fovdiimage configurations, the
total magnification of positive-parity images must excded bf negative-parity images by unity
(Witt & Mao 1995). This can be used as a test of numerical asgur

— When the source is moderately (one diameter or so) far awaythe caustics, the magnification
can be efficiently calculated using the hexadecapole ajpaiion proposed by Gould (2008).
It has the advantage of being very efficient and at the same piroviding an estimate of the
approximate accuracy (see also Pejcha & Heyrovsky 2009).

— When the source is approximately within one diameter ofctinestics, the magnification for
a finite source size calculation becomes complex and timstening due to the presence of
singularities. Many methods have been proposed, inclugimoglified) rayshooting (Rattenbury
et al. 2002; Dong et al. 2006), level contouring (based oke&dtdheorem, Gould & Gaucherel
1997; Dominik 2007) and grid integration (Bennett & Rhie 698ennett 2010). For detailed
comparisons between these methods, see Bennett (20190%ldair that there is still room for
improvement. Furthermore, several independent modetidgsare desirable for cross-checks.

3.6.2 Finding the global minimum

Once a binary or multiple light curve can be efficiently cddted, it still remains a highly non-trivial
job to find the best-fit parameters, especially in the presefcdegeneracy (see Sect. 3.7). Starting
from an initial guess of the parameters, many routines carsbd to converge to a local minimum
using, e.g., MINUIT® or GSL routine$. More recently the Monte Carlo Markov Chain method has
gained popularity (e.g. Dong et al. 2006; Bennett 2010).

However, to find the global minimum, often a grid of initialegses are used. This may be, how-
ever, impractical once the dimension of the parameter spaceases, especially for multiple lenses
(for a nice discussion of the parameters in binary lensictugling parallax and orbital motion, see
Skowron et al. 2011). This may be particularly severe whemixt-generation experiments come
online; this area deserves much more research in the figeesBennett 2010 for the current state of
affairs).

3.7 Mathematics of Gravitational Microlensing

Gravitational lensing is mathematically rich and is redti@singularity (catastrophe) theory (see the
monograph by Petters et al. 2001).

In classical Keplerian potential theory, the two-body peois analytically tractable. In grav-
itational lensing, as we have shown in Section 2.7, it is nehepossible to solve the binary lens
equation analytically. Curiously, for binary lenses, thiarstill an analytical theorem that five-image
configurations must have a magnification no smaller than 3t(@&Mao 1995; Rhie 1997). This
was used to infer the presence of blending in gravitationetatensing (Witt & Mao 1995).

In binary lensing, there is a degeneracy found by Dominil@@%etween close and wide sep-
aration binaries. This was later explored in much greattildey An (2005). Planetary and binary
lens light curves can also mimic each other (Choi et al. 2012 unclear whether some of these

5 http:/mwwasdoc.web.cern.ch/wwwasdoc/minuit/minnhainl
6 http://Aww.gnu.org/software/gsl/
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degeneracies can be generalized to multipffe ¥ 3) lenses. For parallax events, there are also
degeneracies (Smith et al. 2003a; Gould 1995).

The number of critical curves faV-point lenses cannot exce@dV (see Sect. 2.7). The upper
bound on the number of images f@rpoint lenses iS(N — 1) (Rhie 2003; Khavinson & Neumann
2006). It is unclear whether these two linear scalings dega@ in a topological sense (see Rhie
2001, 2003; An & Evans 2006).

4 FUTURE OF GRAVITATIONAL MICROLENSING

The future of gravitational microlensing is bright. In tesof current experiments, OGLE-IV already
has a field of view of 1.4 square degrees and is readily idengifabout 1500 events in real-time per
year. The rate can in principle be increasedby0% by analyzing their archives.

The 1.8m MOA-II telescope has a field of view of 2.2 square degrand the MOA collabora-
tion issues about 600 microlensing alerts each year. The M@laboration uses difference image
analysis photometry to issue alerts, which can identifgtfaource stars that are undetectable when
unmagnified. This is in contrast to the OGLE, which to datedvdg been triggered by stars iden-
tified using their template image. The MOA strategy appeaisdrease the alert rate by roughly a
factor of~ 1.4 compared to OGLE.

There has also been an influx of new telescopes involved imheitsing, including the WISE
Observatory which is conducting an independent surveyérfuture, more telescopes may engage
in microlensing campaigns, including the SKYMAPPER. Al€bhjnese astronomers are discussing
possible monitoring from Antarctica (Dome-A) and Argeatimhere 2m class telescopes have been
proposed by the Chinese Academy of Sciences. The supeeimgsand continuous time coverage
for a few months per year at Dome-A may be an advantage foioleitsing (although the seeing is
degraded due to the high air mass, Wang et al. 2009). In fathedfirst step, the first of three 50 cm
telescopes has already been installed at Dome-A in earl® a0d will perform pilot surveys.

In terms of hunting for extrasolar planets, several WhitedPa(Gould et al. 2007; Bennett et al.
2007; Dominik et al. 2008; Beaulieu et al. 2008) set out stigs with ambitious milestones for the
next fifteen years:

— Current extrasolar discovery with microlensing is a migtof surveys and intense followup
observations. However, the boundary between surveys dod/fgp teams is already starting to
blur, with survey teams, for some fraction of their time, @gimg in very dense monitorings of
some fields, for example, by both the MOA (Sumi et al. 2011) @@&LE teams.

— In the next five years, a network of three 1.6 m telescopdswibuilt by Korean astronomers
(Korean Microlensing Network, KMTNet). These telescopdkhe sited in Chile, South Africa
and Australia. Each is equipped with a 4 square degree fiet@izg and will be able to monitor
16 square degrees and densely sample light curves (everinli@asior so). This will in principle
get rid of the cumbersome division between survey and falfpwAs a result, the selection
functions will be much better specified and thus statisstadlies will be easier to perform. This
is important as the number of microlensing extrasolar gkawdl increase significantly.

— A microlensing telescope in space in the next 10-15 yearbéen proposed both in the US and
Europe. WFIRST is the top recommended space mission by thedd&dal Survey (Blandford
et al. 2010). The recently funded Euclid mission by ESA map ddave a microlensing com-
ponent (for detailed simulations, see Penny et al. 20123e@ing from space has substantial
advantages: smaller and more stable PSFs and continuasdiarage will allow us to search
for lower-mass (Earth-mass) planets. Space missions lsdl @low us to uniquely determine
the masses of many extrasolar planets. Combined with tHarstansit missiorkepler, space
microlensing experiment(s) will provide a complete censtig€arth-mass (and lower-mass)
planets at virtually all separations, including free-fingtones.
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The theory of microlensing is well understood, although patationally there are still some
challenging issues (see Sect. 3.6). For example, it igigtidl-consuming to calculate the light curves
for finite-size sources since we need to integrate over tigufarities of caustics. This is particularly
important for the discovery of extrasolar planets when a®transits the small caustics induced by
the planet(s). The problem becomes even worse for multiplegps (Gaudi et al. 2008). How do we
efficiently search the high dimensional parameter space2iare hidden multiple planetary light
curves in the database that are not yet identified due to¢beiplex shapes?

With a very healthy interplay between theory and obseraati@pgraded/new surveys in the
near term and space satellites on the horizon, microlemsingxpect another exciting decade in the
future.

Acknowledgements| thank Drs. Liang Cao, Lijun Gou, Andy Gould and Richard Ldogmany
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