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Abstract

In this paper, cosmic distance duality relation (CDDR) is probed without considering any background
cosmological model. The only a priori assumption is that the Universe is described by the Friedmann–Lemaître–
Robertson–Walker (FLRW) metric. The strong gravitational lensing data is used to construct the dimensionless co-
moving distance function d(z) and latest type Ia supernovae Pantheon+ data is used to estimate luminosity
distances at the corresponding redshifts z. Using the distance sum rule along null geodesics of the FLRW metric,
the CDDR violation is probed in both flat and non-flat spacetime by considering two parametrizations for η(z), the
function generally used to probe the possible deviations from CDDR. The results show that CDDR is compatible
with the observations at a very high level of confidence for linear parametrization in a flat Universe. In a non-flat
Universe too, CDDR is valid within the 1σ confidence interval with a mild dependence of η on the curvature
density parameter ΩK. The results for nonlinear parametrization also show no significant deviation from CDDR.
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1. Introduction

The cosmic distance duality relation (CDDR) is one of the
fundamental relations in cosmology based on the Etherington
reciprocity relation (Etherington 1933). If one assumes the
spacetime geometry to be Riemannian and the number of
photons to be conserved along the null geodesics, the CDDR
relates the luminosity distance (DL) and angular diameter
distance (DA) at the same redshift z as
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The CDDR is valid irrespective of which cosmological
model is used to describe the Universe. Many cosmological
observations, such as Cosmic Microwave Background Radia-
tion, galaxy clusters and gravitational lensing, are based on this
fundamental relation. Further, it has been used, assuming it to
be true, to study galaxy cluster physics, i.e., the possible
morphologies of galaxy clusters (Holanda et al. 2011, 2012),
the temperature profile, the gas mass density profile of galaxy
clusters (Cao & Zhu 2011; Cao et al. 2016) and so on. However
CDDR may be violated due to photon absorption by dust
(Corasaniti 2006), coupling of photons with non-standard
particles (Bassett & Kunz 2004), gravitational lensing,
variations in fundamental constants (Ellis et al. 2013) or
simply due to systematic observational errors (Holanda et al.
2013). Any violation of it, i.e., η(z) ≠ 1, may indicate the
presence of new physics in the theory of gravity or the
existence of some unaccounted systematic errors in the
observations. Thus it is crucial to investigate the validity of
CDDR with the latest cosmological observations.

The validity of CDDR is investigated in several papers using
different cosmological data sets available (Li et al. 2011; Li
et al. 2013; Liao et al. 2016; Ellis et al. 2013; Holanda &
Busti 2014; Rana et al. 2017; Ruan et al. 2018; Lyu et al.
2020). Some authors consider a background cosmological
model while others take a model-independent approach to test
CDDR. A pre-assumption of background cosmological model
necessitates the optimization of ’nuisance’ parameters in the
distance-redshift relation. This requirement can introduce
additional uncertainty and bias which can lead to conflicting
results and/or wider confidence intervals (Melia 2018). Gen-
erally, luminosity distance is estimated from type Ia supernovae
(SNe Ia) observations while the angular diameter distance is
inferred from baryon acoustic oscillation (BAO) data, Hubble
parameter data (H(z)), strong gravitational lensing (SGL) data,
gamma-ray bursts and other astrophysical probes. The point to
be noted here is that, to study the validity of CDDR, the
angular diameter distance and luminosity distance need to be
measured at the same redshift. To check the consistency of
different independent data sets in a non-parametric way,
numerical techniques, like genetic algorithms, non-parametric
smoothing (NPS) technique, LOESS & SIMEX, Gaussian
Processes, etc., have been used in literature to study the validity
of CDDR (Ruan et al. 2018; Nesseris & Bellido 2012;
Shafieloo et al. 2013; Rana et al. 2016). No significant violation
of CDDR compared with the uncertainties of the observations
has been reported in these studies. Still continuing to test the
CDDR with latest cosmological observations is important
along with looking for systematic errors among the previous
analysis.
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SNe Ia are considered to be the standard candles in the
Universe, as they are as bright as a galaxy at their peak, and are
often used as distance indicators. Recently, Scolnic et al.
(2022) published the largest compilation of spectroscopically
confirmed SNe Ia, named the Pantheon+ sample. The sample
is from the analysis of 1701 light curves compiled across 18
different surveys of 1550 distinct SNe Ia. This sample
improves upon the previous samples by not only increasing
the sample size and redshift span but also by improving the
treatments of systematic uncertainties. Further, with new
powerful space and ground-based telescopes for imaging and
spectroscopic observations, many new SGL systems have been
discovered. SGL systems can be a valuable tool to constrain
cosmological parameters if one has a good knowledge of the
lens mass model. From various surveys (SLACS, S4TM,
BELLS and BELLS GALLERY), Chen et al. (2019) compiled
161 galaxy-scale strong lensing systems, all early-type galaxies
with E or S0 morphologies. In the sample only those lens
galaxies were selected which do not have any significant
substructure or close massive companion. These two conditions
ensured that the lens galaxies are spherically symmetric.

Taking advantage of the significant improvements in SGL
and SNe Ia observations, I present a new cosmological model-
independent approach to probe the CDDR by jointly consider-
ing the SGL data and latest Pantheon+ SNe Ia data set. The
large data size makes the data sets suitable for the statistical
analysis and the constraints on CDDR are improved. In most
works so far, CDDR is tested assuming a flat spacetime,
whereas in this work the CDDR probe is extended to the non-
flat spacetime too. Using the SGL data, the dimensionless co-
moving distance function d(z) is constructed to avoid the bias
brought in by redshift incoincidence between the observational
data sets in analysis. The continuous function d(z) provides the
estimate of luminosity distance DL(z). Comparing the lumin-
osity distances derived from SNe Ia data with those estimated
from SGL data, one can investigate the validity of CDDR. I
take the parametric approach to probe the validity of CDDR.
Using the distance sum rule, I investigate CDDR in both flat
and non-flat spacetime.

The outline of the paper is as follows. The methodology to
construct model-independent dimensionless co-moving dis-
tance function d(z) using SGL data and combining it with SNe
Ia data to estimate η(z) is discussed in Section 2. In Section 3,
SGL data and Pantheon+ data used in this work are presented.
Results and conclusions are presented in Section 4 and
discussion in Section 5.

2. Theory

In a homogeneous and isotropic Universe, the geometry of
the spacetime can be described by the Friedmann–Lemaître–

Robertson–Walker (FLRW) metric
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where c is the speed of light, a(t) is the cosmic scale factor and
K is the spatial curvature constant and is ±1 or 0 for a suitable
choice of units for r.
The dimensionless transverse co-moving distance d(z) in

FLRW cosmology is
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, H(z) is Hubble

parameter and H0 and a0 are the present values of Hubble
parameter and scale factor respectively. The angular diameter
distance is
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and the luminosity distance is

( ) ( ) ( ) ( )D z z
c

H
d z1 . 5L

0
= +

2.1. Strong Gravitational Lensing

Multiple images of a background galaxy (source) appear due
to the lensing effect of a galaxy or cluster of galaxies (lens)
along the line of sight. A ring-like structure, called Einstein
ring, is formed if the source, lens and observer are perfectly
aligned along the same line of sight. The multiple image
separation or the radius of Einstein ring, in case of perfect
alignment, in a specific strong lensing system depends only on
angular diameter distances from observer to the lens, lens to
source and to the source, provided a reliable model for the mass
distribution within the lens is known. A Singular Isothermal
Ellipsoid (SIE) model, in which the projected mass distribution
is elliptical (Ratnatunga et al. 1999), is often used for the
purpose. As most of the lensing galaxies observed are elliptical
(early-type), the SIE model is quite reasonable (Kochanek et al.
2000). A simpler Singular Isothermal Sphere (SIS) model, an
SIE with zero ellipticity, is also found to be consistent with the
observations (Cao et al. 2015; Melia et al. 2015). The Einstein
ring radius θE in an SIS lens is (Schneider et al. 2006)
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where c is the speed of light, σSIS is the stellar velocity
dispersion in the lensing galaxy and Dls/Ds is the ratio of the
angular diameter distance between source and lens and between
source and observer. If one has the values of θE from image
astrometery and σSIS from spectroscopy, the distance ratio

( )D z z,l s
D

D
ob ls

s
= can be estimated.

2.2. Distance Sum Rule

The ratio of angular diameter distances Dls and Ds in
Equation (6) can be expressed in terms of the corresponding
dimensionless co-moving distances d(z) as
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If d(z) is monotonic and ( )d z 0¢ > , then dls and ds are related
by the distance sum rule (Peebles 1993; Räsänen et al. 2015)
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Using the distance ratio values D(zl, zs), obtained from SGL
observations, a continuous distance function d(z) can be
constructed in a cosmological model-independent way using
a polynomial fit (Räsänen et al. 2015; Collet et al. 2019; Wei &
Melia 2020; Qi et al. 2021). Here, a third order polynomial

( ) ( )d z z a z a z , 101
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with the initial conditions d(0) = 0 and ( )d 0 1¢ = , is
constructed by fitting the SGL data.

2.3. SNe Ia as Standard Candles

SNe Ia, due to their superior brightness, are often adopted to
provide the most effective method to measure luminosity
distances. The distance modulus μ of a supernova is defined as

( ) ( ) ( )/z m M D5log Mpc 25, 11L
thm = - ¢ = +

where m is the apparent magnitude, M ¢ is the absolute
magnitude and DL is the luminosity distance. Using the
distance duality equation,
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To test the violation of CDDR, I use the following
parametrizations of η(z):
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3. Data and Methodology

SGL data used in this study is taken from the catalog of 161
galaxy-scale source SGL systems, compiled by Chen et al.
(2019), from the LSD, SL2S, SLACS, S4TM, BELLS and
BELLS GALLERY surveys. Only early-type lens galaxies with
E or S0 morphologies which do not have any significant
substructure or a close massive companion are selected for the
sample. These two conditions ensure that the lens galaxies in
the sample are spherically symmetric. For each lens, the source
redshift (zs), lens redshift (zl) and luminosity averaged central
velocity dispersion measured within the aperture σap are
determined spectroscopically. As the lenses in the sample are
from different surveys, σap is normalized to the velocity
dispersions within circular aperture of radius Reff/2, where Reff

is the half-light radius of the lens. The normalized velocity
dispersion σ0 is (Jorgensen et al. 1995a,1995b; Cappellari et al.
2006)

( ( )) ( )/ 2 , 130 ap eff aps s q q= n

where θeff = Reff/Dl and ν is the correction factor to be fitted
from the samples of observations. Following Jorgensen et al.
(1995a, 1995b), I take ν = −0.04. Since it has been established
that the intermediate-mass early-type elliptical lens galaxies
show the best consistency with the SIS lens model (Cao et al.
2016; Koopmans et al. 2006, 2009; Treu et al. 2006), I select
only those systems from the catalog whose velocity dispersion is
in the range 200 km s−1� σap� 300 km s−1. As the velocity
dispersion for an SIS model σSIS may not be same as the central
velocity dispersion σ0, a new parameter fE was introduced by
Kochanek (Kochanek 1992) such that σSIS = fEσ0. The
parameter fE compensates for the contribution of dark matter
halos in velocity dispersion, systematic errors in measurement of
image separation and any possible effect of background matter
over lensing systems. All these factors can affect the image
separation by up to 20% which limits f0.8 1.2E< < (Cao
et al. 2012; Ofek et al. 2003). In the present analysis, fE is taken
as a free-parameter and is fitted along with the other parameters
(Gahlaut 2024).
The Einstein radius θE is determined by fitting model mass

distributions to generate model lensed images and comparing
them to the observed images taken from Hubble Space
Telescope or from Earth-based telescopes. The relative
uncertainty in θE is taken to be 5% for all lenses (Cao et al.
2016). Finally, from the catalog of SGL systems I also exclude
the systems for which the distance ratio Dob > 1, as they are not
physical (see Equation (8)). The distribution of data points in
the catalog with σap and Dob is shown in Figure 1.
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The likelihood function for the SGL data set is
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here N= 102 is the number of data points for which Dob < 1
and velocity dispersion is in the range
200 km s−1� σap� 300 km s−1. ΔDob is the uncertainty in
the value of Dob given by
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where ΔθE and Δσ0 are the uncertainties in the measurement
of Einstein radius and velocity dispersion respectively.

The Pantheon+ sample, recently published by Scolnic et al.
(2022), is used to estimate the luminosity distance ( )D zL

ob .
Scolnic et al. reported the corrected apparent magnitude
mcorr = μob + MB by analyzing 1701 supernova light curves
from 1550 distinct SNe Ia ranging in redshift from z= 0.001 to
2.26 and fitting them using a SALT2 model. To reduce the
systematic uncertainties of the data set, the BEAMS method
with bias corrections is used (Kessler & Scolnic 2017) to make
corrections to selection biases and contamination from core-
collapse SNe. The uncertainties, including statistical and
systematic uncertainties, for the data are given by the
1701 × 1701 covariance matrix C (Brout et al. 2022; Riess
et al. 2022). The covariance matrix C accounts for the errors
from the measurement of redshifts, peculiar velocities of host
galaxies, calibration of light curves and the SALT2 model

fitting, extinction due to the Milky Way, and simulations of
survey modeling, distance modulus uncertainty modeling, and
intrinsic scatter models.
The chi-square function for the supernovae Pantheon+

sample is

( )† C , 171
2
2c m m= ⋅ ⋅- 

where !μi = μth(zi, p) − μ ob(zi) is the vector of residuals
of the sample and p = (ΩK, η0, a1, a2, M) is the vector formed
by the parameters to be fitted from the data. Given the
degeneracy of factor 5log10(c/H0Mpc) + 25 with absolute
magnitude M ¢, both are combined and fitted as the
parameter ( )/M M c H5 log Mpc 2510 0= ¢ + + .
The combined log-likelihood function for the SGL and SNe

data sets is

( ) ( ) ( )Lln 0.5 . 18tot 1
2

2
2c c= - +

The best fitting values of the parameters can be obtained by
maximizing the likelihood function Ltot.

4. Results and Conclusions

I sample the likelihood function Ltot by performing a Markov
Chain Monte Carlo (MCMC) analysis using Python module
emcee (Foreman-Mackey et al. 2013) and compute the one-
dimensional (1D) marginalized best fitting values and 68%
uncertainties of the parameters. The results are listed in Table 1.
The two-dimensional (2D) contours and the 1D posterior
probability distributions for the parameters, generated using the
Python module GETDIST (Lewis 2019), are shown in
Figures 2–5.

1. In the spatially flat Universe (Ωk = 0), with linear
parameterization, i.e. η(z) = 1 + η0 z, the 1D margin-
alized best fit value of η0 is 0.0051 0.0621

0.0677- -
+ which is in

excellent agreement with the CDDR at a very high level
of confidence. With nonlinear parameterization for η(z),
the 1D marginalized best fit value of η0 is 0.0921 0.0663

0.0778- -
+ .

The value of η0 shows no significant deviation
from CDDR.

2. With a non-flat geometry, the 1D marginalized best fit
value of η0 for linear and nonlinear parametrizations is:
0.033 0.0702

0.0749
-
+ and 0.1205 0.0740

0.0809- -
+ respectively. Again the

value of η0 with linear parameterization is in agreement
with the CDDR within the 1σ confidence interval. With
nonlinear parameterization too CDDR is true within the
2σ confidence interval. The data set provides a weak
constraint on ΩK but CDDR holds for a non-flat Universe
with tight constraints on η0 which is mildly dependent on
ΩK.

For a comparison, the results of some of the works with a
model-independent approach are presented in Table 2.

Figure 1. From the catalog of 161 SGL systems, only those systems which
show best consistency with the SIS lens model (for which
200 km s−1 � σap � 300 km s−1) are chosen. Further, the lens systems with
the observed distance ratio Dob > 1 (being unphysical) are excluded.
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Figure 2. 1D posterior probability distributions and 2D confidence regions of the parameters in flat spacetime with η(z) = 1 + η0 z.

Table 1
1D Marginalized Best Fit Parameter Values and Uncertainties

With η(z) = 1 + η0 z

ΩK η0 a1 a2 fE M

0 0.0051 0.0621
0.0677- -

+ 0.2942 0.0664
0.0641- -

+ 0.0471 0.0154
0.0176

-
+ 1.0033 0.0109

0.0109
-
+ 23.8226 0.0066

0.0063
-
+

0.05670.0374
0.0313+ 0.0330 0.0702

0.0749- -
+ 0.2681 0.0731

0.0712- -
+ 0.0438 0.0149

0.0174
-
+ 1.0001 0.0106

0.0118
-
+ 23.8233 0.0068

0.0059
-
+

With η(z) = 1 + η0(z/1 + z):

ΩK η0 a1 a2 fE M

0 0.0921 0.0663
0.0778- -

+ 0.2428 0.0486
0.0421- -

+ 0.0301 0.0132
0.0162

-
+ 0.9984 0.0082

0.0083
-
+ 23.8286 0.0081

0.0088
-
+

0.1485 0.0952
0.0948

-
+ 0.1205 0.0740

0.0809- -
+ 0.2292 0.0500

0.0519- -
+ 0.0278 0.0162

0.0167
-
+ 1.0017 0.0092

0.0086
-
+ 23.8309 0.0089

0.0086
-
+
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Ruan et al. (2018) tested CDDR based on SGL and a
reconstruction of the H II galaxy Hubble diagram using
Gaussian processes. Xu et al. (2022) used the combination of
BAO measurements and SNe Ia sample. They applied both an
artificial neural network (ANN) method and binning the SNe Ia
sample method to derive the values of luminosity distance at
the redshifts of BAO measurements. Whereas, Wang et al.
(2024) derived luminosity distance values at the redshifts of
BAO measurements by binning and using Gaussian processes.
Lyu et al. (2020) and Liao et al. (2016) tested CDDR by
combining the SGL observations with SNe Ia data using linear
parameterization for η(z). They combine each SGL system with
two SNe Ia events closest to the redshift of the source and lens

with a difference not exceeding 0.005. Using the SIS lens mass
model, Lyu et al. (2020) reported 0.1610 0.058

0.062h = - -
+ , showing

a moderate tension with the CDDR. In contrast, by choosing
only those SGL systems which are found to be in better
accordance with the SIS lens model and using the larger and
updated SNe Ia data (Pantheon+), η0 is consistent with 0 with
high precision. The issue of finding the supernovae from the
Pantheon+ data set whose redshift matches that of lens and
source in each SGL system is overcome by reconstructing a
continuous co-moving distance function d(z), that best
approximates the discrete observed data, using a polynomial
fit. The best fit value of η0 in a spatially flat Universe is
consistent with the values reported in other works and with

Figure 3. 1D posterior probability distributions and 2D confidence regions of the parameters in flat spacetime with η(z) = 1 + η0(z/1 + z).
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similar or better precision (Table 2). In addition, the method
also confirms the validity of CDDR with a small confidence
interval in the curved spacetime.

5. Discussion

CDDR is one of the fundamental relations in cosmology
which plays a crucial role in astronomical observations. Any
deviation from CDDR indicates that either the spacetime is not
described by a metric theory of gravity or there is new physics
beyond what we understand. With the availability of new
improved observational data with better precision, it is
important to test this relation. In this paper, using the latest
SGL and SNe Ia Pantheon+ data jointly, I probe the validity of

CDDR without considering any cosmological model. In most
of the studies of CDDR so far, spatial flatness of spacetime is
assumed. Whereas, using the distance sum rule along null
geodesics in the FLRW metric, I test CDDR in a non-flat
spacetime as well as a flat spacetime. The analysis shows that
CDDR is valid at a very high level of confidence in the flat
spacetime. In a non-flat spacetime too, CDDR is true within the
1σ confidence interval with a mild dependence of η0 on ΩK. To
check the effect of parameterization, a nonlinear parameteriza-
tion for η(z) is used and found no significant deviation from
CDDR. The high level of confidence achieved in the results is
attributed to the improved SNe Ia observations with the
covariance matrix incorporating all kinds of statistical and

Figure 4. 1D posterior probability distributions and 2D confidence regions of the parameters in non- flat spacetime with η(z) = 1 + η0 z.
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systematic uncertainties. Further, new powerful space and
ground-based telescopes for imaging and spectroscopic obser-
vations helped to achieve better precision for SGL observa-
tions. The only limitation while using SGL data is the

uncertainty about the mass distribution in the lens. To mitigate
the impact of an imprecisely known mass distribution, I
selected only those lensing systems which are proved to be in
accordance with the SIS lens model. Also, the model-
independent method used in the work helped to avoid the
unknown systematics associated with the models.
The results for both flat and non-flat spacetime establish the

CDDR all the way out to z ∼ 2.3. However, it is important to
test CDDR at higher redshifts up to the last scattering surface.
Recently a large number of high-redshift quasars have been
detected with redshifts between 4.44 and 6.53, using the Dark
Energy Spectroscopic Instrument (DESI; Yang et al. 2023).
The multiple measurements of high-redshift quasars can be
used to estimate luminosity distances from the relation between
the ultraviolet (UV) and X-ray luminosities of quasars.

Figure 5. 1D posterior probability distributions and 2D confidence regions of the parameters in non-flat spacetime with η(z) = 1 + η0(z/1 + z).

Table 2
Best Fit Values of η0 From Other Independent Studies

Data η0(L) η0 (N − L) References

SNe Ia + SGL 0.005 0.251
0.351- -

+ L Liao et al. (2016)
H II + SGL 0.0147 0.066

0.056
-
+ L Ruan et al. (2018)

SNe Ia + SGL 0.161 0.058
0.062- -

+ L Lyu et al. (2020)
BAO + SNe Ia 0.064 0.052

0.057- -
+ 0.181 0.141

0.160- -
+ Xu et al. (2022)

BAO + SNe Ia 0.041 0.109
0.123

-
+ 0.082 0.214

0.246
-
+ Wang et al. (2024)

SNe Ia + SGL 0.0051 0.0621
0.0677- -

+ 0.0921 0.0663
0.0778- -

+ This work
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Whereas, angular diameter distances can be obtained from the
compact structures in intermediate luminosity radio quasars.
Thus, two different cosmological distances from the same kind
of object at high redshifts can be determined and compared
(Zheng et al. 2020). Further, recent detection of gravitational
wave (GW) signals by LIGO and Virgo detectors has heralded
the start of GW astronomy and the multi-messenger astronomy
era (Abbot et al. 2016a, 2016b, 2017). These “standard sirens”
could provide the absolute luminosity distance of the event
without any calibration, as GWs propagate freely through a
perfect fluid without any absorption or dissipation
(Schutz 1986). Combining the GW data with SGL or BAO
data (for angular diameter distances) can give a more precise
test of CDDR. Theoretically, third generation GW detectors,
such as the Einstein Telescope (ET), could detect GW signals
up to redshift z ∼ 2 for neutron star—neutron star mergers and
z ∼ 5 for black hole—neutron star merger systems (Cai &
Yang 2017). Also, a possible detection of strong GW lensing
can provide simultaneous measurements of both the luminosity
and angular diameter distances which in turn can be used to
probe CDDR (Arjona et al. 2021). However, we should wait
for the data from ET until the statistics and redshift coverage
will be sufficient to get competitive results.
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