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Abstract

The nuclear ground state properties of even–even 106–120Zr nuclei have been investigated within the framework of
the relativistic mean field (RMF) approach. The RMF model with density-dependent DDME2 and DDPC1
interactions is utilized for the calculation of potential energy curves, the nuclear ground-state deformation
parameters (β2), neutron separation energies (Sn and S2n) and neutron skin thickness (rnp) of selected Zr isotopes.
Later, the β-decay properties of Zr isotopes were studied using the proton-neutron quasi-particle random phase
approximation (pn-QRPA) model. These include Gamow–Teller strength distributions, β-decay half-lives and
stellar electron emission/positron capture rates. The β2 values computed from the RMF model were employed in
the pn-QRPA model as an input parameter for the calculations of β-decay properties for even–even 106–120Zr
nuclei. The stellar rates were computed using the pn-QRPA framework with three different types of deformation
parameters. Only at high temperature (T9� 2) and low density (ρ Ye� 107 g cm−3) values, the sum of electron
emission and positron capture rates has a sizeable contribution (with positive exponents) to the stellar rates.

Key words: astroparticle physics – elementary particles – nuclear reactions – nucleosynthesis – abundances –
(stars:) supernovae: individual (r-process)

1. Introduction

The rapid neutron capture process (r-process) is the primary
nucleosynthesis mechanism responsible for the production of
nuclei more massive than iron (Burbidge et al. 1957). Though the
astrophysical regions of this process are contested, it happens in
environments with exceptionally high neutron density. The
nucleosynthesis route involves neutron-rich isotopes that are far
away from the β-stability valley. Important nuclear characteristics
(Cowan et al. 1991) for describing the r-process are the nuclear
masses and beta-decay properties, specifically the β-decay half-
lives (T1/2) and the β-delayed neutron-emission probabilities (Pn).
The β-decay half-life is an observable physical quantity for rare-
isotope beam facilities. It determines the timescale of the r-process
nucleosynthesis. Short half-lives observed at the A= 110 mass
region enhance the flow of r-matter. Neutron-rich nuclei in the
mass range of A∼ 110–120 have attracted substantial attention
from both theoretical and experimental aspects. They are
fascinating for many different reasons. For example, they exhibit
rapid structural variations in their ground state and low-lying
excited states (Wood et al. 1992). At Z= 40, the shell structures
show a wide range of forms; spherical, prolate, oblate, and other
rare tetrahedral shapes (Skalski et al. 1997). Therefore, variations
in shape and maximal deformation at deformed subshell closures
are to be expected at Z= 40. Both relativistic (Xiang et al. 2012)
and nonrelativistic (Bender et al. 2008) analysis of structural

evolution for Z= 40 and A∼ 110–120 indicate the rapid variation
of nuclear shapes as varying the nucleon numbers. Shape
coexistence is observed, with nuclei exhibiting competing
spherical, axially symmetric prolate and oblate, as well as triaxial
morphologies at energies close to each other.
Investigating the nuclear masses and charge-changing transition

rates of neutron-rich species at radioactive ion-beam facilities has
been a major focus in the past decades (Sumikama et al. 2011).
However, many exotic nuclear species cannot be studied in
terrestrial laboratories, and addressing this issue is best accom-
plished through theoretical approaches. In neutron-rich environ-
ments, electron neutrino captures significantly amplify the effects
of β-decays. Moreover, the subsequent neutrino-induced neutron
spallation profoundly alters the r-abundance distribution pattern
(McLaughlin & Fuller 1997). In neutron-rich Zr and Mo isotopes,
deformation is a common characteristic. This deformation
significantly influences β-decay rates and double β-decay matrix
elements in neutron-rich nuclei (Sarriguren et al. 2003). Therefore,
it is crucial for theoretical calculations to incorporate these nuclear
deformations (Ni & Ren 2014). Sumikama et al. (2011)
investigated the low-lying states in 106Zr and 108Zr. They
investigated the isomers of T1/2= 620± 150 in 108Zr. Further-
more, they discussed different shaped isomers for 108Zr. Kumar
et al. (2014) studied the ground/excited state properties for Z= 40
isotopes employing the relativistic/non-relativistic mean field
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(RMF) approach. They predicted the spherical shape for most of
the Zr isotopes in their ground states, and the large deformed one
in the low-lying excited states. Nomura et al. (2016) demonstrated
rapid structural changes between neutron numbers N= 58 and
N= 60 in isotopes ranging from 94Zr to 110Zr, using the SCMF-to-
IBM mapping procedure with the Gogny-D1M effective density
functional. Furthermore, β-decay properties also aid in under-
standing isotopic abundances and potential r-process pathways.
Pereira et al. (2009) measured the β-decay properties of certain
neutron-rich isotopes (A�110) including Zr. Sarriguren & Pereira
(2010) analyzed the Gamow–Teller (GT) strength distributions,
and β-decay properties of neutron-rich nuclei including Zr within
the framework of deformed quasi-particle random-phase approx-
imation (QRPA). Yoshida et al. (2023) investigated the β-decay
half-lives in the Zr isotopes with shape changes. The GT strength
distributions were evaluated in the proton-neutron QRPA and
quasiparticle–vibration coupling models. The main purpose of their
analysis was to investigate the effect of shape transition over the
half-lives.

From the existing literature, we have reached the point that
no one has worked on the stellar weak interactions rates for
Z= 40 within A= 110−112. For the analysis of stellar rates we
utilize both the RMF (Walecka 1974) and pn-QRPA models to
provide a reliable description of the nuclear structure and
β-decay properties for these isotopes.

The pn-QRPA theory is capable of performing a microscopic
calculation of weak rates for any heavy nuclides. Klapdor et al.
(1984) were the first to conduct calculation of β-decay rates for
many nuclei far-off from the line of stability using a
microscopic nuclear theory. This model was later utilized to
calculate the β-decay half-lives of ∼6000 neutron-rich nuclei,
covering a broad range from the neutron drip line to the line of
stability (Staudt et al. 1999). The same pn-QRPA model, with a
separable and schematic interaction, was used to perform a
microscopic calculation of β+ electron capture rates of neutron-
deficient nuclei with atomic numbers ranging from Zr nuclei of
A∼ 106–120, extending up to the proton drip line for over
2000 nuclei (Hirsch et al. 1993). The weak interaction rates
have contributed significantly to our understanding of the
r-process. The instability effects were studied in dense
electron-positron-ion plasmas (Usman & Mushtaq 2023).
Fuller et al. (1982) conducted a thorough effort to compile
these rates at stellar temperatures and densities, with a specific
emphasis on decays from excited states of parent nuclei. The
pn-QRPA model is extensively employed for its robust and
precise computation of β-decay properties in unstable nuclei,
under both terrestrial and stellar conditions. Spanning a
remarkable range of roughly 6000 nuclei between the neutron
drip line and the stability line, the β-decay characteristics have
been meticulously investigated using the pn-QRPA framework.
This model, employing a schematic and separable interaction, has
been applied under both terrestrial (Hirsch et al. 1993) and stellar
conditions (Nabi & Klapdor-Kleingrothaus 1999). The pn-QRPA

technique was harnessed to unravel the β-decay properties of
waiting point nuclei, focusing on their relevance for astrophysical
applications (Nabi et al. 2019). Recent studies have explored the
dependence of GT strength on nuclear deformation in neutron-
deficient isotopes of 178−192Hg, 185–194Pb, 67–80As (Nabi et al.
2024) and 196–206Po (Nabi et al. 2023). In this study, we
concentrate on neutron-rich nuclei with masses around
A∼ 106–120, which are highly significant for the astrophysical
r-process. Additionally, neutron-rich isotopes within A∼ 106–120
are recognized as intriguing examples where the equilibrium
shape of the nucleus undergoes rapid changes, and shape
coexistence occurs with competing prolate, oblate, and spherical
shapes at energies that are closely spaced.
This work is organized as follows: in Section 2, we provide a

brief explanation of our models including the RMF and pn-
QRPA framework. Section 3 presents the findings and
comments. Section 4 contains a summary and conclusions.

2. Theoretical Framework

2.1. The RMF Model

The RMF model depicts nuclei in such a fashion that
nucleons interact with each other by exchanging various
mesons and photons (Walecka 1974). The initial RMF model
had several issues in expressing nuclear surface features and
the incompressibility. For this purpose, a nonlinear variant of
the model was developed by Ring (1996). Further versions of
the model, such as density-dependent (DD) meson exchange
(ME) and point coupling (PC), were added, and the concept
was referred to as covariant density functional theory (Meng
et al. 2006). In this study, we utilized both the DDME and
DDPC versions of the model. The DDPC version of the RMF
model uses the isoscalar scalar (σ) meson, the isoscalar vector
(ω) meson, and the isovector vector (ρ) meson fields to describe
nuclear matter and single-particle nuclear characteristics. The
DDPC variant of the RMF framework begins with a
Lagrangian density (LD) that is given by
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Here, the coupling of the protons to the electromagnetic field,
the PC interaction terms, and the free-nucleon Lagrangian are
the terms covered by Equation (1). The single-nucleon Dirac
equation with nucleon self-energies may be produced by
varying the Lagrangian with respect to ȳ. For further
discussion one can refer to Nikšić et al. (2008).
We employed the DIRHB code (Nikšić et al. 2014) to

construct the PECs, β2, Sn, S2n and rnp of
106–120Zr as a function
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of β2 employing both DDME (Lalazissis et al. 2005) and
DDPC interactions. To achieve this, RMF calculations with
quadrupole moment constraints were carried out. For open-
shell nuclei, pairing correlations are crucial, and the BCS
approximation was employed to address these correlations.
Moreover, all the above mentioned ground state computations
were performed utilizing the constant G approximation
(Karatzikos et al. 2010).

2.2. The pn-QRPA Model

This section discusses the formalism used to calculate the
beta decay properties including the stellar weak rates at all
temperatures and all densities, which are relevant to stellar
environments, using the pn-QRPA theory. The pn-QRPA
framework was used to compute the GT strength and the
terrestrial β-decay half-lives. The Hamiltonian in the pn-QRPA
model is structured as follows

( )= + + + , 2QRPA sp pair
GT
pp

GT
phH H V V V

where spH denotes the single-particle Hamiltonian, and pairV
represents the nucleon–nucleon pairing interaction. GT

ppV is the

particle–particle (pp) and GT
phV is particle-hole (ph) GT forces.

The Nilsson model was utilized to assess the single-particle’s
wave functions and energies (Nilsson 1955). The oscillator
constant is analyzed employing: ( )w = -- -A A45 251 3 2 3 .
The Nilsson-potential variables were selected based on
Ragnarsson & Sheline (1984). The values of mass excess were
taken from AME2020 (Wang et al. 2021) for the analysis of Q-
values. We used β2 values that were adopted from Möller et al.
(2016) and RMF based analysis.

The pairing force was calculated using the BCS approx-
imation. These calculations were performed separately for both
proton and neutron. We took a constant pairing force of
strength G (Gp and Gn for protons and neutrons, respectively),
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where l represents the orbital angular momentum and the
summation over k and ¢k is constrained to positive values.
( )†s s,jk jk , the spherical nucleon basis, was transformed into a

deformed basis ( †
adk , dkα), using the following equation

( )† †= Sa
ad s . 4k j j

k
jk

The matrices  ak were obtained by diagonalizing the Nilsson
Hamiltonian, and α represents the additional quantum
numbers. The quasiparticle basis ( )†

a aq q,k k was introduced
using the Bogoliubov transformation

( )† † ¯= -a a a a aq u d v d , 5k k k k k

( )¯
†

¯
†= +a a a a aq u d v d , 6k k k k k

where the time-reversed state of k was expressed by k̄ . The
occupancy amplitudes met the basis + =a av u 1k k

2 2 and were
determined using the BCS equations. Ground-state correlation
is introduced by adding a residual interaction to the
Hamiltonian, which is then treated within the RPA framework.
The creation operators of QRPA phonons are defined as
follows

( ) [ ( ) ( ) ] ( )† † †åm m m= -w w wA X q q Y q q , 7
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pn
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where p (proton) and n (neutron) indices are the quasiparticle
states. The summation was over p–n pairs satisfying the
conditions: μ= kp− kn= (−1, 0, 1) and πp. πn= 1. The
amplitudes of the pn-QRPA phonon are (Xω, Yω) and the
RPA equation’s eigenvalue is expressed by the excitation
energy ω. The pp (κ) and ph (χ) are GT forces known as
residual interactions in the pn-QRPA model. The pp interaction
was incorporated in our Hamiltonian using
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Similarly, for the analysis of ph interaction, we employed
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The inclusion of the GT residual interaction significantly alters
the calculated GT strength distribution and is crucial for
accurately reproducing the observed GT strength functions.
The pp and ph GT residual strengths were calculated using the
ratios 0.58/A0.7 and 5.2/A0.7, respectively (Homma et al.
1996). Our findings supported the model-independent Ikeda
sum rule (Ikeda et al. 1963). The GT transition probabilities
have been determined utilizing

( ) ∣ ∣∣ ∣∣ ∣ ( )w w m t s= á ñmB , QRPA . 12GT
2

The partial half-lives t1/2 were determined employing the
equation

( ) ( ) ( ) ( ) ( )
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w w
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+
t
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g g f A Z E B f A Z E B, , , ,
,

13
A V A V
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where K= 6143 s (Hardy & Towner 2009). The ratio gA/gV
was taken as−1.2694 (Nakamura & Particle Data Group 2010).
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fV(A, Z, E) (vector transition) and fA(A, Z, E) (axial vector
transition) are the phase space integrals, BGT is the GT transition
probabilities, and BF is the Fermi transition probabilities.
Analysis of BF is quite easy and may be observed from Hirsch
et al. (1991). The terrestrial half-lives of β-decay were computed
as
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For further analysis of Equation (2), one can refer to Staudt
et al. (1999).

The stellar β-decay (we subsequently refer to this as electron
emission, EE) and positron capture (PC) rates between parent
level n and daughter state m have been determined utilizing
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where ( ft)mn corresponds to the GT and Fermi transitions
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The construction of low-lying excited levels and computation
of nuclear matrix elements in our present analysis may be
found in Muto et al. (1992). fmn is the phase space and depends
on the core temperature (T), core density (ρ) and Fermi energy
(Ef). It was calculated using the equation
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for EE decay rates. The fnm for PC were computed using the
relation
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where Ek is the kinetic energy of electron and El is the total
capture threshold energy. The Fermi functions, F(±Z, Ek), were
calculated using the method described in Gove & Martin
(1971). The total β decay energy was determined using
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where En is the excitation energy of the daughter nucleus
having mass md while Em is the corresponding quantity of
parent nucleus with mass mp. The distribution functions have
been determined with
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where kβ is the Boltzmann constant. The electron number
density, related to nuclei and protons, is determined using the
relationship
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here NA represents the Avogadro number, Ye is for the ratio of
electron number to baryon number and p represents the
momentum of positron/electron. The total stellar weak rates
are computed using

( )ål l= P , 25
mn

m mn
EE PC EE PC

where Pm, which is calculated using the Boltzmann distribu-
tion, is the occupancy probability of the parent excited states.
We continue to sum the initial and final states until our rate
computation reaches the necessary degree of convergence.

3. Result and Discussions

We have provided the detailed calculations of the binding
energy, one- and two-neutron separation energies, neutron skin
thickness (rnp), and nuclear deformation (β2) for 106–120Zr
isotopes using the RMF DDME2 and DDPC1 functionals. We
have investigated β2 for 106–120Zr nuclei in depth. To
accomplish this, we performed PEC calculations of the chosen
nuclei within the RMF framework. We implemented con-
straints on the quadrupole moment to compute the binding
energy for the analysis of PECs. The PECs were obtained by
calculating the difference between the binding energy for
specific β2 values and the lowest binding energy for the nuclei
under investigation. Nuclear shapes were determined by the
PEC minima. Prolate nuclei resulted from a PEC minimum
located on the positive side of β2, whereas oblate nuclei were
found on the negative side of β2. Figure 1 shows the potential
energy curves for even–even 106–120Zr isotopes, plotted as a
function of β2. The PECs obtained from RMF calculations for
even–even isotopes 106–120Zr show that both DDME2 and
DDPC1 exhibit well-developed oblate and spherical shapes at
the energy minima. The transitions occur from oblate to
spherical shapes for 106–108Zr. For example, the ground states
of 106–116Zr are located in the oblate sector with β2= –0.36 for
DDPC1 interactions. Similarly, DDME2 gives an oblate
morphology for 106–108Zr and a prolate minimum for 110Zr.
In the isotopic region 112–120Zr via DDME2 and 118–120Zr via
DDPC1, spherical shapes are exhibited. The general trend
observed is the gradual disappearance of both prolate and
oblate minima, collapsing into spherical shapes in the heavier
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isotopes at the magic number N= 82. The present computed
β2 values, along with those from Möller et al. (2016), are
displayed in Table 1. Neutron separation energies for one-
neutron (Sn) and two-neutron (S2n) are defined as:

( ) ( ) ( ) ( )= - -S Z N E Z N E Z N, , , 1 , 26n b b

( ) ( ) ( ) ( )= - -S Z N E Z N E Z N, , , 2 , 27n b b2

where Eb(Z, N), Eb(Z, N− 1), and Eb(Z, N− 2) are the binding
energies for the Zr nuclei, obtained by employing the RMF
model with DDME2 and DDPC1 interactions. Sn indicates the
stability of a nucleus against the emission of a single neutron. A
higher Sn value means the nucleus is more stable and less likely
to lose a neutron, whereas S2n provides information on the
stability of a nucleus against the emission of two neutrons. This

is particularly important for defining the neutron drip lines,
which mark the limits where neutron-rich isotopes can exist.
Generally, S2n decreases with an increasing number of neutrons,
indicating reduced stability as more neutrons are added.
However, a sharp change in the S2n slope is observed at magic
numbers due to neutron shell closures, which confer extra
stability to the nucleus. This is illustrated in Figures 2 and 3. The
FRDM-based computed results for Sn are close to the
experimental data, while the Sn computed via the RMF
DDPC1-based interaction is, on average, 0.45MeV lower than
the measured data. However, the computed S2n values are in
good agreement with both the FRDM calculations and
experimental data (Wang et al. 2021). Investigating magic shell
nuclei is important for understanding the r-process

Figure 1. Potential energy curves for even–even 106−120Zr isotopes obtained from DDME2 and DDPC1 functionals.
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nucleosynthesis. At the magic point level, the Sn shows
discontinuities, reducing the neutron capture rates. As a
consequence, the r-process matter flow moves closer to stability,
where nuclei have substantially larger β-decay half-lives.

Neutron skin thickness rnp= rn – rp has to be well under-
stood for astrophysics and nuclear physics challenges. As an
illustration, the neutron skin thickness and the slope parameter
of the symmetry energy of nuclear matter are connected. The
rnp for the Zr nuclei under our investigation is plotted in
Figure 4 along with the DDMEX and DDPCX prediction of
Liu et al. (2024). From the basic knowledge of nuclear physics,
rnp increases linearly with the addition of neutrons in the
isotopic channel.

After the analysis of the nuclear ground state properties, we
want to focus the reader’s attention on the detailed analysis of
nuclear structure and stellar beta decay properties, including the
GT strength, half-lives, and stellar rates for even–even Zr nuclei.
For this purpose, we employed the pn-QRPA model. For the
analysis of the beta decay properties, we have tested the
deformation parameters. For example, we applied the β2 to
the deformed Nilsson potential as an input for the analysis of the
beta decay properties. The β2 employed in the pn-QRPA from
the FRDM is considered as pn-QRPA-FRDM. Similarly, the
β2 employed in the pn-QRPA from the RMF-DDPC1 and RMF-
DDME2 is considered as pn-QRPA-DDPC1 and pn-QRPA-
DDME2, respectively. The analysis of our present recipe is
depicted in Figures 5–7. Figure 5 shows the computed GT
strength for 106Zr along with experimental data (Ha et al. 2020).
One can observe that the predicted GT strength transitions
computed with the FRDM and RMF-based β2 are in good
agreement with the available measured data. Figure 6 shows the
computed GT for 108Zr along with experimental data (Ha et al.
2020). The pn-QRPA-FRDM and pn-QRPA-DDPC1 are well
matched at lower and higher excitation energies. However, the pn-
QRPA-DDME2 intensities are higher than the pn-QRPA-FRDM
and pn-QRPA-DDPC1 based predictions. The same trend is
found for 110Zr, as depicted in Figure 7. Overall, the predicted GT
strength shows good agreement with the measured data (Ha et al.
2020). The pn-QRPA model was used to calculate the β-decay

Figure 2. The Sn for
106−120Zr using the RMF with DDME2 and DDPC1 interactions along with the experimental data and FRDM (Möller et al. 2016) based results.

Table 1
β2 Values adopted from the FRDM (Möller et al. 2016) and those Computed

Using the RMF Framework with DDME2 and DDPC1 Interactions

Nuclei FRDM DDME2 DDPC1
106Zr 0.368 −0.403 −0.447
108Zr 0.358 −0.451 −0.451
110Zr 0.359 0 −0.408
112Zr 0.359 0 −0.364
114Zr −0.185 0 −0.321
116Zr −0.164 0 −0.276
118Zr −0.154 0 0
120Zr 0 0 0
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Figure 4. The rnp for even–even
106−120Zr using the RMF with DDME2 and DDPC1 interactions along with the predictions of Liu et al. (2024).

Figure 3. The S2n for 106−120Zr using the RMF with DDME2 and DDPC1 interactions along with the experimental data (Wang et al. 2021) and FRDM (Möller
et al. 2016) based results.
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half-lives of even–even Zr isotopes in the mass region
106� A� 120. The analysis of the terrestrial half-lives for the
Zr isotopes, computed via the pn-QRPA model, along with
measured data (Wang et al. 2021), is shown in Figure 8.
Remarkably, our calculations via pn-QRPA-FRDM and pn-
QRPA-DDPC1 agree with the measured half-lives within a factor
of 2 while the same calculations via pn-QRPA-DDME2 align
with the measured half-lives within a factor of 1.2. This
underscores the robustness of the pn-QRPA model, which is
renowned for its predictive accuracy in neutron-rich nuclei. One
can see from Figure 8 that the present prediction for half-lives
based on the pn-QRPA-DDME2 is more closely fitted with the
measured data.

After analyzing the terrestrial half-lives, we examined the
stellar PC and EE rates for the Zr nuclei. The residual
interaction parameters were optimized based on the terrestrial
half-lives and the Ikeda sum rule (where experimental half-
lives were not available). We analyzed the stellar rates at
densities ρ Ye= 104, 107 and 1010 g cm−3 at temperatures
T9= 2–10 (where T9 is in units of 109 K). No explicit
quenching factor was included in pn-QRPA calculations. The
stellar rates increase with soaring core temperatures. This
occurs because the occupation probability of parent excited

states rises with temperature, leading to a finite contribution to
the total stellar rates. Increasing the density of the stellar core
results in substantial reduction of the available phase space.
This in turns leads to smaller rates, see Equation (15) (Kabir
et al. 2024). To the best of our knowledge, the stellar rates for
106–120Zr have not been calculated in the past. We performed
the stellar rate calculations using the pn-QRPA model with
three different values of deformation parameter as before. The
EE and PC rates for 106Zr to 120Zr are listed in Table 2. The

( )l +
- -

EE PC
pn QRPA DDME2 values are higher than ( )l +

- -
EE PC

pn QRPA DDPC1 and

( )l +
- -

EE PC
pn QRPA FRDM. Qualitatively, ( )l +

- -
EE PC

pn QRPA DDME2 is higher than

( )l +
- -

EE PC
pn QRPA DDPC1 by a factor of 1.2 at T9= 10 and

ρ Ye= 104 g cm−3 to 1010 g cm−3 for 106Zr. Similarly,

( )l +
- -

EE PC
pn QRPA DDME2 is higher than ( )l +

- -
EE PC

pn QRPA FRDM by a factor
of 1.85. This trend is similar for the EE and PC rates up to 118Zr.
However, for 120Zr, ( )l +

- -
EE PC

pn QRPA DDME2 is higher than

( )l +
- -

EE PC
pn QRPA DDPC1 by a factor of 2.62 at T9= 10 and

ρ Ye= 104 g cm−3. At ρ Ye= 107 g cm−3 and 1010 g cm−3, this
factor reduces to 1.02. The same factors are observed for the
ratio of ( )l +

- -
EE PC

pn QRPA DDME2 to ( )l +
- -

EE PC
pn QRPA FRDM. Generally, at low

densities and high temperatures the stellar weak rates are
meaningful, possessing magnitudes with positive exponents.
This can be seen from Table 2.

Figure 5. Comparison of the pn-QRPA calculated GT strength distributions for 106Zr with experimental data (Ha et al. 2020). (A) The computed GT strength using the
pn-QRPA-FRDM model. (B) The computed GT strength using the pn-QRPA-DDME2 model. (C) The computed GT strength using the pn-QRPA-DDPC1 model.
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Figure 6. Same as Figure 5 but for 108Zr.

Figure 7. Same as Figure 5 but for 110Zr.
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Table 2
Sum of EE and PC Stellar Rates for Zr Isotopes as a Function of Core Temperature (T9) and Density (ρ Ye), Presented in Units of s−1 and g cm−3, Respectively

106Zr 108Zr 110Zr

ρ Ye T9 ( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- - -

EE PC
pn QRPA DDME 2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

2 3.64 × 10+00 4.01 × 10+00 8.32 × 10+00 8.69 × 10+00 1.00 × 10+01 1.69 × 10+01 1.93 × 10+01 2.51 × 10+01 6.68 × 10+01

4 3.70 × 10+00 4.10 × 10+00 8.47 × 10+00 8.84 × 10+00 1.03 × 10+01 1.70 × 10+01 1.94 × 10+01 2.54 × 10+01 7.20 × 10+01

104 6 4.31 × 10+00 5.23 × 10+00 9.71 × 10+00 1.04 × 10+01 1.28 × 10+01 1.90 × 10+01 2.14 × 10+01 2.93 × 10+01 1.06 × 10+02

8 5.78 × 10+00 7.40 × 10+00 1.23 × 10+01 1.40 × 10+01 1.69 × 10+01 2.34 × 10+01 2.67 × 10+01 3.75 × 10+01 1.66 × 10+02

10 7.53 × 10+00 9.43 × 10+00 1.49 × 10+01 1.82 × 10+01 2.04 × 10+01 2.80 × 10+01 3.34 × 10+01 4.56 × 10+01 2.25 × 10+02

2 3.45 × 10+00 3.77 × 10+00 7.94 × 10+00 8.34 × 10+00 9.64 × 10+00 1.63 × 10+01 1.87 × 10+01 2.44 × 10+01 6.55 × 10+01

4 3.55 × 10+00 3.92 × 10+00 8.15 × 10+00 8.57 × 10+00 1.00 × 10+01 1.66 × 10+01 1.90 × 10+01 2.49 × 10+01 7.08 × 10+01

107 6 4.19 × 10+00 5.07 × 10+00 9.47 × 10+00 1.02 × 10+01 1.26 × 10+01 1.86 × 10+01 2.10 × 10+01 2.89 × 10+01 1.05 × 10+02

8 5.64 × 10+00 7.23 × 10+00 1.20 × 10+01 1.37 × 10+01 1.66 × 10+01 2.30 × 10+01 2.63 × 10+01 3.70 × 10+01 1.65 × 10+02

10 7.37 × 10+00 9.23 × 10+00 1.46 × 10+01 1.78 × 10+01 2.00 × 10+01 2.76 × 10+01 3.30 × 10+01 4.50 × 10+01 2.23 × 10+02

2 2.57 × 10−11 2.13 × 10−11 5.89 × 10−11 9.82 × 10−09 1.64 × 10−08 2.60 × 10−08 8.57 × 10−06 2.35 × 10−05 3.21 × 10−05

4 3.42 × 10−06 4.32 × 10−06 7.29 × 10−06 5.90 × 10−05 1.25 × 10−04 1.52 × 10−04 1.04 × 10−03 3.27 × 10−03 3.13 × 10−02

1010 6 3.33 × 10−04 4.89 × 10−04 6.65 × 10−04 2.35 × 10−03 4.57 × 10−03 5.26 × 10−03 1.72 × 10−02 4.46 × 10−02 4.01 × 10−01

8 3.85 × 10−03 5.42 × 10−03 7.05 × 10−03 1.87 × 10−02 2.90 × 10−02 3.56 × 10−02 9.55 × 10−02 2.00 × 10−01 1.60 × 10+00

10 1.72 × 10−02 2.23 × 10−02 2.94 × 10−02 6.86 × 10−02 8.81 × 10−02 1.15 × 10−01 2.81 × 10−01 5.08 × 10−01 3.85 × 10+00

112Zr 114Zr 116Zr

ρ Ye T9 ( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- - -

EE PC
pn QRPA DDME 2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- - -

EE PC
pn QRPA DDME 2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

2 3.29 × 10+01 3.88 × 10+01 3.53 × 10+01 5.18 × 10+01 3.72 × 10+01 8.30 × 10+01 1.15 × 10+02 6.82 × 10+01 1.84 × 10+02

4 3.41 × 10+01 4.35 × 10+01 3.64 × 10+01 5.18 × 10+01 3.71 × 10+01 8.30 × 10+01 1.19 × 10+02 7.12 × 10+01 2.04 × 10+02

104 6 3.98 × 10+01 5.01 × 10+01 4.33 × 10+01 5.29 × 10+01 3.78 × 10+01 8.49 × 10+01 1.36 × 10+02 8.55 × 10+01 3.01 × 10+02

8 4.93 × 10+01 5.60 × 10+01 5.45 × 10+01 5.96 × 10+01 4.27 × 10+01 9.50 × 10+01 1.57 × 10+02 1.04 × 10+02 4.41 × 10+02

10 5.84 × 10+01 6.06 × 10+01 6.49 × 10+01 7.38 × 10+01 5.40 × 10+01 1.16 × 10+02 1.74 × 10+02 1.18 × 10+02 5.65 × 10+02

2 3.21 × 10+01 3.80 × 10+01 3.45 × 10+01 5.08 × 10+01 3.62 × 10+01 8.17 × 10+01 1.14 × 10+02 6.71 × 10+01 1.82 × 10+02

4 3.36 × 10+01 4.29 × 10+01 3.57 × 10+01 5.09 × 10+01 3.64 × 10+01 8.18 × 10+01 1.18 × 10+02 7.01 × 10+01 2.02 × 10+02

107 6 3.93 × 10+01 4.96 × 10+01 4.27 × 10+01 5.22 × 10+01 3.73 × 10+01 8.40 × 10+01 1.35 × 10+02 8.48 × 10+01 2.99 × 10+02

8 4.88 × 10+01 5.55 × 10+01 5.40 × 10+01 5.90 × 10+01 4.22 × 10+01 9.41 × 10+01 1.56 × 10+02 1.03 × 10+02 4.39 × 10+02

10 5.79 × 10+01 6.01 × 10+01 6.43 × 10+01 7.31 × 10+01 5.35 × 10+01 1.16 × 10+02 1.72 × 10+02 1.17 × 10+02 5.62 × 10+02

2 4.30 × 10−03 7.35 × 10−03 1.84 × 10−02 6.04 × 10−04 2.33 × 10−04 1.95 × 10−04 3.76 × 10−01 1.20 × 10−01 4.61 × 10−01

4 2.18 × 10−02 5.11 × 10−02 4.51 × 10−02 1.08 × 10−02 5.60 × 10−03 1.43 × 10−02 6.31 × 10−01 2.54 × 10−01 1.12 × 10+00

1010 6 1.05 × 10−01 1.91 × 10−01 1.49 × 10−01 8.89 × 10−02 5.61 × 10−02 1.04 × 10−01 1.36 × 10+00 7.52 × 10−01 3.56 × 10+00

8 3.21 × 10−01 4.63 × 10−01 4.06 × 10−01 4.48 × 10−01 3.26 × 10−01 3.96 × 10−01 2.76 × 10+00 1.69 × 10+00 9.16 × 10+00

10 7.05 × 10−01 8.89 × 10−01 8.55 × 10−01 1.33 × 10+00 1.05 × 10+00 1.13 × 10+00 4.72 × 10+00 2.98 × 10+00 1.78 × 10+01

118Zr 120Zr

ρ Ye T9 ( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

2 1.52 × 10+02 2.38 × 10+02 2.38 × 10+02 2.91 × 10+02 2.91 × 10+02 2.91 × 10+02

4 1.53 × 10+02 2.49 × 10+02 2.50 × 10+02 2.95 × 10+02 2.95 × 10+02 2.95 × 10+02

104 6 1.65 × 10+02 3.24 × 10+02 3.30 × 10+02 3.38 × 10+02 3.38 × 10+02 3.42 × 10+02

8 1.94 × 10+02 4.65 × 10+02 4.88 × 10+02 4.55 × 10+02 4.56 × 10+02 4.77 × 10+02

10 2.24 × 10+02 6.17 × 10+02 6.65 × 10+02 6.19 × 10+02 6.22 × 10+02 6.71 × 10+02

2 1.50 × 10+02 2.36 × 10+02 2.36 × 10+02 2.88 × 10+02 2.88 × 10+02 2.88 × 10+02

4 1.51 × 10+02 2.47 × 10+02 2.47 × 10+02 2.92 × 10+02 2.92 × 10+02 2.92 × 10+02
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Table 2
(Continued)

118Zr 120Zr

ρ Ye T9 ( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

( )l +
- -

EE PC
pn QRPA FRDM

( )l +
- -

EE PC
pn QRPA DDPC1

( )l +
- -

EE PC
pn QRPA DDME2

107 6 1.64 × 10+02 3.22 × 10+02 3.27 × 10+02 3.36 × 10+02 3.36 × 10+02 3.41 × 10+02

8 1.92 × 10+02 4.62 × 10+02 4.85 × 10+02 4.53 × 10+02 4.55 × 10+02 4.75 × 10+02

10 2.23 × 10+02 6.14 × 10+02 6.62 × 10+02 6.17 × 10+02 6.20 × 10+02 6.69 × 10+02

2 1.31 × 10+00 2.77 × 10+00 2.77 × 10+00 7.31 × 10+00 7.31 × 10+00 7.31 × 10+00

4 1.74 × 10+00 3.86 × 10+00 3.87 × 10+00 8.69 × 10+00 8.69 × 10+00 8.71 × 10+00

1010 6 2.82 × 10+00 7.29 × 10+00 7.43 × 10+00 1.26 × 10+01 1.26 × 10+01 1.29 × 10+01

8 5.06 × 10+00 1.52 × 10+01 1.60 × 10+01 2.24 × 10+01 2.25 × 10+01 2.38 × 10+01

10 8.41 × 10+00 2.80 × 10+01 2.99 × 10+01 3.96 × 10+01 3.99 × 10+01 4.35 × 10+01

11

R
esearch

in
A
stronom

y
and

A
strophysics,

25:015004
(13pp),

2025
January

K
abir

et
al.



4. Conclusion

The key findings and conclusions are outlined as follows: In
the present work, we have analyzed the nuclear ground state
and beta decay properties using the RMF and pn-QRPA models
for the list of Zr isotopes with even mass nuclei (A= 106–120).
The nuclear ground state properties including the PECs, β2, Sn,
S2n, and rnp are analyzed. The RMF-based calculations were
performed using the DDPC1 and DDME2 interactions. The
RMF-based predictions show oblate shapes for 106–116Zr and
spherical shapes for 118–120Zr using the DDPC1 interaction.
Similarly, by employing the ME2 interaction, oblate shapes are
predicted for 106–108Zr and spherical shapes are predicted for
the remaining isotopes. Furthermore, we have analyzed the Sn,
S2n, and rnp for the same list of Zr nuclei. The present analysis
is in decent agreement with measured data and previous
predictions.

(1) The β2 values computed via the RMF model were later
used as input parameters in the pn-QRPA model to perform
self-consistent calculations of the β-decay properties of Zr
isotopes in the mass region 106� A� 120. The calculated GT
distributions and half-lives were found to be in reasonable
agreement with the measured data.

(2) The stellar weak interaction rates for Zr isotopes were
computed in a fully microscopic fashion, without assuming the
Brink-Axel hypothesis in the analysis of excited state GT
distributions. The pn-QRPA-DDME2 rates are found to be

higher than those of pn-QRPA-DDPC1 and pn-QRPA-FRDM.
The reported weak rates computed using the pn-QRPA-
DDME2 model are larger than those computed with pn-
QRPA-DDPC1 and pn-QRPA-FRDM by as much as a factor
of 1.3. Only at high temperature (T9� 2) and low density
(ρ Ye� 107 g cm−3) values, the sum of EE and PC rates has a
sizeable contribution, with positive exponents, to the total
stellar rates. The predicted stellar rates could prove useful for r-
process nucleosynthesis calculations and future simulations of
late-time stellar evolution.
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