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Abstract

The braking indices of pulsars may contain important information about the internal physics of neutron stars (NSs),
such as neutron superfluidity and internal magnetic fields. As a subsequent paper of Cheng et al., we perform the same
analysis as that done in the previous paper to other young pulsars with a steady braking index, n. Combining the timing
data of these pulsars with the theory of magnetic field decay, and using their measured magnetic tilt angles, we can set
constraints on the number of precession cycles, ξ, which represents the interactions between superfluid neutrons and
other particles in the NS interior. For the pulsars considered in this paper, the results show that ξ is within the range of a
few ×103 to a few ×106. Interestingly, for the Crab and Vela pulsars, the constraints on ξ obtained with our method
are generally consistent with that derived from modeling of the glitch rise behaviors of the two pulsars. Furthermore,
we find that the internal magnetic fields of pulsar with n< 3 may be dominated by the toroidal components. Our
results may not only help to understand the interactions between the superfluid neutrons and other particles in the
interior of NSs but also be important for the study of continuous gravitational waves from pulsars.
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1. Introduction

Neutron stars (NSs) are extremely compact objects which
possess strong magnetic fields, electric fields and gravitational
fields. Because of these unique properties, NSs are an excellent
laboratory in the universe to test fundamental physics (Watts
et al. 2016). NSs that can produce periodic electromagnetic
radiation are dubbed as pulsars, and from the observed periodic
signals one can obtain the spin periods P of pulsars. Moreover,
through precise timing observations, the sudden change of P
(glitches), first and even second time derivatives of P of some
pulsars can also be measured currently. Using these observa-
tional results, some key issues about NS physics can be probed,
such as the dense matter equation of state and superfluid
physics in NS interiors (Link et al. 1999; Andersson et al. 2012;
Ho & Andersson 2012; Ho et al. 2015; Li et al. 2016;
Pizzochero et al. 2017; Zhou et al. 2017), interactions (or
mutual frictions) between superfluid neutrons and other
particles in the interior of NSs (Alpar et al. 1984; Graber
et al. 2018; Haskell & Sedrakian 2018; Haskell et al. 2018;
Cheng et al. 2019), viscous properties of dense matter (Ho &
Andersson 2011; Alford & Schwenzer 2014; Haskell 2015),
internal magnetic fields of NSs (Mastrano & Melatos 2012;
Cheng et al. 2019), and also physics of NS external magneto-
sphere (Xu & Qiao 2001; Contopoulos & Spitkovsky 2006;
Kou & Tong 2015). In fact, it is widely accepted that the spin-
down process of NSs is tightly related to the NS physics and
different spin-down mechanisms can lead to different spin-

down behaviors of NSs (e.g., Muslimov & Page 1996; Menou
et al. 2001; Xu & Qiao 2001; Ho & Andersson 2012;
Gourgouliatos & Cumming 2015; Chen & Li 2016; Coelho
et al. 2016; De Araujo et al. 2016a; Gao et al. 2017).
The braking index n 2̈ ww w= is a good indicator of the

specific spin-down mechanisms of NSs, where ω= 2π/P is the
angular velocity of NSs, w and ẅ are the first and the second
derivatives of ω, respectively. A brief introduction about the
spin-down mechanisms and the resultant braking indices of
NSs is summarized in Cheng et al. (2019). Currently, the most
convincible conclusion is that the primitive model invoking
magnetic dipole (MD) radiation in vacuum (Ostriker &
Gunn 1969) is inadequate to account for the observed braking
indices of several young pulsars since they all deviate from
n= 3 (Lyne et al. 2015; Archibald et al. 2016). This may be
attributed to the strong magnetic fields of NSs because with the
presence of strong external dipole fields, the relativistic particle
wind in the magnetosphere can provide an additional braking
torque (Xu & Qiao 2001; Kou & Tong 2015), leading to n< 3
as observed for the majority of young pulsars with measured
braking indices (see Lyne et al. 2015 and references therein).
Furthermore, if the dipole fields of NSs decay due to Hall drift
and ohmic dissipation, as naturally expected from theoretical
perspective (Goldreich & Reisenegger 1992; Aguilera et al.
2008; Gao et al. 2017; Kojima & Suzuki 2020), pulsars
possibly have braking indices n> 3. Observationally, the
braking index of PSR J1640-4631 is measured to be
n= 3.15± 0.03 (Archibald et al. 2016), which may be the
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outcome of dipole field decay (Gao et al. 2017). Besides strong
external dipole fields, in the interior of NSs even higher internal
magnetic fields may also exist (Braithwaite 2009). The NSs
will thus deform into a quadrupole ellipsoid and emit
gravitational waves (GWs), which represents an alternative
scenario in explaining the observed braking index of PSR
J1640-4631 (De Araujo et al. 2016b).

In fact, the effect of internal magnetic fields on the braking
indices of pulsars is not just reflected in the braking effect of
GW radiation. With the presence of strong internal fields, free-
body precession of the magnetic axis around spin axis of a
deformed NS would occur if the star is not in a state with
minimum spin energy (Dall’Osso et al. 2009). The free-body
precession of the NS can be damped because of internal
viscous dissipation and result in the evolution of the tilt angle
between the two axes. Evolution of the NS’s magnetic tilt angle
also has impact on its observed braking index. Generally, the
MD and GW radiation lead to aligned torques between the
magnetic and spin axes and thus the tilt angle will decrease
with time (Davis & Goldstein 1970; Cutler & Jones 2000;
Dall’Osso et al. 2009; Philippov et al. 2014). However,
depending on the shape, namely the sign of the ellipticity òB of
magnetic deformation of the NS, damping of free-body
precession due to viscosity can either cause the tilt angle to
increase (if òB< 0) or decrease (if òB> 0) with time
(Cutler 2002; Dall’Osso et al. 2009). The sign of òB is
determined by the NS’s internal magnetic field configuration.
To be specific, if the internal magnetic fields are dominated by
the toroidal (poloidal) component, one has òB< 0 (òB> 0).
Although the results of magnetohydrodynamic simulations
show that the internal fields of NSs probably have a twisted-
torus shape consist of both the toroidal and the poloidal
components (Braithwaite & Spruit 2004, 2006), the dominant
part of internal fields in still under debate. This issue is very
worthy of investigation since it is crucial for both the study of
pulsar timing and that of continuous GWs from pulsars
(Dall’Osso et al. 2009; Cheng et al. 2019).

For a magnetically deformed NS, the change rate of the tilt
angle due to viscous damping of free-body precession is
associated with a critical physical quantity dubbed as the
number of precession cycles, ξ (Jones 1976; Alpar et al. 1984;
Alpar & Sauls 1988). This quantity represents the specific
viscous mechanisms through which the precessional energy of
the NS is dissipated during the precession process. In fact, ξ is
approximately equal to the reciprocal of the superfluid mutual
friction parameter,  (Cheng et al. 2019), whose exact value is
still an open issue (Haskell et al. 2018). Theoretically, if
damping of the free-body precession is dominated by the
scattering of relativistic electrons off superfluid neutrons in the
core of the NS, one has ξ≈ 102–104 (Alpar & Sauls 1988;
Dall’Osso et al. 2009; Cheng et al. 2019). On the other hand, if
the viscosity essentially comes from the interactions between
superfluid neutrons and lattices in the NS crust, the number of

precession cycles could be as large as ξ≈ 108 when phonon
excitations govern the interactions, while it could be as small as
ξ≈ 10 when kelvin mutual friction dominates the interactions
(Haskell & Sedrakian 2018; Haskell et al. 2018; Cheng et al.
2019). Modeling of the rising behaviors of some large glitches
of the Crab and Vela pulsars showed that the mutual friction
parameter is possibly in the range 3 10 104 5 ´ - -
(corresponds to 3.3× 103 ξ 105) for the Crab, while
3 10 104 3 ´ - - (corresponds to 103 ξ 3.3× 103)
for the Vela (Haskell et al. 2018). Furthermore, from the upper
limit on the rise time τr� 12.6 s of the 2016 Vela glitch,
Ashton et al. (2019) obtained a lower limit 5.7 10 6 ´ - ,
which corresponds to ξ 1.8× 105. Because of the high
uncertainty on the value of ξ (and also ), an effective way is
needed to constrain its value. In our previous paper (Cheng
et al. 2019), we suggested that the observed braking indices of
pulsars may help to constrain ξ and provide us clues on the
complex interactions between superfluid neutrons and other
particles in NSs. It should also be noted that the value of ξ is
also crucial in the discussion of continuous GWs from pulsars
since it determines the timescales on which the NSs could reach
the optimal (adverse) configuration for GW radiation (Dal-
l’Osso et al. 2009; Cheng et al. 2019).
Based on the observed braking index of PSR J1640-4631

and the theory of dipole magnetic field decay, Cheng et al.
(2019) showed that constraints on both ξ and the internal
magnetic field configuration of this NS may be set if its tilt
angle could be measured in future observations. In this paper,
following the same method of Cheng et al. (2019), the internal
magnetic field configuration of NSs and the value of ξ are
constrained by using the observed braking indices and tilt
angles of several young pulsars except for PSR B0540-69. We
note that for PSR B0540-69, its braking index decreased
abruptly from about 2.14 to 0.03 in December 2011
(Livingstone et al. 2007; Marshall et al. 2016). Other
mechanisms are needed to interpret its odd evolution behavior
(e.g., Ekşi 2017; Horvath 2019), which are beyond the scope of
this paper. Here is the framework of our paper. In Section 2, we
give a brief introduction about the model used in Cheng et al.
(2019). The results are presented in Section 3. Finally,
conclusion and discussions are provided in Section 4.

2. Theoretical Model

As generally expected, with the presence of strong internal
and external magnetic fields, an isolated NS will spin down via
both MD and GW radiation (e.g., Shapiro & Teukolsky 1983).
The latter comes from the magnetic deformation of the NS
whose quadrupole ellipticity is described by the parameter, òB.
Meanwhile, with the spin-down of the NS, its magnetic tilt angle
χ may also evolve with time due to MD and GW radiation, as
well as damping of the free-body precession caused by viscous
dissipation (Dall’Osso et al. 2009; Cheng et al. 2019). Owing to
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non-zero resistance in the crust, the dipole field of the NS could
decay under the combined effects of Hall drift and ohmic
dissipation if it has a crustal origin (e.g., Goldreich &
Reisenegger 1992; Aguilera et al. 2008; Kojima & Suzuki 2020).
After taking into account all these effects and assuming that a
corotating plasma magnetosphere exists outside the NS (Gold-
reich & Julian 1969; Spitkovsky 2006), the pulsar’s braking
index can be expressed as (Cheng et al. 2019)
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In the above equation, the first and second terms represent the
decrease of χ caused by MD and GW radiation, respectively.
The third term depicts the evolution of χ due to viscous damping
of the stellar free-body precession, whose form actually depends
on the sign of òB, as mentioned in the previous section.

The ellipticity òB is dependent on the internal magnetic
energy, the NS’s internal magnetic field configuration, and the
NS EOS (Haskell et al. 2008; Dall’Osso et al. 2009). The
specific forms of òB used in this paper are given in Cheng et al.
(2019). We emphasize that the two forms of òB used in Cheng
et al. (2019) represent two different internal magnetic field
configurations, namely the poloidal-dominated (òB> 0) versus
toroidal-dominated (òB< 0) configurations. The two different
configurations naturally lead to different tilt angle evolution
behaviors, as shown in Equation (2) above.

The dipole field decay rate Bd in Equation (1) can be derived
from the theory of magnetic field decay. It is possible that

decay of the dipole field follows a simple exponential form
B Bd d D t= - with τD representing the field decay timescale
(Pons et al. 2007; Dall’Osso et al. 2012; Cheng et al. 2019).
The specific form of τD is still uncertain. Theoretical
calculations showed that if Hall drift dominates the field decay
process by changing the large scale field into small ones, the
field decay timescale could be determined by the Hall
timescale, that is, B1.2 10 10 GD H

4
d

15 1( )t t= ´ - yr
(Cumming et al. 2004; Dall’Osso et al. 2012). As Bd can be

substituted by χ via B Ic

k Rd 1 sin

1 23

3 6 2⎡⎣ ⎤⎦( )
= - w

w c+
(Cheng et al.

2019), the Hall timescale can be expressed as a function of χ,
as shown by the black solid line in the left panel of Figure 1.
On the other hand, if ohmic dissipation plays an important role
in decay of the crustal fields of NSs, we may have a constant
decay timescale (irrelevant to Bd) with possible values
τD= τO= 5× 105, 106, or even 1.5× 108 yr (Pons et al.
2007; Bransgrove et al. 2018; Cheng et al. 2019). These ohmic
timescales are represented by the black dashed, dotted, and
dashed–dotted (also the upper boundary of the blank region)
lines in the left panel of Figure 1, respectively. For detailed
discussions about these timescales, one can refer to Cheng et al.
(2019). Finally, if the dipole field decays because of the
combined effects of Hall drift and ohmic dissipation, the field
decay timescale possibly has the form 1 1 1D H O[ ]t t t= + .
In this case, by adopting τO= 5× 105 yr, we can obtain the
τD–χ curve, which is shown by the black dashed–dotted-dotted
line (also the lower boundary of the blank region) in the left
panel of Figure 1.
After substituting Equation (2) into Equation (1) and using

the observed P, P , and n of a pulsar, by solving Equation (1)
we can obtain the evolution curve of B BD d d( )t =- versus χ

for a specific ξ, as that done in Cheng et al. (2019) for PSR
J1640-4631. Obviously, here the τD–χ curve is obtained from
the pulsar’s timing data. If the tilt angle of the pulsar can be
measured, we can then set constraints on ξ. The method of
determining the value of ξ for a specific χ measured was
illustrated in Cheng et al. (2019). By taking PSR J1734-3333 as
an example, a brief introduction about this method will be
given in the next section. In Table 1, we list the observed P, P ,
n, and χ of several young pulsars with a steady braking index.
These data is partially taken from De Araujo et al. (2016c) and
references therein. Obviously, all these pulsars have braking
indices n< 3. For these pulsars, we investigate what their
timing data can tell us about the value of ξ and their internal
magnetic field configurations. Same as in Cheng et al. (2019),
the error bars in values of n are neglected in the calculations.

3. Results

We first investigate how the timing data and measured tilt
angles of these pulsars can help to constrain the value of ξ. We
stress that for pulsars with n< 3, the constraints on ξ are
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obtained based on the assumption that their internal magnetic
fields are toroidal-dominated. The reason is that in order to
account for the timing data of these pulsars, the assumption of
poloidal-dominated internal fields will be in conflict with the
field-decay requirement, as we will show later in this section.
The result for PSR J1734-3333 is presented in the left panel of
Figure 1. The possible values of the tilt angle of PSR J1734-
3333 are measured to be χ= 6° and 21° (Nikitina &
Malov 2017). As stated above, by using the timing data of a
pulsar and solving Equation (1), the τD–χ curve can be
obtained. Furthermore, by changing the value of ξ to ensure
that the τD–χ curve obtained from the timing data of PSR
J1734-3333 intersects with the τD–χ curve obtained from the
theory of magnetic field decay at one of the measured values
χ= 6°, we can obtain the value of ξ. Since in our model, the

τD–χ curve obtained from the theory of magnetic field decay
can be any of the five black lines in the left panel of Figure 1,
hence by changing the value of ξ five intersections can be
found for χ= 6°. We can thus approximately obtain the range
of ξ, whose upper limit is derived by requiring that the τD–χ

obtained from the timing data of PSR J1734-3333 intersects
with the upper boundary of the blank region at χ= 6°. As
presented in the left panel of Figure 1, the corresponding value
of the upper limit is ξ≈ 4.21× 105. The τD–χ curve obtained
from the timing data of PSR J1734-3333 for ξ≈ 4.21× 105 is
shown by the red solid line in the left panel of Figure 1. The
lower limit, on the other hand, is obtained by requiring that the
τD–χ curve derived based on the timing data intersects with the
lower boundary of the blank region at χ= 6°. The lower limit
can thus be derived as ξ≈ 3.63× 105. As shown in the left

Figure 1. (Left) Evolution of the dipole field decay timescale τD with the tilt angle χ for PSR J1734-3333. The black curves are obtained based on the theory of
magnetic field decay. The colored curves are derived by using the timing data of this pulsar and possible values of the tilt angle observed, and assuming that the
internal magnetic fields of this pulsar are toroidal-dominated (TD). The colored solid and dashed lines respectively determine the upper and lower limits of ξ at a
specific χ, as shown in the legends. (Right) Evolution of the dipole field decay rate Bd vs. the tilt angle χ for PSR J1734-3333. The result is for the case of TD internal
fields. The Bd c- curves are calculated for different values of ξ adopted, as shown in the legends. The values of Bd that correspond to the upper and lower limits of ξ
derived at χ = 6° and 21° are respectively shown by the stars with different types and colors. The black dashed line corresponds to B 0d = . See the text for details of
the two panels in this figure.

Table 1
The Measured Period P, its First Derivative P , Braking Index n, and Measured Magnetic Tilt Angles χ of Several Young Pulsars with a Steady Braking Index

Pulsar Name P (s) P 10 13( - s/s) n χ References

PSR J1734-3333 1.17 22.8 0.9 ± 0.2 6°, 21° (1), (2)
PSR B0833-45 (Vela) 0.089 1.25 1.4 ± 0.2 62°, 70°, 75°, 79° (3), (4), (5), (6)
PSR J1833-1034 0.062 2.02 1.8569 ± 0.0006 70° (7), (8)
PSR J1846-0258 0.324 71 2.19 ± 0.03 10° (9), (10)
PSR B0531 + 21 (Crab) 0.033 4.21 2.51 ± 0.01 45°, 60°, 70° (4), (5), (11), (12), (13)
PSR J1119-6127 0.408 40.2 2.684 ± 0.002 7°, 16°, 21° (14), (15), (16), (17)
PSR J1513-5908 0.151 15.3 2.839 ± 0.001 3°, 10° (2), (18)

References. (1) Espinoza et al. (2011), (2) Nikitina & Malov (2017), (3) Lyne et al. (1996), (4) Watters et al. (2009), (5) Dyks & Rudak (2003), (6) Barnard et al.
(2016), (7) Roy et al. (2012), (8) Li et al. (2013), (9) Archibald et al. (2015), (10) Wang et al. (2014), (11) Lyne et al. (1993), (12) Harding et al. (2008), (13) Du et al.
(2012), (14) Weltevrede et al. (2011), (15) Rookyard et al. (2015a), (16) Rookyard et al. (2015b), (17) Tian (2018), (18) Livingstone et al. (2007).
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panel of Figure 1, for ξ≈ 3.63× 105, the τD–χ curve derived
based on the timing data is presented by the red dashed line.
Therefore, for χ= 6°, the number of precession cycles is
constrained to be within the range 3.63× 105 ξ 4.21× 105.
Obviously, with the decrease of ξ, the τD–χ curve derived based
on the timing data gradually shifts toward the direction of larger
χ. Similarly, to ensure that the intersections are located at
χ= 21°, we have the range 2.56× 105 ξ 2.93× 105. The
τD–χ curves derived based on the timing data of PSR J1734-
3333 for ξ≈ 2.93× 105 and 2.56× 105 are respectively shown
by the green solid and dashed lines in the left panel of Figure 1.
Again, it is proved that the measurement of χ of a pulsar could
help to constrain the value of ξ, as suggested in Cheng et al.
(2019). Here we further suggest that if χ of a pulsar can be
precisely measured in future observations, more stringent
constraints may be set on ξ, as one can see from the result of
PSR J1734-3333.

The same analysis is also performed for other pulsars
focused in this paper. The results are respectively shown in the
left panels of Figures 2–7. It should be noted that for pulsars
whose tilt angles are relatively large, such as PSR J1833-1034,
the Crab, and the Vela, we can approximately obtain a specific
value (not a range) for ξ at any χ measured. As we know from
the left panel of Figure 1, the upper and lower limits of ξ are
obtained by requiring that the τD− χ curve derived from the
timing data intersects with the upper and lower boundaries of
the blank region at an observed χ, respectively. Therefore, for a
relatively large χ, the difference between the upper and lower
limits of ξ is very tiny. The tilt angle of PSR J1833-1034 is
observed to be χ= 70° (Roy et al. 2012; Li et al. 2013), we
thus have ξ≈ 2.59× 104, as presented in the left panel of
Figure 2. For PSR J1846-0258, it has a small tilt angle of
χ= 10°, we thus have 2.88× 105 ξ 2.93× 105 (see the

left panel of Figure 3). Since χ of PSR J1119-6127 has three
possible values (Rookyard et al. 2015a, 2015b; Tian 2018), the
corresponding ranges for ξ are 9.84× 105 ξ 1.14× 106,
6.87× 105 ξ 7.73× 105, and 5.44× 105 ξ 6.03× 105,
as shown in the left panel of Figure 4. For PSR J1513-5908, its
observed χ result in two ranges of 2.05× 106 ξ 2.40× 106

and 1.53× 106 ξ 1.73× 106 (see the left panel of
Figure 5).
Particular attention is paid to the results of the Crab and Vela

pulsars since a comparison of the constraints on ξ obtained in
this paper and that derived from glitch observations (Haskell
et al. 2018; Ashton et al. 2019) can be made. The tilt angle of
the Crab pulsar was observed to have three possible values
χ= 45°, 60°, and 70° (Dyks & Rudak 2003; Harding et al.
2008; Watters et al. 2009; Du et al. 2012). From the left panel
of Figure 6, one can see that these values respectively
correspond to ξ≈ 1.35× 105, 6.25× 104, and 2.96× 104. As
mentioned in Section 1, by modeling the rising behaviors of
three large glitches of the Crab pulsar, the mutual friction
parameter  can be constrained (Haskell et al. 2018). From
their results, the number of precession cycles is inferred to be
within the range 3.3× 103 ξ 105 for the Crab. Therefore,
for the Crab pulsar, our constraints on ξ are generally consistent
with that obtained in Haskell et al. (2018). On the other hand,
for the Vela pulsar, observations showed that its tilt angle may
have the following values χ= 62°, 70°, 75°, and 79° (Dyks &
Rudak 2003; Watters et al. 2009; Barnard et al. 2016), which
respectively correspond to ξ≈ 5.51× 104, 2.76× 104,
1.56× 104, and 8.35× 103 (see the left panel of Figure 7).
Thus for the Vela pulsar, one can see that by using our method,
ξ is constrained to have larger values as compared to the results
inferred from Haskell et al. (2018). However, our constraints
on ξ are consistent with that inferred from Ashton et al. (2019),

Figure 2. The same as Figure 1, the result for PSR J1833-1034 is shown. For this pulsar, ξ is approximately constrained to be a specific value of 2.59 × 104 due to its
large χ measured. Consequently, the value of Bd at χ = 70° is also constrained to be a specific value (see the red solid star in the right panel), which is actually
negative.
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in which a more stringent constraint on the rise time of 2016
Vela glitch was used to constrain the value of .

We now focus on what constraints on the internal magnetic
field configurations can be set from the measured timing data
and tilt angles of these pulsars. As the dipole fields of pulsars are
required to decay with time (B 0d < ) in this paper, hence not all
internal magnetic configurations can satisfy the observed timing
data of pulsars above. Obviously, if the internal fields of the
pulsars are poloidal-dominated (òB> 0), from Equation (2) we
have 0c < . By substituting P, P , n, and Equation (2) (for
òB> 0) into Equation (1), in order to account for the observed
braking indices of n< 3, one always has B 0d > regardless of
the value of ξ, inconsistent with the field-decay requirement. On
the other hand, if the internal fields of a pulsar are toroidal-

dominated, after substituting P, P , n, and Equation (2) (for
òB< 0) into Equation (1), and taking a value that derived above
for ξ, we can obtain the Bd c- curve. Then from this evolution
curve we can determine the sign of Bd at a specific χ measured.
If the sign is found to be negative, then it is consistent with the
field-decay requirement, hence we can conclude that the internal
fields of this pulsar are probably toroidal-dominated. To be
specific, the result for PSR J1734-3333 is shown in the right
panel of Figure 1, which presents the evolution of Bd versus χ
for different values of ξ adopted. As shown in the legends, the
values of ξ are respectively its upper and lower limits derived at
χ= 6° and 21°. The red solid and hollow stars respectively
represent Bd calculated at χ= 6° for ξ≈ 4.21× 105 and
3.63× 105, while the green solid and hollow stars show Bd

Figure 3. The same as Figure 1, the result for PSR J1846-0258 is shown.

Figure 4. The same as Figure 1, the result for PSR J1119-6127 is shown.
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derived at χ= 21° for ξ≈ 2.93× 105 and 2.56× 105, respec-
tively. From the right panel of Figure 1 we can see that if the
internal fields of PSR J1734-3333 are toroidal-dominated, by
using the upper and lower limits of ξ obtained at χ= 6° and 21°,
the dipole field decay rates calculated by solving Equation (1) all
satisfy B 0d < ,1 which are consistent with the field-decay
requirement. The same analysis is also performed for other
pulsars, the results are respectively shown in the right panels of
Figures 2–7. It is found that if the internal fields of these pulsars
are dominated by the toroidal part, from Equation (1) the
resultant dipole field decay rates at specific χ observed all satisfy

B 0d < . Therefore, for young pulsars with n< 3, their internal
fields are probably toroidal-dominated.

4. Conclusion and Discussions

As a subsequent paper of Cheng et al. (2019), we perform
the same analysis as that done in the previous paper to other
young pulsars with a steady braking index. Again, it is proved
that by using the timing data of a pulsar and the theory of
magnetic field decay, constraints on ξ can be set if χ of this
pulsar can be measured. For the seven young pulsars
considered in this paper, depending on the measured χ of
these pulsars, ξ is constrained to be within the range of a
few×103 to a few×106. Most interestingly, for the Crab and
Vela pulsars, our constraints on ξ are generally consistent with
the results obtained from glitch rise time observations. In view

Figure 5. The same as Figure 1, the result for PSR J1513-5908 is shown.

Figure 6. The same as Figure 1, the result for the Crab pulsar is shown. Similar to PSR J1833-1034, because the measured values of χ of this pulsar are large, specific
values for ξ can be approximately derived (see the left panel). The colored solid stars in the right panel show Bd at possible values of χ observed, and at these points
we actually have B 0d < .

1 It should be noted that though the red and green solid stars in the right panel
of Figure 1 are quite close to the line of B 0d = , the values of Bd at the two
points are actually negative.
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of the consistency, our method is possibly an effective way to
constrain ξ. Furthermore, we find that the internal magnetic
fields of NSs with n< 3 may be dominated by the toroidal
components. Therefore, our method is also potentially an
effective way of probing the internal field configuration of NSs.

Our results may be important for the understanding of
complicated interactions between superfluid neutrons and other
particles in NS interiors. From the ranges of ξ derived for the
Crab and Vela pulsars, we suggest that in their interiors the
interaction between superfluid neutrons and relativistic elec-
trons may play a dominant role in viscous damping of free-
body precession of the NSs. For the majority of young pulsars
with larger ξ obtained in this work, relatively weak interactions
between superfluid neutrons and crystal lattices may be
responsible for the dissipation of the precessional energy of
these NSs (Haskell et al. 2018). Moreover, the constraints on ξ

may also contribute to the study of continuous GWs from
pulsars. As generally expected, the tilt angle of a NS may be
initially very tiny. If the NS has toroidal-dominated internal
magnetic fields as inferred in this work from some young
pulsars, the timescale on which it could reach the optimal
configuration (χ= π/2) for GW radiation is Po B∣ ∣t x 
(Cutler 2002; Stella et al. 2005). Therefore, a large ξ with value
∼105–106 as obtained for the majority of young pulsars
investigated here, may indicate a long timescale for reaching
the optimal configuration. Before the optimal configuration is
reached, a large amount of spin energy of the NS could be lost
via MD rather than GW radiation, leading to weak GW
radiation from the NS.

Some intriguing issues still remain to be resolved in future
work. The first one is why our method and that by modeling the
glitch rise behaviors of the Crab and Vela pulsars (Haskell et al.
2018; Ashton et al. 2019) can result in generally consistent
constraints on ξ. Further quantitative analysis is needed to

reveal the essence of this consistency. It is also important to test
the consistency by using observations of other pulsars provided
that their delayed spin-up behaviors, braking indices, and tilt
angles can be measured. Second, a quantitative study on the
continuous GW radiation from pulsars is also necessary,
especially when considering that quite a few pulsars may have
toroidal-dominated internal magnetic fields. Moreover, when
calculating the GW radiation from pulsars, it is also meaningful
to take into account the constraints on ξ derived in this paper.
Finally, in order to test the robustness of our results, other
forms of magnetic field decay should also be considered in
principle. Our future work will be focused on the issues raised
above.
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