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Abstract

We study the statistical property of fast radio bursts (FRBs) based on a selected sample of 190 one-off FRBs in the
first CHIME/FRB catalog. Three power law models are used in the analysis, and we find the cumulative
distribution functions of energy can be well fitted by bent power law and thresholded power law models. The
distribution functions of fluctuations of energy well follow the Tsallis g-Gaussian distribution. The ¢ values in the
Tsallis g-Gaussian distribution are constant with small fluctuations for different temporal scale intervals, indicating
a scale-invariant structure of the bursts. The earthquakes and soft gamma repeaters show similar properties, which
are consistent with the predictions of self-organized criticality systems.
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1. Introduction

Fast radio bursts (FRBs) are highly energetic transients with a
few milliseconds durations occurring at cosmological distances
(Cordes & Chatterjee 2019; Petroff et al. 2019; Zhang 2020;
Xiao et al. 2021). In general FRBs are observationally classified
into repeaters and non-repeaters, where the repeating FRBs are
multiple bursts detected from the same source and non-repeating
FRB is a one-off burst. The nature of FRBs remains a mystery,
although hundreds of FRBs have been detected since the
discovery of the first event (Lorimer et al. 2007). Many models
have been proposed to explain the origin of FRBs (Platts et al.
2019), but none of them has been fully confirmed.

The distribution of FRBs energy has been found to follow a
power law function (Lu & Kumar 2016; Li et al. 2017; Wang &
Yu 2017; Macquart & Ekers 2018; Wang et al. 2018, 2021; Lu
& Piro 2019; Wang & Zhang 2019; Lin & Sang 2020). Wang
& Yu (2017) analyzed 17 bursts from repeating FRB 121102
and found the cumulative distributions of duration, peak flux
and fluence follow the power-law forms, which is similar to the
statistical properties of soft gamma repeaters (SGRs). Wang
et al. (2018) found the 14 new bursts of FRB 121102 detected
by the Green Bank Telescope have a power-law energy
distribution, very similar to the Gutenberg-Richter law found in
earthquakes. 20 FRBs of the Australian Square Kilometre
Array Pathfinder (ASKAP) sample including repeaters and
non-repeaters were also found to be well described with a
power-law energy distribution (Lu & Piro 2019). Wang &
Zhang (2019) used six samples of the repeating FRB 121102
observed by different telescopes at different frequencies and
found that energy has a universal power-law distribution and

the power-law index is similar to nonrepeating FRBs. Using
two samples of the repeating FRB 121102 from Green Bank
Telescope and Arecibo Observatory, the cumulative distribu-
tions of flux, fluence, energy and waiting time have been found
to follow the bent power law (Lin & Sang 2020).

The power law distribution is a very common statistical
property of a lot of astrophysical phenomena. The power law
size distributions of waiting time, duration, flux and fluence are
predictions of self-organized criticality (SOC) systems (Bak et al.
1987; Aschwanden 2011; Wang & Dai 2013), which exist in a
large number of natural systems exhibiting non-linear energy
dissipation. For example, earthquakes, solar flares and SGRs
have been explained by an SOC system (Bak & Tang 1989; Lu
& Hamilton 1991; Cheng et al. 1996). Cheng et al. (1996)
compared the the statistical properties of 111 bursts from SGR
1806-20 observed during 1979-1984 with earthquakes and
found the cumulative distribution of energy in SGRs is similar to
the well-known Gutenberg-Richter power law in earthquakes
with near power law index, as well as the similarity of waiting
time and duration distributions between SGRs and earthquakes.

Another predicted behavior of an SOC system is the scale
invariance structure of the energy fluctuations, which have
been studied in earthquakes (Caruso et al. 2007; Wang et al.
2015), SGRs (Chang et al. 2017; Wei et al. 2021; Sang & Lin
2022) and FRBs (Lin & Sang 2020; Wei et al. 2021). The
probability density functions (PDFs) of fluctuations in earth-
quake energy follow a g-Gaussian form with fat tails (Caruso
et al. 2007). The PDFs of energy fluctuations do not depend on
the scale intervals, namely, the ¢-Gaussian distributions
parameter ¢ in are approximately equal for different scale
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intervals, indicating a scale-invariant structure in the energy
fluctuations of earthquakes (Wang et al. 2015). The PDFs of
energy fluctuations at different scale intervals of SGRs and
repeating FRBs have also exhibited a universal g-Gaussian
distribution, implying the underlying association of the origins
between SGRs and repeating FRBs (Chang et al. 2017; Lin &
Sang 2020; Wei et al. 2021; Sang & Lin 2022).

Recently the Canadian Hydrogen Intensity Mapping
Experiment Fast Radio Burst (CHIME/FRB) project has
released the first catalog of FRBs detected from 2018 July 25
to 2019 July 1 (Amiri et al. 2021). In this paper, we use 190
one-off FRBs in the CHIME/FRB catalog to study the
statistical properties of energy. In Section 2, we study the
cumulative distribution of energy. In Section 3, we study the
cumulative distribution of fluctuations. Finally, discussion and
conclusions are given in Section 4.

2. The Cumulative Distribution Function of Energy

The first CHIME/FRB catalog consists of 536 FRBs detected
between 400 and 800 MHz from 2018 July 25 to 2019 July 1,
including 62 bursts from repeaters and 474 one-off bursts (Amiri
et al. 2021). We use a selected sample of 190 one-off FRBs in the
CHIME/FRB catalog to study the statistical properties of energy.
Given that bursts with low fluences are missed by the CHIME
detection algorithm (Amiri et al. 2021; Hashimoto et al. 2022), we
select a reliable sample with a certain fluence threshold
(>5Jy ms) as a correction to observational incompleteness. The
measured fluence and flux are dependent on the distance of each
source, so we study the statistical properties of energy instead. We
use the rest-frame isotropic radio energy E.q 400, the calculation
detail of which can be found in Hashimoto et al. (2022).

The cumulative distribution functions (CDFs) of energy are
shown by blue errorbars in Figure 1. As discussion in Section
1, power law distribution of energy is predicted by SOC theory.
Here we use the simple power law (SPL) model, the bent power
law (BPL) model and the thresholded power law (TPL) model
to fit the data. The best-fitting parameters are calculated by
minimizing the X2 statistics,

L Y%
2 _ Z [N N2(>x,)] i (1)

g

X

where we take the uncertainty of data point as o; = \/N;.
The first model we use is the SPL model, which has been used
to fit the CDFs of duration, peak flux and fluence of the repeating
FRB 121 102 (Wang & Yu 2017). The SPL model is given by

N(Cx) =A™ —x.Y, x<x, 2

where A is a normalization factor, « is the power-law index and
X. is the cut-off value above which N(>x.) =0. We list the
best-fitting parameters in Table 1. For the SPL model, the
power law index « of energy is 0.16 £ 0.02. The cut-off
parameter x, of energy is (3880.41 & 255.37) x 10°%erg. The
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Figure 1. The CDFs of energy. The red dashed, red solid, and cyan solid lines
are the best-fitting curves to the SPL, BPL, and TPL models, respectively.

Table 1
The Best-fitting Parameters to the SPL, BPL and
TPL Models
Model Parameters
a=0.16 +0.02
SPL x. =3880.41 £+ 255.37
X2, = 520
£=131+£0.02
BPL xp = 191.54 + 3.51
V2= 0.9
=279 £0.05
TPL xo = 381.79 + 16.89
X2, =012

Note. The units of x.. (x, and x,) for energy are
10%8 erg. The reduced chi-square Xfed is the chi-
square values per degree of freedom.

best-fitting curves to the SPL model are shown in the red
dashed lines in Figure 1. The SPL models are consistent with
the observation in the middle part but fit the data poorly at the
left and right ends.

The second model we use is the BPL model. It has been used
to fit the energy power density spectrum of gamma-ray bursts
(Guidorzi et al. 2016), as well as the CDFs of energy of SGRs
(Chang et al. 2017; Sang & Lin 2022) and FRBs (Lin & Sang
2020). The BPL model is given by

B!
N(>x)=:Bl1—%(ii) l , 3)
Xp
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where B is a parameter denoting the total number of the bursts,
Xp, is the median value of x, i.e., N(x > x;,) = B/2, and 3 is the
power law index. The BPL is a smoothly connected piecewise
function with a break at around x,,, below which the function is
a plateau with power law index p =0, and above which the
function is reduced to be a simple power law with power law
index p= /(. As a phenomenological model, the underlying
physical meaning of the BPL model is unknown currently.
For the BPL model, the power law index (3 of energy
is 1.31£0.02. The median values x, of energy is
(191.54 +£3.51) x 10*®erg. The best-fitting curves to the BPL
model are shown in the red solid lines in Figure 1. The BPL
models are consistent with the observation very well for most
of the data range. The best fitting BPL function is out of the 1o
confidence interval of data at around 2 x 10*' erg.

The third model we use is the TPL model, which has been
used to fit the energy distributions of magnetar bursts and FRBs
(Cheng et al. 2020). Integrating the differential distribution of
the TPL model,

Nx)dx = no(xo + x)7dx, x <x < X, “4)

we can obtain the cumulative distribution as

N(>x) = f N (x)dx

=% (o + 2T — (xo + 1)1, )
I -7

Here x, is a constant added to the ideal power law distribution
function, ng is a normalization constant and + is the power law
index. x; and x, are the lower and upper cut-offs of the data
points, respectively. The free parameters in the TPL model
are (ng, xo, 7). For the TPL model, the power law index v of
energy is 2.79+£0.05. The parameter x, of energy is
(381.79 & 16.89) x 10%erg. The best-fitting curves to the
TPL model are shown in the cyan solid lines in Figure 1.
The TPL models are consistent with the observation very well.
We list the Xfe 4 values for the SPL, BPL and TPL models in
Table 1. Throughout the three models, the TPL model is most
consistent with observation.

3. Cumulative Distribution Functions of Fluctuations

In this section, we study the statistical property of
fluctuations of energy. The fluctuation is defined as Z,=
Qiin — Q;, and here Q; is the observed quantity from the i-th
burst in temporal order. The integer n is the temporal interval
scale of interest. We use the dimensionless fluctuation rescaled
by the standard deviation z, = Z, /o, where o = std(Z,). In our
case, the O quantity refers to energy. The fluctuations from
earthquakes, SGRs and FRBs have been shown to follow the
Tsallis g-Gaussian distribution (Wang et al. 2015; Chang et al.
2017; Wei et al. 2021; Sang & Lin 2022; Lin & Sang 2020).
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Figure 2. Examples of the CDFs of fluctuation of energy.

The g-Gaussian function is given by Tsallis (1988), Tsallis
et al. (1998)

F) =all — b(l — g)x2]i%. (6)

Here a is the normalization factor, and the parameters b and g
are corresponding to the width and sharpness of the peak,
respectively. As a generalization of the Gaussian distribution,
the g-Gaussian function has a sharper peak and fatter tails. The
parameter ¢ describes the deviation from the Gaussian
distribution, for example, in the limit ¢ — 1, the g-Gaussian
function will reduce to the Gaussian function with mean p =0
and standard deviation o = 1/ \/E . In practice we use the
CDFs of Tsallis g-Gaussian function to fit the fluctuations data,
which is calculated by

Feo = [ fooa )

We take the fluctuations in temporal interval scale n from 1
to 40.

The CDFs of fluctuations with interval scale n = 1, 20, 40 of
energy are shown in Figure 2. The best-fitting curves to the
CDF of g-Gaussian function are shown in red, green and blue
solid lines with temporal interval scale n=1, 20, 40,
respectively. The best-fitting ¢ values for n =1, 20, 40 are
listed in Table 2. The Tsallis g-Gaussian model is consistent
with the observation data very well, except for the fitting of
right part with n =40. The poor fitting is because of the less
data points for fluctuations at z, > 1 with temporal interval
scale n = 40. As shown by the blue points in Figure 2, only five
energy fluctuations at z, > 1 are used in the fitting.

We further study the scale invariance property in the
temporal interval n of the bursts. We fit the CDFs of
fluctuations of energy for all the temporal interval scale n
from 1 to 40. The best-fitting parameter g as a function of the
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Figure 3. The best-fitting g values as a function of n.

Table 2
The Best-fitting ¢ Values for n = 1, 20, 40
g Values
n=1 1.87 +0.01
n=20 1.89 £+ 0.02
n =40 1.91 +0.02

temporal interval scale n is shown in Figure 3. The g value is a
constant with small fluctuations for energy. The mean values
and standard deviations of g for n=1-40 for energy are
1.93 £ 0.05. The independence on interval scale n of the
fluctuations of energy indicates a scale invariance structure in
the property of bursts.

4. Discussion and Conclusions

In summary, we have investigated the statistical properties of
190 one-off FRBs in the first CHIME/FRB catalog. The CDFs
of energy are fitted using three power law models, and we
found that the TPL model is most consistent with observation.
We also studied the statistical properties of the fluctuations of
energy, and found that the distribution function of fluctuations
well follows the Tsallis g¢-Gaussian distribution. More
importantly, the g values in the Tsallis g-Gaussian distribution
are constant with small fluctuations for different temporal scale
intervals, indicating a scale-invariant structure of the bursts.
The power law distribution of the energy and a scale-invariant
Tsallis g-Gaussian distribution of fluctuations were found in the
studies on earthquakes, SGRs and repeating FRBs. In this
paper, we extend research on those features to non-repeating
FRBs, supporting that the occurrence mechanism of FRBs
might be explained by a self-organized criticality model. The
underlying assumption of our analysis is that all the one-off
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FRBs are following the same occurrence mechanism, which is
the physical association of different sources. In this sense, the
FRBs from different sources could be thought as the repeating
samples of the same process, for example, the SOC process.
Another possibility is that most of these observed one-off FRBs
are intrinsically repeaters. But only one burst was detected due
to the limit of observational time and CHIME sensitivity.
Although these bursts are detected as one-off FRBs, some may
be reactive again in future.

Our analysis is based on the calculation of energy in
Hashimoto et al. (2022). The dispersion measure of FRB host
galaxy DMy, is modeled by 50/(14+ z) pc cm ™ in the
derivation of the redshift for FRBs using the observed
dispersion measure. The assumption of DMy, is inconsistent
with observations to some degree. For example, the DM, of
FRB 20190 520B is ~900 pccm °, nearly ten times higher
than the average of FRB host galaxies (Niu et al. 2022), which
may be contributed by the supernova remnant around the
source (Zhao & Wang 2021). From numerical simulations, a
reasonable distribution of DMy, follows log-normal function
(Macquart et al. 2020; Wu et al. 2022). The model of DMy,
has an effect on the calculation of redshift and energy, and will
influence our results of the energy fitting. For example, if
DM, Was underestimated, a larger z would be derived, which
will finally induce a larger energy.
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