Research in Astronomy and Astrophysics, 22:125019 (9pp), 2022 December
© 2022. National Astronomical Observatories, CAS and IOP Publishing Ltd. Printed in China and the U.K.

Torsion Fields Generated by the Quantum Effects of Macro-bodies

Da-Ming Chen'
! National Astronomical Observatories, Chinese Academy of Sciences, Beijing 100101, China; cdm@nao.cas.cn
School of Astronomy and Space Science, University of Chinese Academy of Sciences, Beijing 100049, China
Received 2022 August 26; revised 2022 October 8; accepted 2022 October 12; published 2022 December 7

Abstract

We generalize Einstein’s General Relativity (GR) by assuming that all matter (including macro-objects) has
quantum effects. An appropriate theory to fulfill this task is Gauge Theory Gravity (GTG) developed by the
Cambridge group. GTG is a “spin-torsion” theory, according to which, gravitational effects are described by a pair
of gauge fields defined over a flat Minkowski background spacetime. The matter content is completely described
by the Dirac spinor field, and the quantum effects of matter are identified as the spin tensor derived from the spinor
field. The existence of the spin of matter results in the torsion field defined over spacetime. Torsion field plays the
role of Bohmian quantum potential which turns out to be a kind of repulsive force as opposed to the gravitational
potential which is attractive. The equivalence principle remains and essential in this theory so that GR is relegated
to a locally approximate theory wherein the quantum effects (torsion) are negligible. As a toy model, we assume
that the macro matter content can be described by the covariant Dirac equation and apply this theory to the simplest
radially symmetric and static gravitational systems. Consequently, by virtue of the cosmological principle, we are
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led to a static universe model in which the Hubble redshifts arise from the torsion fields.
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1. Introduction

In physics, when contradictions between the predictions of a
fundamental theory and the credible experimental observations
are unavoidable, one may modify the theory or assume some
new types of matter, and both approaches must be verified by
experiments. It is now well established that when Einstein’s
General Relativity (GR) is applied to galaxies (always in
Newtonian form) we need some mysterious matter called dark
matter, and when applied to cosmology we need even more
mysterious element called dark energy in addition to the dark
matter. While more and more experimental instruments are
constructed to probe the direct or indirect evidences of dark
matter and dark energy, it is equally important for physicists to
investigate the theories of gravity alternative to GR. In such a
theory, we hope that there is no need to assume the existence of
dark matter or dark energy or both. For example, it was shown
by Lovelock (Lovelock 1971, 1972) that a polynomial form of
the Lagrangian is possible leading to higher order curvature
corrections to GR known as the Lovelock theory of gravity.
Specifically, second order Lovelock or Einstein—Gauss—Bonnet
gravity has been investigated recently (Boulware & Deser 1985;
Kobayashi 2005; Oikonomou 2021; Brassel et al. 2022).
Another important extension to GR was achieved by
constructing the so-called nonlinear Lagrangians, which are
some arbitrary but well-defined functions of the Ricci
scalar (Buchdahl 1970), and now this theory has been developed
into the well-known f(R) gravity (e.g., Goswami et al. 2014).

In this paper, however, we attempt to extend GR in a quite
different way. Note the fact that GR has been tested with high
precision only for the gravitational systems with spatial size
equal to or smaller than the solar system (e.g., compact
objects) when gravity is relatively strong. Therefore, it is
possible that the astronomical observations for larger
gravitational systems (galaxies, cluster of galaxies until the
whole universe) may suggest that GR should be extended or
modified when the gravitational field is weak (except for the
very early universe). We first assume that macro bodies have
observable quantum effects on large scales and then attempt to
extend GR to describe them (which are usually believed to be
negligibly small in actual practice), and we require that GR is
recovered on small scales.

Up to date, it is well known that quantum effects are believed
to be the exclusive properties for microparticles which are the
subjects of quantum mechanics and quantum field theory.
When gravity is present, there are so-called quantum gravity
and quantum field theory in curved spacetime, and all such
theories are significant only under the extreme conditions like
very strong gravity and very high energy, as in the cases when
we study the phenomena near the horizons of black holes and
in very early universe. Although all macro bodies come down
to microparticles as their final compositions, physicists believe
that the quantum effects of macro bodies are “averaged out”
and thus negligibly small compared with other kinematic
quantities. Note, however, that the preceding conclusions are
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based on an implicit assumption that the quantum effects of
macro bodies arise only from their microconstituents, while the
macro bodies themselves remain classical. We thus ask a
question: what if we assume that the quantum effects of macro
bodies arise from their own quantum randomness which are
independent of their microconstituents? In order to understand
our assumption, we need to know what the quantum effects of
microparticles may imply. The quantum effects of electrons, for
example, can be attributed to their quantum randomness (or
called intrinsic randomness), this distinguishes remarkably
from classical randomness (or called apparent randomness) of
which the Brownian motions is a typical example. It is well
known that the random motions of pollen grains in water result
from the frequent collisions of the molecules of water
according to Newtonian dynamics, while quantum random
motion is the intrinsic property of a particle itself that cannot be
attributed to any external reasons and thus Newtonian
dynamics fails to describe. Our assumption is that, like
electrons, all macro bodies (including galaxies if we treat them
as “particles”) have the quantum random motions and thus
should exhibit quantum effects.

An immediate doubt about our assumption is: why we have
never observed such quantum effects of macro bodies? The
answer is simple: if the macro bodies and an observer (also an
“macro body”) are located near the same (but arbitrary) point of
spacetime manifold, then they have approximately the same
randomness (due to gravity) and quantum effects cannot be
observed. The locally “classical” behavior of macro bodies is a
familiar scientific fact, however, this fact does not necessarily
require the macro bodies to behave classically on arbitrary
large scales. It is believed that gravity makes disorders order,
and order is fundamental for space and time and spacetime, or
as we can say, spacetime is nothing else but continuous order
of events. Thus no gravity, no spacetime. In any local inertial
frames, the gravity is still present but the net gravity force is
canceled by inertial force, so order or flat spacetime remains. In
special relativity, rigid rods are employed to form coordinate
lattices so that any event has a position at any given time.
According to GR, the global structure of curved spacetime can
still be described by arbitrary curved rigid rods (depending on
the matter distributions) with arbitrary length. However,
quantum mechanics tells us that microparticles can escape the
order depicted by the spacetime and thus get out of control of
gravity. Therefore, if we extend the quantum randomness
owned by microparticles to macro bodies, gravity of one body
(or system) cannot make remote bodies in order. So we should
give up the averaged background curved spacetime determined
by all matter in the universe. Instead, we assume a spacetime
formed by sewing together infinitely many local pieces of
spacetime depicted by GR. That is to say, if the observed macro
bodies and an observer are separated by a finite spatial distance,
the quantum effects appear, and the strength of the quantum
effects increases with the increasing distances between them.

So the rods are rigid only approximately on small scales (i.e.,
rigid locally), but are flexible on large scales. Consequently,
GR is correct only approximately in a sufficiently small local
region around any point of the spacetime manifold, wherein
quantum effects can be ignored. For large systems, quantum
effects appear among different parts, and thus GR should be
replaced by a new theory of gravity that can account for them.
As a summary, we aim to extend GR to a theory of gravity
based on the following hypotheses:

1. Equivalence principle: frames of reference undergoing
acceleration and frames of reference in gravitational fields
are equivalent.

2. The principle of general covariance: any physical
predictions are independent of the frames of references
employed, i.e., any physical theory can be written in a
covariant form.

3. All matter has quantum random motion irrespective of
its mass.

Clearly, compared with GR, the only added hypothesis is the
quantum effects of macro matter, since the quantum effects of
micromatter have been verified and well known. At the present
stage, we emphasize that our extra hypothesis is compatible
with Einstein’s equivalence principle in the sense that, at any
local point, a freefall macro body has no quantum effects at its
own rest inertial frame, so that its trajectory is well-defined
locally.

We cannot go further until we have an optimal mathematical
language to describe our assumptions in a natural way. We find
that geometric algebra (GA) is just what we seek. GA is
rediscovered and greatly promoted by David Hestenes
(Hestenes 1966; Hestenes & Sobczyk 1986; Hestenes 2002),
and among other things, it provides a unified mathematical
language for relativity (both special and general theories) and
quantum mechanics (Hestenes 2003a, 2003b; Doran et al.
2003). We summarize the main results of spacetime algebra
and Dirac theory for free particles in Appendix A. Fortunately,
we have a theory of gravity based on GA as we need at hand.
More than twenty years ago, a new gauge theory of gravity
constructed on flat spacetime alternative to GR was developed
by Cambridge group (Lasenby, Doran, and Gull) called gauge
theory gravity (GTG) (Lasenby et al. 1998). When applying
GTG for our purpose, we still use the Dirac spinor to describe
the macro matter content. The only modification to GTG is
that, when gravity is absent, we require that the gauge invariant
equations for Dirac spinor are reduced to a conservation law for
“classical ” (i.e., no spin) pressure free ideal fluid, rather than to
the usual Dirac equation in flat spacetime (which is required for
electrons). Unfortunately, up to date, we do not know the
spinor field equations that macro bodies may satisfy. So as a
first try, we still employ the Dirac equation for free particles as
a toy model for our macro bodies. We outline the main idea and
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the prime processes followed by GTG for the matter content
that can be described by Dirac equation in Appendix B.

In what follows, we first apply GTG to cosmology and the
brief conclusions and discussions are given at the end of the
paper. We employ natural units (G=h=c=1) throughout
except stated otherwise.

2. Cosmology: Static Universe Model and Hubble
Redshift

The simplest application of our theory that can be tested with
credible observational data is the study of cosmology. The
standard ACDM cosmology model is based on GR, in which
the universe is expanding (accelerating at the present stage),
the quantum effects are important only in very early
universe (Challinor et al. 1997). However, according to the
assumption in this paper, macro bodies also have quantum
effects, we expect that the quantum pressure (torsion field, or
spin field) will balance the gravity, so that the whole universe is
in a state of equilibrium all the time. So we should try a static
universe model, in which / field is independent of time, and the
average matter density p,, =Nmp is a constant parameter,
where N is the number of macro bodies of mass m for a finite
system and is suppressed in our subsequent calculations. Thus
the Dirac spinor ¢(r) is a function of r only, although the
probability density p = 1) is also a constant due to the
constant value of p,,. As for the magnitude of the spin density
S, we assume that it is proportional to p,,, and since it has
dimension of &, we simply take the proportionality coefficient
to be unity to match the covariant Dirac equation and the matter
stress-energy tensor (see below).

We start by defining a set of spherical coordinates. From the
position vector of the flat spacetime

x =ty + rsinf(cos ¢y} + sin¢y,) + rcosfy; (1)
we obtain

e = 0ix =,

e, = 0,x = sinf(cos ¢y + sin¢y,) + cos b3,

ep = Opx =1 cos f(cos ¢y + sin ¢pyz) — rsinfs,

ey = Opx = rsinf(—sin ¢y, + cos ¢y,). 2)

From these vectors, the corresponding reciprocal basis e’, e,
0 ,9

e’, e” can be easily obtained. Since ey and e, are not unit, we
define

9Ee9/r, (}E€¢/(751H9). 3)

With these unit vectors, we further define the unit bivectors
(relative basis vectors for e, = ~q)

o, =e,e,
oy = Oe,,
0y = ey @)

These bivectors satisfy
0,090y = e,e,@&ﬁ =1 5)
For our purpose, we next try a form of 4 field that satisfies a
static, radially symmetric matter distribution. We assume that it
takes the form (Lasenby et al. 1998; Doran et al. 2003)

h(ey =fie' + fie", h(e") = gie" + gye,

e = ae?, h(e?) = ae?, (6)
where f1, f>, g1, &> and « are all functions of r only. From (B25)
and (B26), we write w’(a) as (Lasenby et al. 1998)

V@ =(a-eG—a-eF)ee —a- 0Xbe,

—a- 9(Yf g)e,@ —a- (%Xg%et
r

—a- &S(Y - %)erfé, 7

where new functions G, F, X and Y are also all functions of »
only, their introduction circumvents the unnecessary complex-
ity when derived directly in terms of the functions f;, f>, etc.
With the w function at hand, the curvature tensor can be
calculated directly from (B16), the torsion free part is (Lasenby
et al. 1998)
R'(B) = a0,B - 0, + (az09 + azioy)B - op
+ (Ckzo}z, — asiog)B - g + ago (B N o;)
+ (a409 — asioy)(B N op)
+ (aq0p + asiog) (B A 0y), 3
where B is a bivector, and «y,...,aq are given by
ay=L,G—LF+G?>—F? a,=—-LX+ GY — X2,
azy =L, Y+ XY — XG, oas =L, Y+ Y?— FX,

2
046:—X2—|—Y2—(g).
r

as = L,X + XY — FY,

€))

From (8), the torsion free part of Ricci tensor and Ricci scalar
are given by

R'(a) =[(cq + 2m)a - e, + 2asa - e.]e;
+ [2oza - e, — (ay + 2a4)a - e/]e,
— (v + ag + ag)a - 00
— (a2 + a4 + aga - 9P, (10)
R =204 + 4oy + 4oy + 2. (11
In order to solve Einstein Equation (B22), we need write out
T(a) given by (B24) explicitly, which is
T(a) = (a - Diy39),
_ 1 o
=(a - h(e") 0, i3 + Ew(a)%/fl’hwl

=a- (g€ + e (IYindh + wa) - S. 12)
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The term (9,i%); in the last equation can be calculated
straightforward from Dirac Equation (B23). We obtain

ga-e — ga-e 3
T(a)y=2——1—" (pm - —ns2)<g]er — &e)
&~ & 2

+ [gz(G + Z(Y - %)) — g(F + 2X)](e,e,) : S}.

13)

Now set a = ¢, and a = e, in (B22) respectively, we obtain the
following set of equations:

2
3 & 3
204 + a6 + —K2S? = —m( ' — —HSZ)
4 6T g 2 22 1% >

g] -
8182 ( 3 2)
o3 = 05 = —————K|p,, — —KS
2(g12 - 22) 2
2
20s + a + 2H2S? = —%/ﬁ(pm - 3552). (14)
4 & - & 2

Recall that the functions G(r), F(r), X(r) and Y(r) are
introduced only for the torsion-free parts «’ of w function, they
thus should be related to the functions fi, etc. in h field under
the same conditions (i.e., torsion free). Note also that
L,=e - ﬁ(e"’)aﬂ =20, and L, =e¢, - ﬁ(e“)aﬂ = g0,, we
further adopt the suggestions in Lasenby et al. (1998) that
L=0, a=1, gg=Lr=Yr and g,=Lr=Xr. Applying all
these relations to the equations in (14), and defining
My = f%r3a6 = %(gz2 — g7 + 1), we find

LrMQ = %gl ,‘$2S2r2, or arMQ — %H2s2r2' (]5)

Since § = %1/)1'737]) and due to our special choice of 1) = pl/ ’R,

we have S% = —%pz < 0. For a static homogeneous universe
with constant matter density p,, = pm, S* is also a minus
constant. By integrating (15) we get

1 r
My = §n252r3 = E(gz2 —g + D, (16)

where we have set the integration constant to zero since we
require M,=0 when r = 0. Remarkably, if we interpret M, as
some kind of “mass” within r, then it provides a repulsive
force! In our gauge choice, we can define a Bohmian quantum
potential Py(r) = @ — 1x28%2 To keep the whole
universe static, this potential should balance the usual matter

i . 4
gravitational potential ®,,(r) = %rz. We thus have

P = —%FLSZ. 17

As mentioned, we should relate G to the functions f;, g; in &
field under torsion-free condition. In this case, the torsion
Equation (B21) is reduced to the “Wedge equation”
D' A h(a) =0. Let a=e, in this equation we obtain (the

same result is obtained by Lasenby et al. (1998) in a different
way)
fi=e i (8)
From (14), we get (assuming g, = 0)
— kS?
_E = n(pm—zn)r (19)
g 201 — k*S*2/4)
Substituting this expression into (18) and applying (17) we get

Pm—rS?

i=(1- L)

=(1 + HZr?s, (20)
where
H} = 871-% 1)

is the Hubble constant. We are now ready to study the redshifts
of light signals emitted from some source at distance r.
According to the equivalence principle, the line element of
events given by (B13) is still valid in our theory. From (BS8),
g = h(e) =fie', we thus get g = h1(e) :fl’let. Then
from (B13), the period of the light signal at the source is

At(r) = f, AT = (1 + H3rdiAr, (22)

where AT is the invariant proper value of the period. So the
redshift we observed is

= (1 + Hir?:. (23)

Clearly, the redshifts derived in this manner arise purely
from the time dilations induced by the “quantum potential”
Py(r) = é/s2S2r2 rather than the gravitational potential or
expanding of the universe, since the matter distribution is
homogeneous and the whole universe is static. According to
quantum mechanics, however, the result we obtained here is
not a surprising. As indicated by David Hestenes (Hestenes
1997), when negative muons are captured in atomic s-states
their lifetimes are increased by a time dilation factor
corresponding to the Bohr velocity. Clearly, such a time
dilation results from quantum potential, or quantum pressure or
zero-point energy so to speak. We emphasize that all the
quantum effects of matter are the same irrespective of the mass
of the matter (i.e., no matter the matter is macro or micro). So
an observer located at any place in the universe would observe
the redshifted light signals emitted from the sources located far
away from the observer in arbitrary directions. This explains
the observations of Hubble redshifts. It should be also pointed
out that the concepts of quantum potential or quantum force
originally proposed by David Bohm correspond to the
“quantum pressure” or “zero-point energy” usually referred to
by the major physicists according to their “standard” viewpoint
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of quantum mechanics. It is not helpful for us to indulge in the
controversies between the two different interpretations of
quantum mechanics, it suffices to know the fact that the causal
or particle (trajectories or histories) interpretations of quantum
effects of matter are the very natural results if one employs GA
as the mathematical language: the spinor i) = p%R determines a
unique family of matter trajectories and all other conclusions
follow.

3. Summary and Discussion

We attempt to generalize Einstein’s GR by adding the third
hypothesis concerning the quantum effects of macro bodies to
form a new theory of gravity. This must be a “spin-torsion”
theory of gravity, except that we require the torsion field (or the
spin of source matter) to vanish locally according to the
equivalence principle when only macro matter is involved.
GTG is such a theory in the sense that it can define the
gravitational strength corresponding to w field self-consistently
both from a Dirac spinor field ¥(x) or a multivector field M(x).
Consequently, the obtained curvature tensor R(a A b) may or
may not contain the torsion depending on whether or not the
source matter having spins. Employing spinor field in the form
Px) = pé (x)R(x) to represent the macro matter distributions
is essential to our theory. The reason is that this form of spinor,
obtained by setting 3= 0 in the more general canonical form
1) = (pe?)!/2R, naturally ensures the neutral matter current in
the free falling frames. Although GTG incorporates quantum
effects in gravity only for microparticles, and the minimal
coupling procedure (gauge principle, which results in or
replaces Einstein’s equivalence principle) ensures that the
minimally coupled Dirac action yield the minimally coupled
Dirac equation, one can manage to derive some spinor
equations such that torsion vanishes naturally in an approx-
imate way in any sufficiently small local regions. This is
equivalent to say that the quantum spin of macro matter cannot
be observed locally. Therefore, in our new theory of gravity,
GR is valid only approximately in local regions or on small
scales.

Before finding out a correct spinor equation for macro
matter, we are eager to know the possible results for practical
applications. Dirac equation has been well-studied when
gravity is present, although we know that it does not meet
our demand. As a toy model, we have employed the covariant
Dirac equation for free particles to describe the spherically
symmetric and static gravitational systems. Remarkably, we
find that such a system has a negative mass determined by the
spin density. We then applied the results to cosmology and find
that the repulsive force provided by the negative mass can
balance the gravity and we achieve a static universe model. We
have arrived at an expression for the Hubble redshift as a
function of the distance to the light source. Interestingly, from
this expression we can take the constant average density of the

universe p,, as a fundamental physical constant (like
gravitational constant G, the speed of light ¢, etc). The
disadvantages of the toy model are obvious. The procedure we
followed to define the mass of the system is similar to the
torsion-free ideal fluid model, however, the obtained mass is
negative, which is nothing else but the spin of the system.
Surprisingly, the real (positive) mass is “lost” in our
calculations, so the balance condition (17) has to be put by
hand! Further more, for z < 1, our formula gives z ~ rz, which
is not linear of distance r as usually declared by astronomers.
These disadvantages are the evidence that Dirac equation is not
the correct one we are seeking.

From a spinor field we can always form vector currents
pe, = w%fb. In any local free-falling frames, we require these

currents to be constant, so that if we identify e; = R%Ié as the
spin axis vector s/|s| and e; A e, as the spin plane, then the
angular velocity in the spin plane is zero, and thus no spin can
be observed, which is just what we need for macro matter. This
may suggest a equation V) = 0, but its solutions do not satisfy
the Dirac equation unless m = 0. This can partly explain why
we cannot employ the Dirac equation directly in our new
theory. On the other hand, when gravity is present, covariant
derivative of spinor fields would produce non-zero spin or
torsion fields. Like the torsion-free Riemann curvature fields,
torsion fields constructed in this way would ensure that the
redshift or relative time dilation originated from macro
quantum effects increases with increasing distances between
observers and light sources.
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Appendix A
Spacetime Algebra and Dirac Theory

The geometric algebra (GA) that is generated by a four-
dimensional Minkowski vector space is called spacetime
algebra (STA). The inner and outer products of the four
orthonormal basis vectors in Minkowski vector space {7,
©=0...3} are defined to be

1 .
VW= 5(%,% + W) = 1), = diag(+———)

1
T N W= E(ML’YV - 'YI/YM)- (A1)

A full basis for the STA is
1a {7}1}3 {Uk’ io—k}’ {l,y#}’ l (A2)
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where o, =0, k=1...3, and i=YyYy1727y; = 010203. The
STA is a linear space of dimension 1+4+6+44-+

=2*=16. We call the general elements of STA multivectors,
and each multivector decomposes into a sum of elements of
different grades. The grade-r multivectors A are denoted by A,.
We call grade-O0 multivectors scalars, grade-1 vectors, grade-2
bivectors and grade-3 trivectors. The geometric product of a
grade-r multivector A, with a grade-s multivector B, is defined
simply by A,B,, which decomposes into

ArBs = <ArBs>|r—s| + <ArBs>|r—.y|+2+ +<ArBs>r+s’ (A3)
where (X), denotes the projection onto the grade-r part of X.
The grade-0 (scalar) part of X is written (X). We employ “”

and “A” symbols to denote the lowest-grade and highest-grade
terms in (A3), so that

A, - By = <ArBs>Ir*SI’ (Ad)
Ar A Bs = <ArBs>r+s’ (AS)

which are called inner and outer products respectively. The
simple example is the geometric product of two vectors a and b
ab=a-b+aAb. (A6)

We define the reverse of a geometric product AB by
(AB)~ = BA, so that for vectors a;, as.....a,, we have d, = q
and

(may...a,)” =a,a,_i...q. (A7)
It is easy to show that
A, = (=1)=D/24,. (A8)
Thus suppose r < s, the inner and outer products satisfy the
symmetry properties
A, - By=(=1)6=DB . A,, (A9)
A, N By = (—1)*B; A A,. (A10)
The scalar product is defined by
A x B = (AB). (Al11)
From (A4), A, * By is nonzero only if r=s, thus the scalar
product (Al1) is commutative
(AB) = (BA). (A12)

This commutative property of the scalar product is very useful
in later calculations. We further define the commutator product

AxB= %(AB — BA), (A13)

which satisfies the Jacobi identity
AXBXxXC)+Bx(CxA+Cx(AxB=0. (A14)

The advantages of STA are that it enables coordinate-free
representation and computation of physical systems and
processes, and it incorporates the spinors of quantum
mechanics along with the tensors of classical field theory.

Geometric calculus (GC) is the extension of a geometric
algebra (like STA) to include differentiation and integration.
Let multivector F be an arbitrary function of some multivector
argument X, then the derivative of F(X) with respective to X in
the A direction is defined by

A x OxF(X) = lim FX+7A) - F(X),
T—0 T

(A15)
where the multivector partial derivative Oy inherits the
multivector properties of its argument X. We have

Ox(XA) = Px(A), (A16)

where Px(A) is the projection of A onto the grades contained in
X. For vector argument x and constant vector a, (Al5) and
(A16) give

a-0x=a=0\(x-a). (A17)

For a vector variable a = a’y, =a - v,y" =a-y"y,, where v"

constitute the reciprocal basis and satisfy v, - 7" = ¢}, the
vector derivative can be defined as
0
= =
0= (A18)

For the derivative with respect to a spacetime position vector x
— 2 ]

we use the symbol V = 0, = plarws if x=x",. From (A17)

and (A18) we can obtain useful results

aa = 81717 : 801 = 7#711 : aa- (A19)

Once again, one great advantage of GC is that it eliminates
unnecessary conceptual barriers between classical, quantum
and relativistic physics.

We now discuss the Dirac theory in terms of STA. Recall the
symbols 7’s and ¢’s in (A1) and (A2), which stand for the basis
vectors of four-dimensional Minkowski space and the relative
three-dimensional space, respectively. The same symbols are
used in Dirac theory of relativistic quantum mechanics, but
therein they are matrices (4 x 4 for Dirac 4’s and 2 x 2 for
Pauli ¢’s). This is not a coincidence, since they satisfy exactly
the same algebraic equations. In view of STA, this
correspondence reveals the geometric properties of Dirac
spinor, and leads to the causal interpretation of quantum
mechanics (i.e., micro particles have the well-defined
trajectories in spacetime), which are of prime importance for
the present work. We call the elements of the even subalgebra
of STA defined in spacetime as Dirac spinor fields, denoted by
1(x), and can be written in the canonical form

P) = (pe'”) 2R (), (A20)

where p(x) is the proper probability density, i = Y9y17273, B(x)
is a scalar field and R(x) (called a rotor) satisfies the
normalization condition RR = 1. The rotor R(x) determines a
Lorentz rotation of a given fixed frame vectors 7, into a frame
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e, given by

e, = RyR, (A21)

and according to this we write

pe, = 7[]7/1 1/1 (A22)

We identify ey, = v as the proper velocity of a particle of which
the spinor (wave function) is v, so that v =1 and

pv = peo = Yot (A23)

is the Dirac current. We interpret another vector field as
ez = R73R = s/|s|, where |s| = % is the magnitude of the spin
vector s (we recover the Planck constant / from unity in this
section). The spin angular momentum S(x) is a bivector field
related to s(x) by

S =isy = %i@eo = %Rio’_gﬁ = %R*yzmlé. (A24)

In STA, the Dirac equation for a free-particle of mass m
is (Hestenes 1967, 1973)

Vpios = myy, (A25)
which admits plane wave solutions of the form (Hestenes 1997)
V@) = (pezR = (pe”):Roe 07, (A26)

where R, is independent of position vector x and p is the
momentum vector of the free particle, so the rotor R has been
decomposed to explicitly exhibit its spacetime dependent in a
phase factor. Inserting this into (A25) and using (Al7), we
obtain

pY = myy. (A27)
Right multiplying by 7 we get
p= meRyoR = mve™, (A28)

where we have used ivy= —,i and iR = Ri, iR = Ri. Since
e = cos 3 + isinf3, to ensure the momentum p to be a
vector, we must have =0 or m. We can identify these as
corresponding to the electron or positron wave functions (i.e.,
spinors) respectively. Since we want to use spinor field to
describe neutral macro body, this result suggests that we should
set # =0 in this paper. Thus for a free electron, p = mv, i.e., the
momentum is collinear with the proper velocity, which in
general is not true.

We now consider the expected trajectories (streamlines) of a
free electron. The position vector is x(7), where T is the proper
time, so we have

V= ax _ X = ey = RyR. (A29)
dr

Then the spinor associated to the trajectory is

(7)) = piRoe im0/
= p2Roe /A
= piRoe 21T/, (A30)

where 7 =v - x and w = 2m/h is the angular velocity in the spin
plane ee;. Since (1) = p'/?R(7), (A30) implies

R(7) = Roe_%'Yz’)’l‘W. (A31)
Clearly, the proper velocity of the free particle v = Ry 70R0 and

the spin vector s = %RO%RO are constant, however, for
k=12,

ex(T) = R(T) % R(7)
= R067%7'2VIWT’yk6%727“”]?()
= Rofyke"r’z”/l“"r]éo
= RocRoRoe™ "Ry
= er(0)e>1eT, (A32)

where ¢;(0) = Rofykléo. Thus, the expected trajectories are
straight lines (v is constant), and as the electron moves along
the straight trajectory, the spin is constant and e, and e, rotate
about e3 (spin axis) with angular velocity w.

We conclude that, for free electrons, the probable trajectories
x(7) are well-defined, and along them, the proper velocity v is
constant and satisfies v* =1 and the spin vector s is also
constant with magnitude % Further studies of this particle-
interpretation of Dirac theory show us that, quantum effects can
be determined by the spins of electrons, so that no spins, no
quantum effects (Hestenes 2003b). Surprisingly, when gravity
is present, Hestenes has applied the spinor approach to compute
the gravitational precession of a gyroscope and found that
gravitational effects on electron motion are exactly the same on
the classical rigid body motion (Hestenes 1986). Encoura-
gingly, these studies are very close to our aim since we want to
extend GR to describe quantum effects of macro bodies. So it is
natural for us to choose Dirac spinor field to represent matter
field

PY(x) = p2 (DR ). (A33)

According to our hypotheses, however, in any local inertial
frames, quantum effects of macro bodies should vanish, so we
cannot directly employ Dirac equation for our spinor fields.
The classical spins such as that for gyroscopes will not be
considered since they have nothing to do with quantum effects.
So what we seek is a differential equation for the spinor of the
form in (A33), such that, in local inertial frames it describes a
pressure-free (classical) ideal fluid, and when gravity is present
quantum effects appear naturally. However, before finding out
the correct equations, it would be interesting to apply the Dirac
equation to a system of N identical macro particles of mass m,
so that matter density is p, = Nmanp. We know that Dirac
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equation does not meet our demand, but as a toy model, we
apply it to cosmology and see what can be learned from this.

Appendix B
GTG and Matter

By virtual of GC, GTG is constructed such that gravitational
effects are described by a pair of gauge fields, 7 (a) = h(a, x)
and w(a) = w(a, x), defined over a flat Minkowski background
spacetime (Lasenby et al. 1998), where x is the STA position
vector and is usually suppressed for short.

The first of them, /i(a), is a position-dependent linear
function mapping the vector argument a to vectors. The
introduction of /1 (a) ensures covariance of the equations under
arbitrary local displacements (or an arbitrary remapping
x" = f(x)) of the matter fields in the background spacetime.
In order to understand the physical meaning of the & field, we
first define the covariant displacement transformation as

! _—

M) =L e = M, (B1)
so that the equations A(x)=B(x) and A(x') = B(x’) have
exactly the same physical content. Suppose we have a vector
field b(x) = V(x), where ¢(x) is a scalar field that is already
covariant under displacement, i.e., ¢'(x) = ¢(x’). Now can we
write b'(x) = b(x") or V¢'(x) = V¢ (x)? By the chain rule
we find

a-Vo'(x)=a Vo) =(a-Vfx) - Veox')
=f(a) - Veo () = a - f(V) o (), (B2)

where f(a) = a - Vf(x) is a linear function of a and an arbitrary
function of x, and f(V,) = Vf(x) - Vv, and we call T the
adjoint of f, satisfying a - f(b) = f(a) - b, or f(a) = O,(f(b)a).
It follows that V¢'(x) = f(Ve ¢ (x")), or

Vi =f(V) and FUV) =V, (B3)

which shows us that b(x) is not covariant under displacement.
In order to make the objects such as b(x) covariant, we must
introduce a position-gauge field h(a, x), which is a linear
function of a and arbitrary function of x, so that

x'=f(x)

h(a, x) R (a, x) = hF Ya), x)). (B4)

Now if we redefine b(x) = h(V$(x)), then

b(x) = AV @) =L ey = RV ()
=R (V' () = A(Ved () = b(x'), (BS)

which becomes covariant. The /(a) field plays the same role of
vierbein in the tensor calculus approach of gauge theory of
gravity (Hehl et al. 1976; Lasenby et al. 1998). We now give
the relationship between /1 (a) and the metric tensor g, in GR.
We define a position gauge invariant directional derivative

as (Hestenes 2005)
a-h(V)=h) -V, (B6)

where } is the adjoint of /2 defined by A(b) = 0.(h(c) - b), and
a is an invariant vector (i.e., for x’ = f(x), a(x) is transformed
to a’(x) = a(x’)). So h maps tangent vectors to tangent vectors
and /1 maps cotangent vectors to cotangent vectors. For a given
set of coordinates {x", 1 =0, 1, 2, 3}, we introduce the basis
vectors

Ox

= — n = H
e, = e el = VxH, B7)

14

,- From these vectors we further

which satisfy e, - e¥ = ¢
define vectors

8 =h'(e), g"=h(eh. (B8)
These vectors satisfy the relation
g 8 = h (e, - h(e") = ¢, - W (h(e)) = e, e’ =06,
(B9)
The metric tensor then is given by
8w = 8" & (B10)
Let x(7) be a time like curve (where 7 is the proper time), a
mapping f: x — x’ = f(x) induce the transformation
. dx ; dx'  dx
R L R /) (B11)

Comparing (B11) with (B6), we introduce an invariant velocity
v =v(x(7)) as (Hestenes 2005)

X=h), v=H'®. (B12)

From the known formula dx =dx"e,, the invariant normal-
ization v* = 1 induces the invariant line element on a timelike
curve in GR

dr? = [k '(dx)] = 8, dxtdx". (B13)

Another gauge field, w(a), is a position-dependent linear
function mapping the vector argument a to bivectors. Its
introduction ensures covariance of the equations of physics
under local Lorentz rotations. Under local Lorentz rotations,
the multivector M transforms as M’ = RMR and the spinor v
transforms as ¢’ = Ri). To ensure covariance of the quantities
like A(V)M and h (V)4 under local Lorentz rotations, (V)
should be replaced by the covariant derivative D which is given
by (Lasenby et al. 1998)

DM = O,a - DM = 0,(a - h(V)M + w(a) x M), (Bl4)

and

Dy = aa(a ~h(V)Y + %w(a)w). (B15)
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The field strength corresponding to the w(a) gauge field is
defined by

R(a Nb)=L,wb) — Lyw(a) + w(a) x w(b), (B16)

where L, = a - 1(V) and a, b are constant vectors. Ricci tensor
R(a), Ricci scalar R and Einstein tensor G(a) are defined,
respectively, as:

R(a) =0, - R(b A a), (B17)
R =20, R, (B18)
G(a) = R(a) — %aR. (B19)

The overall action integral is of the form
S = f d%| det(h)“(%R - /«;Em), (B20)

where L,, describes the matter content and x=8m. As
mentioned at the end of Appendix A, due to lacking of
appropriate differential equations governing the spinor field for
macro bodies, we temporally “borrow” L,, from Dirac theory
of electrons, which has been well-studied (Challinor et al.
1997; Doran et al. 1998; Lasenby et al. 1998). From (B20) we
obtain the following equations describe the field coupled self-
consistently to gravity (Doran et al. 1998):

torsion: D A h(a) = kh(a) - S, (B21)
Einstein: G(a) = kT (a) (B22)
Dirac: Dijios = maryo, (B23)

where D A h(a) is the gravitational torsion which is
determined by the matter spin density, S = %1/)1'7312) is the spin
trivector, k = 8, and

T(a) = (a - DYivs) (B24)

is the matter stress-energy tensor. We can solve (B21) for w(a)
to obtain (Doran et al. 1998)

w(a) = W'(a) + %/w -§=—H(a)
+ %a - [0y N H(b)] + %I{a - S, (B25)

this defines w’(a) as the w-function in the absence of torsion,
and

H()=h(Y AR (@) = —h(YV) A (B @),  (B26)

where “overdot” notation is employed to denote the scope of a
differential operator. It proves convenient if we employ the
primed symbols to denote the torsion free part of the curvature
tensors, we obtain (Doran et al. 1998)

R(aNb)=R'(a Nb) + i/@z[(a Ab)-S]-S

- %Ii[(d Ab)-D]-S, (B27)

R(a)=R'(a) + %lﬁz((l 28-S

— %/{a -(D-9), (B28)
/ 3 2¢Q2

R=R +5/~€S. (B29)
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