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Abstract At present, many works about MHD wave diagnostics in magtiktk tubes are based on some
pioneering works not considering the contributions of netgrtwist. Other works considered the effect on
MHD waves, but the dispersion relationship they presentdylgave the wave modes of = 0, 1,2... The

kink mode ofm = —1 was absent. Therefore, in this work we present a complepedi®n relationship
that includes both magnetic twist and the wave mode:cf —1. Analogous to then = +1 wave mode,
the mode ofn = —1 also exhibits the mode change at finite), from body to surface mode. The phase

speeds of this mode are usually less than those ef +1 mode. The harmonic curves of = =1 modes

in dispersion relationship diagrams are approximatelyragtnic in respect to a characteristic velocity, e.g.
the tube velocity in flux tubes. Based on the present disperglationship, we revisit the issue of spiral
wave patterns in sunspots and find that the magnetic twisttngseat influence on their morphology in the
frame of linear perturbation analysis.
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1 INTRODUCTION However, it should be pointed out thBennett et al.
(1999 and Erdélyi & Fedun (2010 only presented the
In the context of MHD linear theory, wave propagationdispersion relationship diagrams (phase-speed diagrams
in untwisted magnetic flux tubes embedded in a magef MHD oscillation modes) for then = +1 mode of
netic environment was investigated BEglwin & Roberts  oscillation that will increase the twist in the tube. Howeve
(1983. The dispersion relations they derived have becomaeither of them presented the = —1 one of oscillation.
a fundamental reference for the magneto-seismologicdrhis is because that the = 1 mode is the more unstable
inversion to probe the solar plasma. LatBennett etal. of the two since the helical perturbation formed is of the
(1999 extended their work and studied wave propagatiorsame sense as the twiggnnett et al. 1999 With more
in the twisted magnetic flux tubes in an incompressibleadvanced astronomical instruments put into service, more
medium. Due to the twist introduced, the hybrid (surfacefine structures of MHD waves on the Sun are detected,
body) modes of oscillation appear in contrast to the case @&.g. the armed-spiral wavefronts in the umbrae of sunspots
an untwisted incompressible tube. Sausage<0) MHD  (e.g.,Sych & Nakariakov 2014Su et al. 2016Sych et al.
wave propagation in incompressibl&r@élyi & Fedun 2020. They are likely created by the superposition
2006 and compressibleErdélyi & Fedun 200y magnet-  of non-zero azimuthal modes driven 1600 km below
ically twisted flux tubes was investigated further. Morethe photosphere in the sunspotéag et al. 2019 For
recently, Erdélyi & Fedun (2010 studied the oscillatory example, the one-armed pattern is produced by the slow-
modes of a magnetically twisted compressible fluxbody sausageif = 0) and kink ¢n = 1) modes. Naturally,
tube in cylindrical geometry, and a general dispersiorwe wander what the wave pattern looks like if magnetic
equation obtained in terms of Kummer functions for thetwist is included in the flux tubes or the = —1 mode
approximation of weak and uniform internal twist. is in place of that ofn = +1. This is our motivation to
complete the dispersion relationship diagram by including
them = —1 mode.

* Corresponding author



126-2 W. WU et al.: Magneto-Acoustic Waves

In this paper, we attempt to give a general dispersiowvalues of the denominatorial parameters of Kummer

equation for them = —1 oscillation mode in function (see 47:9 irDldham etal. 2000 In this case,
Section2. Complete diagrams of the dispersion relationsit may be approximately proportional to another Kummer
are described in Sectidhand the modeling of spiral wave function. Whenm = —1, b = 0 andbM(a,b,x0) ~
patterns in Sectiod. Finally, we conclude in Sectioh axoM(a+ 1,2, x0). Equation {) reduces to
ro K1(moero) A?rt

2 GENERAL DISPERSION EQUATION OF THE D, } 0e’0) _ _ 2

ALLOWED EIGENMODES moe K3 (moero) 1o @

2 (1-0a?
2.1 Magnetic Twisted Flux Tube Model + Dirg (@—1)+ 9M(at11zo) *
M(a+1,2,z0)

We consider the modes of oscillation of a compressibl%\/h B b — 5 . 1
magnetized twisted flux tube embedded within a uniformly deanl’L ; 72'7 = L bM(a,b,z0) ~ 524((1’.1’360)
magnetized plasma environment in cylindrical geometr)i’indM (a, b, 20) = —aM(a+1,0,z0) — oo. Equation )
(r,0,2) (Erdélyi & Fedun 201R In equilibrium, the reduces to

plasma and magnetic field pressure satisfy the condition p.To Ki(moero) _A2r§

in the radial direction “moe K (moero) 13

i(po B_?)) — _B_Se. (1) On the other handBennett et al.(1999 obtained
dr 2p Hor an exact dispersion relation for wave propagation in
incompressible twisted magnetic flux tubes, in which the
modified Bessel function$,, and K,,, accept a negative
order m. Therefore, no more efforts should be done to
change it.

()

Here B, = (B2, + B2,)? denotes the strength of
the equilibrium magnetic field ang, is the magnetic
permeability. The plasma density is taken to be uniform.

2.2 Di ion E [ - . .
'spersion Equation 2.3 Stability of the Compressible Twisted Flux Tubes

A general dispersion equation has been obtained I(}Ve would like to check stability of the twisted flux tubes

terms of Kummer functions for the magneto-acoustic . . )
g when they are disturbed slightly. In Equati@®),(letw? =

waves in the compressible magnetized twisted flux tubes L r2k2
(Erdélyi & Fedun 201§ which is 0, thenmge = k. Now,a — oo andzg = 37> — 0,
where we have written
ro Km(moero) A%
De— =— — ../
moe K7, (Moero) na ko = kV1-a2, (6)
2 (2)
2 (1-a%)
+ DiTO (1 _ ) 19 M’ (a,b,zq) ’ 4A2
m « o I\/I(a,b.,ibo) Oé2 — — (7)
. . H0POIW R
where the subscripts and e respectively represent the
interior and exterior of the tube, ang is the radius of WAL = (m + kp), (8)
the tubeyn is azimuthal order of the mode=m + 1, A Hpoi
is arbitrary constant’,,, is the modified Bessel functions Bo.
of the second kindi/,, is its derivative M (a, b, z) is the P=" ©)

Kummer function evaluated at = o, M'(a,b,x) =

o “ - Note that we have droppezir in the last equation that
M (a+1,b+ 1,z0) is its derivative, and

represents the pitch of the magnetic field. Then,

(k2C3, — w?)(k2VE, — w?)
m0e=\/ SR > SN ) M'(a,b, z0) Ins1(karo)
(Ve+ce)(k20 eiw2) i 2 #:k sm+1\ha’0) 10
A s B a%oégﬂloﬂo o M(a,b,x0) al® I (karo) (10)
where(Cs., and V. are the external acoustic and Affv ) )
. py—— in Equation () and it becomes
speeds, respectively, alith, = vEece s the external
Ae Se 2,2
tube speed. For the meanings of other parameters, please De% ;;m(kgo) = A ;0
refer toErdelyi & Fedun(2010. m(kro) o 1)
In Equation (), negative ordern is not allowed as + Dyr2 (1-a’)
m = —1,-2,...andb = 0,—1,... are the forbidden m(l — «) +kar0M

Im (ka 7'0)
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Fig. 1 Under photospheric condition€'§. = 0.75Va;, Vae = 0.25Va; andCs; = 0.5Va;, please se&rdélyi & Fedun
2010, the diagram curves of the dimensionless phase spggg 6f the kink (» = 1) modes as a function of the
dimensionless wavenumbeérr(,) for a uniformly twisted intense magnetic flux tubs(, = 0.1). Ck, Cs; (Cse) and
Cr; are the kink, sound and tube characteristic speeds on theggt®re. Thelot-dashed curves correspond to the place
wherek2 = 0(m = +1) in the plots. Their left-/right-side regions are the donsaivhere only bodyX? < 0)/surface
(k2 > 0) waves are present.
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Fig.2 The normalised eigenfunctiogs/¢,., (Ieft panels) and Pr/Pr(ry) (right panels) of the kinkm = 4+1 modes are
plotted for the case af's, = 0.75Vai, Vae = 0.25Va; andCys; = 0.5V}; (photosphere conditions) whéf,;, = 0.1in a
compressible medium.

where D, = —2-A%*(m + kp)> and D; = —-k*B?  (Erdélyi & Fedun 201 We further define
asw? = 0. In form, the equation is consistent with
the dispersion equation of the oscillation modes of a

twisted magnetic flux tube in an incompressible medium  kroK?, (kro)

Im+1(kar0)
Icm - Km(kTo) ’

Im (kar0> ’ (12)

Xm = kaTO
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Fig. 3 Under coronal conditions{s. = 0.25Va;, Vae = 2.5Va; andCs; = 0.5V}, please se&rdélyi & Fedun(2010),

the diagram curves of the dimensionless phase speg¢f the kink (n» = £1) modes as a function of the dimensionless
wavenumberkro) for a uniformly twisted intense magnetic flux tubéa(s = 0.1). Va; (Vae), Ck, Csi (Cse) andCry

are the Alf¥n, kink, sound and tube characteristic speeds on the cofdralot-dashed curves correspond to the place
wherek2 = 0 in the plots. Note that the top one is for the= +1 mode, the bottom fom = —1 mode and the middle
for the both. For each modey(= +1 orm = —1), the body §2 < 0) waves only exist in between curves.

and EquationX0) becomes photosphere conditions, the fast kink surface mode has a
9 cut-off at a phase speeld,;, = Cs. that has no phase
QM] = speed solution for small dimensionless wavenumbers, i.e
Kom ) v . niess e
5 ro << 1 when there is magnetic twist, and the phase
A(m + kp) — (m + kp)”, speedV,,;, of the slow kink surface mode tends to infinity
which is just equation (35) inBennettetal.(1999. askro — 0 as shown in Figurel. For them = —1
Therefore, their analyses about stability of the disturbednode, the figure shows that its phase speeds of both the
incompressible twisted flux tube is also suitable for theslow and fast kink surface modes are less than those of
case of compressibility. They argued that= +1 are the the m = +1 mode, and the curves of the slow kink
most important modes and = 1 is the most unstable of surface mode seem to be a mirror of the counterparts of
the two. In this case, for smalti, andkp, when the ratio the m = +1 mode relative to a speed slightly greater
of the external field to azimuth field is unless thgrihatis ~ than C'r;. Moreover, there is a so-called mixed (hybrid)
f& > % the tube is stable. In a following section, we only character akro ~ 0.35 for both the fast and slow surface
present the diagrams of dispersion relation forthe- +1  kink modes, and their phase spegg, tends to zero as
modes. kro — 0. With krg — 0 the phase speed difference
between the two modes of. = +1 becomes more and
3 DIAGRAMS OF THE DISPERSION RELATIONS more significant. However, this difference would become
less and less significant wittyg increasing. In Figure,
we plot the normalized eigenfunctiogs and Pr of the
So far, the dispersion relation diagrams for the sausagfémdame_mam = £1 modes as a functlpn of radius.
(m = 0), kink (m — 1) and fluting ¢» > 1) modes Compar.mg the left two panels, we can fln-d that the phasg
peed difference between the two modes is larger and their
'Ference in amplitude&() is also larger. However, their
ifference in total pressure disturbanég§ does not show
such a similar change as shown in the right two panels.

[(m + kp)Xm + 2m][1 — (kro)

3.1 Compressibility

have been extensively investigated, but those of thei?
counterparts, the negative modes, are absent. We atte
to accomplish them and focus on the kimk = +1
wave modes. In a compressible medium for the= +1
mode, Erdélyi & Fedun (2010 demonstrated that under
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Fig.4 The normalised eigenfunctiogs/¢,, (left panels) and Pr/Pr(ro) (right panels) of the kinkm = +1 modes are
plotted for the case of'se = 0.25V4;, Vae = 2.5V4; andCs; = 0.5Va; (coronal conditions) wheis;4 = 0.1 in a
compressible medium.

\ Body wave

™

[ \ji\ Surface wave m=1,j=1,23 1

Yo
r ; % B
o X Body wave 1 i=123

121~ \'\/.) Surface wave m=-1,]=1,2,3,... 4

— o e e s L A T V)
1.0 ~m R 20 m=x1 Az

Von
T
A
\
\
\
I

0.8 i C,

06 &

Ae

Fig.5 The diagram curves of the dimensionless phase spggg ¢f the kink modess: = +1) as a function of the
dimensionless wavenumbeirr() for an uncompressible twisted magnetic flux tube whigh = 0.1B,, and B, =
0.5v/Bg, + B; (Bennettetal. 1999 Cx andVa;/Va. are the kink and Alfén characteristic speeds. Thiet-dashed
curves correspond to the place whekg = 0 in the plots. Note that the top one is for the= +1 mode, the bottom for
m = —1 mode and the middle for the both. For each made<£ +1 or m = —1), the body {2 < 0) waves only exist in
between curves.

These features will also appear in the following equal in magnitude, and the phase sp&gg of the fast

diagrams of dispersion relation. Under coronal conditjonskink surface mode ofn = —13 is less than that of the
as shown in Figur@ the phase speed,, of the fast kink  fast kink surface mode of. = +13. The phase speeds of
surface mode ofn = —1; is slightly greater than that of the fast kink surface modes of = +1, 5 have a cut-off

the fast kink surface mode oft = +1,, the two phase at a phase speed,, = Va.. For the slow kink surface
speeds of the fast kink surface moderaf = +1, are  modes, both the phase speed curves ofithe +1 modes
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Fig.6 The normalised eigenfunctiogs/¢,., (Ieft panels) and Pr/Pr(ro) (right panels) of the kinkm = 41 modes are
plotted for the cas®y = 0.1B,, andB. = 0.5\/B2, + Bg in an incompressible medium.

shows a mixed feature &3, — 0, of which them = +1 of m = —1 shows the feature atry ~ 1.1. In Figure®,
mode tends to infinity while thes = —1 mode tends to we plot the normalized eigenfunctiogs and Pr of the
zero. Moreover, the two sets of curves show symmetry ifundamentaln = +1 modes as a function of radiusg. It
morphology relative to a speed slightly greater tlian.  shows that the differences §f and Pr between the modes
In Figure4, we plot the normalized eigenfunctiofsand  decrease with their phase speed differences decreasing.
Pr of the fundamentaln = 4+1 modes as a function of

radiusrg. It shows that the phase speed difference being

large between the two modes does not mean that their

differences in amplitude of, and Pr are also large. ] A &
3.2 Incompressibility 08 ]
In an incompressible medium, the sound speed tends to = 0-6} 7
infinite and the slow-wave tube speed becomes thedAlfv > m=+l with twist

- ~ r — m=+1, without twist 1
speed. The fast waves are eliminated from the system > 04r m=-1 with twist .
and there is no distinction between the Alfivcontinuum [ 1
and the slow continuumBennett et al. 1999 Following 021 ]
Bennett et al. (1999, we take external fieldB, = I ]
0.5\/B3, + B and By = 0.1B,.. The dimensionless 00 00 00 200
phase speedlf,,) of the kink modes ¢z = =+1) as Radius (km)

function of the dimensionless wavenumbér-{) for an ) . .
) . . . . Fig. 7 The normalised velocity component /v, (rq) of
incompressible twisted magnetic flux tube are shown Nhe kinkm — +1 wave modes as function of radius are

Figure 5. The phase velocity bands of the body wavesotted in an incompressible magnetic cylinder, of which
of m = +1 show symmetry with respect to the Aliw  the blue/pink curves are for the twisted cylinder and the
speedVy,. Them = +1 mode tends to infinity, while the black curve for the untwisted one.

m = —1 mode tends t® askry — 0. The surface wave
of m = +1 shows a mixed feature &3, — 0 and that
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Table 1 Parameters of Nine Objects Observed by YFOSC

Twist m Csi Chaji CA1¢ Che Cse Tph w kro Vph kg k T0 d
ms ) (ms!) (ms!) mshH msl) (s) (adsl) (ms™ 1 (106)  (km)  (km)
No +1 9000 8182 818 2045 9818 150 0.042 3 5574 > 0 7.51 399 100
Yes +1 9000 8182 818 2045 9818 150 0.042 3 5724 >0 7.32 410 100
Yes -1 9000 8182 818 2045 9818 150 0.042 3 5365 >0 7.81 384 100

Tpn is period of the wave modes ands depth of the oscillation source under photosphere.

m=+1, without twist m=+1, with twist m= -1, with twist

Y (km)
o

Y (km)

Y (km)

-200 -200

n n L n n n n n n L n n n L n n n L I n L n n n n L n I I L L n L n n n
-200 0 200 -200 0 200 -200 0 200
X (km) X (km) X (km)

Fig.8 Snapshots of the simulated velocity component.ofor the kinkm = +1 wave modes in: — y plane. The left
panel is for the untwisted magnetic cylinder and the middie idght ones for the twisted cylinder. An animation of this
figure is available altit t p: / / www. r aa- j our nal . or g/ docs/ Supp/ ms4795f i g8. mp4.

4 MODELING OF SPIRAL WAVE PATTERNS The phase speel,, is derived from the dispersion
relations (1) and (3) for the wave modesaf = +1,
respectively. Under photosphere conditions, we ldke=
8182 ms*l, Cse = 1.2Va;, Vae = 0.25Va;, CSi = 1.1V4;,

Kang etal. (2019 interpreted the spiral wave pat-
terns (SWPs Sych & Nakariakov 2014 Su etal. 2016

Sych etal. 202D as the azimuthal wave modesi(=  anqy,., = 0.1Vy;. Table 1 lists all the relevant parameters
0.1,2) propagating in an untwisted uniform magnetic g|ated to the wave modes of = +1 propagating in the
cylinder. In this work, we follow their scenario and revisit it magnetic cylinder. For comparison, the—= +1
the issue. The magnetic twist is added into the flux tubg,a e mode in untwisted cylinder is also included in the

and the wave modes witm = +1 are investigated. (apje Ask2 > 0 for the listed three modes, they are
The internally oscillatory solution (surface waves) of the | surface waves which decay away from the cylinder’s
longitudinal velocity is given as followsrdélyi & Fedun

surface.
2010
Figure7 shows the normalized, as function of the
. 2 . k . z
v, =— Cy { {kro — VaizVon (mVaig + kroVaiz) radius of cylinder for them = 41 wave modes in a
Vth(Cgi +V3) - CginQB twisted flux tube andrn = +1 in an untwisted flux tube.
m(l —a) + 2zM’(a,b.x) At a fixed radius value, the value ofi = +1 wave
[1-2V3, e VQM(;’E”E) =1} (14)  mode in the untwisted flux tube is less/greater than that of
o (Voh = Vi, )1 —0?) m = —1/m = +1 wave mode in the twisted flux tube.
x% exp~% M(a,b, ) expi(kz+mé—wt) Figure 8 showsv, maps of them = +1 wave modes
kro(V2 —VZ) ) emerging from a depth of = 100 km under photosphere.
ph Iv Them = +1 wave modes have an opposite phase relation.
where C is arbitrary constant},, = w/k is phase In morphology, there is no significant difference between

speed,V4i, and Va;, are the two components of the the wave modes afr = 41 in the twisted and untwisted
internal Alfvén speed/y; in the longitudinal and azimuth magnetic cylinders. It indicates that the magnetic twist ha
directions of the cylinder, respectivelys; is internal no greatinfluence on the morphology of SWPs in the frame
acoustic speed and of linear perturbation analysis. We can suppose that the
complex structure of magnetic field in the sunspot with
m2V§i¢ 2mVaip Vaiz 5 different cutoff frequencies along different polar angles
Vig = K272 + ko + Vi (15) play a major role in forming SWPs. Waves propagating
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radially along magnetic waveguides will lead to their frequency fragmentation of wavefronts as the combination
frequency fragmentation and the appearance of a quasif narrowband spherical and linear parts of the wavefronts

spiral spatial shape. can provide the observed spirality. The study of relation-
ship between wave shapes and maps of the magnetic field
5 CONCLUSIONS inclination angles presented 8ych et al(2020 confirms

) . this assumption.
In this work, based on the work oErdélyi & Fedun

(2019 we derive the dispersion equation for the =  AcknowledgementsWe are grateful to an anonymous
—1 magneto-acoustic wave mode in the compressibleeferee for constructive suggestions. This work is sup-
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