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Abstract Synchrotron emission polarization is very sensitive to themagnetic field configuration. Recently,
polarization of synchrotron emission with a mixed (SM) magnetic field in the gamma-ray burst (GRB)
afterglow phase has been developed. Here, we apply these SM models to the GRB prompt phase and
compare their polarization properties with that of synchrotron emission in purely ordered (SO) magnetic
field. We find that the polarization properties in an SM model are very similar to these in a corresponding
SO model (e.g., synchrotron emission in a mixed magnetic field with an aligned ordered part (SMA) and
synchrotron emission with a purely ordered aligned magnetic field (SOA)), only with a lower polarization
degree (PD). We also discuss the statistical properties of the models. We find PDs of the simulated bursts
are concentrated around25% for both SOA and synchrotron emission in a purely ordered toroidal magnetic
field (SOT), while they can range from0% to 25% for SMA and synchrotron emission in a mixed magnetic
field with a toroidal ordered part (SMT), depending onξB value, i.e., the ratio of magnetic reduction of
the ordered magnetic field over that of random magnetic field.From statistics, if PDs of majority GRBs are
non-zero, then it favors SO and SM models. Further, if there are some bright GRBs with prominently lower
PDs than that of the majority GRBs, it favors SOT (SMT) models; if all the bright GRBs have comparable
PDs with the majority ones, it favors SOA (SMA) models. Finally, we apply our results to POLAR’s data
and find that∼ 10% time-integrated PDs of the observed bursts favor SMA and SMTmodels, and theξB
parameter of these bursts is constrained to be around 1.135.

Key words: gamma-ray burst: general — magnetic fields — polarization — radiation mechanisms:
nonthermal

1 INTRODUCTION

Gamma-ray bursts (GRBs) are luminousγ-ray transients
at cosmological distances. The non-thermal spectra of
most of the observed GRBs are described by the Band
function (Band et al. 1993), of which two power laws are
jointed at a break energyEp,obs in theνfν spectrum. Three
popular models of GRB prompt phase had been proposed
so far, i.e., the internal shock model (Rees & Meszaros
1994; Narayan et al. 1992), magnetic reconnection model
(Giannios 2008; Zhang & Yan 2011; Beniamini & Granot
2016; Granot 2016) and photospheric model (Thompson
1994; Eichler & Levinson 2000; Mészáros & Rees
2000; Rees & Mészáros 2005; Lazzati et al. 2009;
Beloborodov 2011; Pe’er & Ryde 2011; Mizuta et al.

2011; Nagakura et al. 2011; Ruffini et al. 2013;
Xu et al. 2012; Bégué et al. 2013; Lundman et al. 2013;
Lazzati et al. 2013). The predicted features of all these
three models can match the observations (Uhm & Zhang
2014; Zhang & Zhang 2014; Pe’er et al. 2005, 2006;
Rees & Mészáros 2005; Abramowicz et al. 1991; Pe’er
2008). Even with two decades of study, the emission
mechanism and magnetic field configuration (MFC)
during GRB prompt phase have remained mysterious.
Polarization strongly depends on these two factors and can
conversely be used as a probe (Granot 2003; Toma et al.
2009; Lan et al. 2016; Lan et al. 2019).

In fact, there are severalγ-ray polarimeters in com-
mission (Winkler et al. 2003; Hitomi Collaboration et al.
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2018) and a number of prompt polarization data have been
accumulated. Most of the observed GRBs have a lower
limit of polarization degree (PD) and the minimum lower
limit is about 30% (Willis et al. 2005; McGlynn et al.
2007; Götz et al. 2013, 2014). The observed PD values of
GRBs 100826A, 110301A and 110721A are27 ± 11%,
70±22% and84+16

−28%, respectively (Yonetoku et al. 2011,
2012). These PD observations mentioned above suggest
that GRB prompt emissions are highly polarized.

Recently, the POLAR team published their polariza-
tion observation results of five GRBs (Zhang et al. 2019).
Different from but consistent with the lower limit of the
previous results, POLAR’s data show that most of the
bright GRBs may be moderately polarized, with a PD of
∼ 10%. Another observational quantity of polarization
is its direction, usually depicted by polarization angle
(PA). Up till now, the measurements of PA are very
rare (McGlynn et al. 2007; Yonetoku et al. 2011, 2012;
Burgess et al. 2019). McGlynn et al.(2007) analyzed the
data of GRB 041219A and found PAs for both the 12 s
and 66 s time intervals are constant. In GRBs 110301A
and 110721A, PAs also keep roughly as constant, while
in GRB 100826A PAs for the two bright intervals have
a roughly 90◦ difference (Yonetoku et al. 2011, 2012).
Recently,Burgess et al.(2019) reanalyzed the POLAR’s
observational data of GRB 170114A and found a gradually
evolving PA for this burst.

Polarizations in GRBs have been widely studied,
including its properties with different emission mecha-
nism (Shaviv & Dar 1995; Sari 1999; Gruzinov 1999),
with different MFCs (Sari 1999; Granot & Königl 2003;
Toma et al. 2009; Lan et al. 2018, 2019) and with var-
ious jet structure (Rossi et al. 2004; Wu et al. 2005).
The emission mechanism for GRB prompt phase can
be synchrotron or inverse Compton (Wang et al. 2019;
Fraija et al. 2019). Literally, polarizations with three kinds
of MFCs have been studied (Sari 1999; Granot & Königl
2003; Toma et al. 2009). An ordered aligned MFC usually
originates from a perpendicular rotator of a magnetar
(Spruit et al. 2001) and an ordered toroidal MFC might be
generated through the Blandford-Znajek mechanism of a
black hole (Spruit et al. 2001), while a three-dimensional
(3D) anisotropic random magnetic field might be generated
by a shock or by magnetic reconnection. Recently,
polarizations of synchrotron emission with a 3D mixed
(SM) MFC at GRB afterglow phase had been discussed by
Lan et al.(2019) and Stokes parameters in a total magnetic
field, including both the ordered and random components,
were considered.

Because the polarization properties of synchrotron
emission are very sensitive to the MFC, polarizations of
GRB prompt phase with the newly developed SM models

are investigated in this paper. We discuss the polarization
properties of synchrotron emission with these new MFCs
in GRB prompt phase and compare their results with
these of the traditional MFCs (i.e., purely ordered MFC
and 2D random MFC confined in the shock plane). This
paper is arranged as follows. In Section2, we propose
our polarization models. Numerical results of these models
are exhibited in Section3. In Section4, we calculate the
statistical properties of GRB polarization. Then we apply
our models to POLAR’s data in Section5. Polarizations
of GRB 110721A and of prompt optical flash of GRB
160625B are discussed in Sections6 and7. Conclusions
and discussion are presented in Section8.

2 POLARIZATION MODELS

We consider the emission of an ultra-relativistic jet,
located at redshiftz. The emission region of the jet
is assumed to be a thin shell and it is optically thin
to γ-rays. For an observer with viewing angleθV , the
spectral fluence of the jet can be expressed as follows
(Toma et al. 2009; Ioka & Nakamura 2001; Granot et al.
1999; Woods & Loeb 1999).

Fν =
1 + z

d2L
R2

∫ θj+θV

0

sin θdθD2f(ν′)

∫ ∆φ

−∆φ

dφA0,

(1)
wheredL is the luminosity distance of the source,R is the
radius of the emission region.θj is jet half-opening angle,
D = 1/Γ(1 − β cos θ) is the Doppler factor,Γ andβ are
the bulk Lorentz factor and the velocity of the jet in units
of speed of light,θ is the angle between the line of sight
and local radial direction,ν′ = νobs(1 + z)/D andνobs is
the observational frequency.φ is the angle in the plane of
sky between the projection of jet axis and the projection of
the local fluid velocity direction. The expression of∆φ can
be found inToma et al.(2009) andLan et al.(2016). A0 is
a normalization factor, with units of erg cm−2 Hz−1 str−1.
The primed and unprimed quantities are in the comoving
frame and the observer frame, respectively. The spectrum
(f(ν′) = g(x)) of GRB prompt emission is assumed to be
described by Band function (Band et al. 1993).

g(x) =

{

x−αse−x, x < βs − αs,

x−βs(βs − αs)
βs−αseαs−βs , x ≥ βs − αs,

(2)
wherex = ν′/ν′0, ν′0 is the comoving break energy of the
Band spectrum,αs andβs are the low-energy and high-
energy spectral indices. Then the spectral indexα̃ can be
expressed as

α̃ =

{

αs, x < βs − αs,

βs, x ≥ βs − αs,
(3)



M. X. Lan, X. F. Wu & Z. G. Dai: Polarization of GRB Prompt Emission and its Application toPOLAR’s Data 55–3

Here, we only consider the linear polarization. The
Stokes parameters, which describe the linear polarization,
can be expressed as

Qν =
1 + z

d2L
R2

∫ θj+θV

0

sin θdθD2f(ν′)

×

∫ ∆φ

−∆φ

dφA0Πp cos(2χp),

(4)

Uν =
1 + z

d2L
R2

∫ θj+θV

0

sin θdθD2f(ν′)

×

∫ ∆φ

−∆φ

dφA0Πp sin(2χp),

(5)

Πp andχp are the local PD and PA, respectively.
Then if both Stokes parametersQν andUν are non-

zero, PD (Π) and PA (χ) of the jet emission are expressed
as

Π =

√

Q2
ν + U2

ν

Fν
, (6)

χ =
1

2
arctan

(

Uν

Qν

)

. (7)

If one of the Stokes parametersUν is zero, the PD of the
jet emission is defined as follows (Sari 1999).

Π =
Qν

Fν
(8)

Here, the absolute value ofΠ represents the magnitude
of the polarization. Its sign indicates the polarization
direction, polarization direction withΠ > 0 will have a
90◦ difference with that ofΠ < 0.

Here, we consider three classes of MFCs, large-scale
ordered (Granot & Königl 2003; Granot 2003; Toma et al.
2009), mixed (Lan et al. 2019) and random (Sari 1999;
Gruzinov 1999; Toma et al. 2009). There are three kinds
of ordered magnetic field discussed in the literature,
i.e., aligned (Granot & Königl 2003), toroidal (Toma et al.
2009) and radial (Granot 2003), and the mixed magnetic
field consists of ordered and random part, we therefore
discuss three subclasses of mixed MFCs with different
ordered parts, i.e., aligned + random, toroidal + random
and radial + random (Lan et al. 2019). Same as that in
Lan et al. (2019), the random part in the mixed MFC
is assumed to be isotropic in three-dimensional space.
We also consider two kinds of random MFCs, i.e., two-
dimensional random magnetic field confined in the shock
plane (Toma et al. 2009) and three-dimensional random
magnetic field isotropic in space (Lan et al. 2019). Then
we have four new polarization models, the synchrotron
emission in three mixed MFCs with different ordered
component (denoted as SMA, SMT and SMR) and syn-
chrotron emission in a three-dimensional random magnetic
field (SR3). We will compare polarization predictions

in GRB prompt phase of these four new models with
that of synchrotron emission in three ordered magnetic
fields (denoted as SOA, SOT and SOR) and synchrotron
emission in a two-dimensional random magnetic field
(SR2). The corresponding formulas are shown in the
Appendix.

3 NUMERICAL RESULTS FOR DIFFERENT
POLARIZATION MODELS

We take a set of fixed parameters:Γ = 100, αs =

−0.2, βs = 1.2, Ep,obs = 350 keV, ξB = 1.5,
δa = π/6, z = 1, θj = 0.1 rad, θV = 0.5θj and
hνobs = 250 keV. Ep,obs is the break energy of the Band
spectrum in the observer frame,δa is the orientation of
the aligned magnetic field. Without special illustration,
parameters used in the following calculations will take the
above fixed value. Since there are several parameters that
affect the polarization properties, we have discussed their
effects in the following. It is interesting to compare the
polarization properties in a mixed magnetic field with that
in a corresponding ordered magnetic field (e.g., SMA and
SOA), we therefore show the results of SM and SO models
together.

The statistical properties will be discussed below, the
observational angleθV for each GRB would be different,
therefore it is necessary to discuss the polarization
properties evolving withθV , of which are shown in
Figures 1, 2 and 7. Figure 1 presents the polarization
evolution for six models, including SMA, SOA, SMT,
SOT, SMR and SOR. Here we defineqobs ≡ θV /θj. The
profile of the PD curve for an SM model (ξB = 1.5) is
very similar to that with a corresponding SO model (i.e.,
SMA and SOA, SMT and SOT). The difference is that PD
values of SM models are lower than that of SO models as
expected.

For SOT model, the profile of our PD curve is very
similar to that ofToma et al.(2009), but our PD values
are lower and the reason for this will be discussed in
the following Conclusions and Discussion section. PDs
for SOT and SMT models are both 0 whenqobs = 0

because of axial symmetry. Then PDs of these two models
rise quickly with qobs, because jet axis will move from
the center of the observational cone (i.e.,1/Γ cone) to
the edge, leading to more and more incomplete magnetic
lines in 1/Γ cone and hence to an increasing PD. When
1/Γθj < qobs < 1 − 1/Γθj, PD curves of both SOT and
SMT models reach a plateau because the MFC for SOT
model or the ordered part of MFC for SMT model in1/Γ
cone is approximately aligned, this is also the reason for
that PD plateau of SOT (SMT) model coincides with that
of SOA (SMA) model. For both SOA and SMA models,
even whenqobs = 0, their PDs are non-zero because the
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Fig. 1 Polarization evolutions withqobs for different SO
and SM models. The upper panel shows the PD evolutions
and the lower panel corresponds to the PA evolutions.
The red solid line is for the SOA model, Thegreen
dashed line corresponds to SOT model, theblue dotted
line is responsible for the SOR model. Thered circles,
green diamonds andblue stars are our calculation points
and correspond to the SMA, SMT and SMR models,
respectively.
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Fig. 2 PD evolution withqobs for the SMR model. The
black solid line is for the SR3 model and thered solid line
corresponds to SOR model, of which are the limit of the
SMR model withξB = 0 andξB → ∞, respectively.

MFC for SOA model or the ordered part of magnetic field
for SMA model in1/Γ cone is aligned when the jet axis
coincides with the line of sight.

Since the asymmetry due to geometry will increase
when1/Γ cone crosses the jet edge, PDs will reach a small
peak whenqobs is slightly smaller than 1 for SMA, SOA,
SMT and SOT models. Then PDs begin to decrease for
these four models. Beyond someqobs, which is slightly
larger than1 + 1/Γθj, PDs begin to rise for SMA and
SOA models, while they continue to decrease for SMT and
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Fig. 3 Same as Fig.1, but for polarization evolutions with
jet half-opening angleθj .
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Fig. 4 Same as Fig.1, but for polarization evolutions with
jet bulk Lorentz factorΓ.

SOT models. The evolution trends of PDs for SMA and
SOA models behave very different from these for SMT and
SOT models. In general, the increasing PDs will indicate
an increasing asymmetry of the system and vice versa,
here it is some what hard for us to test the asymmetries of
these systems. PAs of both SOA and SMA models evolve
gradually when1/Γ cone crosses the jet cone (roughly
when1 − 1/Γθj < qobs < 1.5) and keep as constant for
otherqobs.

We notice that with the increase ofqobs, the profiles of
the PD curves for SOR and SMR (ξB = 1.5) models are
not similar in our Figure1. With the increase ofqobs, PD
curve for SOR model converges toPD ∼ 50%, while it
approaches 0 for SMR model (ξB = 1.5). To examine our
results for SOR and SMR models, we then calculate the
qobs−PD curves for SMR model with differentξB values,
which is shown in Figure2. WhenξB = 0, the magnetic
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field is 3D isotropic in space, which will lead to no net
polarization as shown in Figure2. WhenξB = 30 ≫ 1, the
magnetic field is dominated by the radial component and
the PD curve approaches that of SOR model (i.e.,ξB →

∞). Therefore, our results for SR3 (ξB = 0), SMR (0 <

ξB < ∞) and SOR (ξB → ∞) models are consistent. In
Granot(2003), polarization properties of SOR model had
been discussed, which is shown in figure 4 of his paper.
The profile of our PD curve for SOR model is very similar
to that ofyj = (Γθj)

2 = 100 shown in figure 4 ofGranot
(2003). Because our coordinate system has rotated by90◦

relative to that inGranot(2003), the sign of our PDs is
opposite compared with that ofGranot(2003) at sameqobs.
For SMR and SOR models, large PD will be obtained for
off-axis observations.

The polarization curves evolving withθj for SO
and SM models are shown in Figure3. The profiles
of PD curves are very similar for a SM model and a
corresponding SO model. Only the PD values of the SM
model are lower compared with that of the corresponding
SO model as expected. PDs initially decay withθj and
then keep roughly as constant whenθj > 0.1 rad for
both SOA and SMA models, While they increase to a
peak, then decay slightly and finally keep roughly as
constant for SOT, SMT, SOR and SMR models. For SOA
and SMA models, the decaying PD is due to loss of
observational geometric asymmetry with the increasing jet
half-opening angleθj . Whenθj ≫ 1/Γ (e.g.,θj ∼ 0.1

rad ≫ 1/Γ = 0.01), the asymmetry of the system is
dominated by the asymmetry of the aligned magnetic field
and the asymmetry due to the observational geometry is
negligible, so PD values of SOA and SMA models keep
roughly as constant whenθj > 0.1 rad. For SOT and SMT
models, although the observational geometric asymmetry
is decreasing, the magnetic field in1/Γ cone becomes
more ordered with the increase ofθj , which leads to
an increasing PD initially. Then whenθj ≫ 1/Γ, the
ordered part of the magnetic field in1/Γ cone (for SMT)
is approximately aligned and the asymmetry of magnetic
field in 1/Γ cone reaches its maximum value and keeps
roughly unchanged, leading to a roughly constant PD when
θj > 0.1 rad. Because a toroidal magnetic field in1/Γ
cone will approach an aligned case whenθj ≫ 1/Γ, PD
of SOT (SMT) model will approach that of SOA (SMA)
model at largeθj values. PAs of both SOA and SMA
models keep as constant withθj .

Polarization properties of SO and SM models evolving
with Γ are illustrated in Figure4. PDs for SOR and SMR
models are roughly 0 for the observational geometry of
θj = 0.1 rad andqobs = 0.5, no matter which value
the bulk Lorentz factorΓ takes. The profiles of the PD
curves are very similar for SMA, SOA, SMT and SOT
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Fig. 5 Same as Fig.1, but for polarization evolutions with
observational frequencyνobs.
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Fig. 6 Same as Fig.1, but for polarization evolutions with
peak energyEp,obs.

models, i.e., PD decays slightly whenΓ < 100 due to
loss of observational geometric asymmetry and then keeps
roughly as a constant afterΓ = 100 due to the dominated
asymmetry of magnetic field in1/Γ cone. PD values for
SMA and SMT models are lower than that of SOA and
SOT models as expected. For smallΓ value (e.g.,Γ = 50),
PDs of SOT (SMT) are slightly lower than that of SOA
(SMA), because the MFC in1/Γ cone is slightly less
ordered for a toroidal magnetic field case than that for an
aligned case when1/Γ cone is relatively large. Then with
an increase ofΓ, the MFC in1/Γ cone of a toroidal case
approaches that of an aligned case and PD curve of SOT
(SMT) model will converge to that of SOA (SMA) when
Γ > 100. PAs for both SMA and SOA models keep as
constant withΓ.

Figure5 shows the polarization evolutions withνobs
for SO and SM models. For SOR and SMR models, PDs
are roughly 0 for differentνobs values withθj = 0.1
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rad andqobs = 0.5. The profiles of PD curves are very
similar for SOA, SMA, SOT and SMT models. PDs are
roughly constant for these four models whenhνobs < 100

keV, then they increase slightly whenhνobs > 100 keV.
Because with increasing ofνobs, x value also increases.
Whenx ≥ βs − αs, the spectral index̃α will switch from
αs to βs. Since with the increasing of the spectral indexα̃,
local PDΠ0 also increases. Therefore, PDs will increase
after some observational frequencies. PDs for SMA and
SMT models are usually smaller than that of SOA and SOT
models as expected. PAs for both SMA and SOA models
keep as constant withνobs.

Polarization evolutions with peak energyEp,obs for
SO and SM models are exhibited in Figure6. Also PDs
of both SOR and SMR models are roughly 0 for different
peak energy. For SOA, SMA, SOT and SMT models, the
profiles of their PD curves are similar, i.e., PDs are initially
decreasing withEp,obs and then keep roughly as constant
after Ep,obs > hνobs = 250 keV. Because with the
increase ofEp,obs, for the same observational frequency,
x will decrease. Whenx < βs − αs, the spectral index̃α
will switch from βs to αs. With a decreasing of̃α, local
PD Π0 also decreases and then leads to a decreasing PD
with Ep,obs at the beginning. With the increase ofEp,obs,
especially whenx < βs − αs stands for all the fluid
elements (approximately atEp,obs > hνobs = 250 keV),
PD of the jet emission will keep as a constant. PAs of SOA
and SMA models are both constant withEp,obs.

Theqobs − PD, θj − PD, Γ − PD, νobs − PD and
Ep,obs − PD curves for SR and CD models are shown
in Figure 7. PD for SR3 model is always 0 independent
of various parameters. There are two PD peaks for both
SR2 and CD models inqobs − PD figure. These peaks are
reached aroundqobs = 1, with one peak located roughly at
qobs =

√

1− 1/2yj−1/
√

2yj < 1 and the other atqobs =
√

1− 1/2yj+1/
√

2yj > 1 with yj ≡ (Γθj)
2 and1/Γ ≪

θj . We also notice that PDs for SR2 and CD models have
the opposite signs (if they are both non-zero) at sameqobs.
The absolute value of PD for CD model is higher than that
for SR2 model. PAs of both SR2 and CD models change
abruptly by90◦ approximately whenqobs ∼ 1 for 1/Γ ≪

θj case. PD values for these three models are roughly 0 for
all Γ, νobs andEp,obs values withqobs = 0.5.

The polarization properties of SM models evolving
with ξB are shown in Figure8. For SMR model, even for
SOR model (i.e.,ξB → ∞), its PD value is roughly 0 for
the observational geometry ofθj = 0.1 andqobs = 0.5,
which is consistent with that shown in Figure2. PD curves
of SMA and SMT models coincide with each other. The
fast rise phases of these two curves continue tillξB = 3

and then they keep roughly as constant. WhenξB = 0, PDs
for three SM models are 0 because the total magnetic field

is random and isotropic in 3D space (Lan et al. 2019). For
SMA and SMT models, whenξB ≫ 1 (i.e.,ξB ≥ 3), PDs
for these two SM models will approach∼ 25%, of which
the corresponding SO models can be reached. PA forξB =

0 of SMA model is meaningless, because whenξB = 0

there is no net polarization and the two Stokes parameters
Qν andUν are both zero. Because of the computational
error of the computer.Qν andUν for ξB = 0 are very
tiny but non-zero, leading to the “computational” PA for
ξB = 0.

4 STATISTICS

In this section, Monte Carlo simulations have been
performed and the statistical properties of polarization
of GRB prompt emission have been studied. Since the
polarization properties of the nine models discussed in this
paper are not very sensitive to the observational frequency
and also the frequency-integrated polarization is very
expensive for computing resource, we will consider the
polarization properties at single frequency in the following
statistical study. We have simulated random numbers for
qobs, θj , z, Eiso andEp. Eiso is the isotropic equivalent
energy inγ-ray band of a GRB,Ep = Ep,obs(1 + z) is
the peak energy in the burst source frame. The probability
density function (PDF) of redshift is assumed to be
proportional to star formation rate (Porciani & Madau
2001).

f1(z) =
e3.4z

e3.8z + 45

(

∫

dz1/
√

ΩM (1 + z1)3 +ΩΛ

)2

(1 + z)3/2
,

(9)
whereΩM = 0.3 and ΩΛ = 0.7 are the normalized
density for matter and dark energy, respectively. The PDF
(f2(θj)) of the half-opening angle of GRB jet is taken
from figure 4(a) ofGoldstein et al.(2016), which is derived
through Ghirlanda relation (Ghirlanda et al. 2004) and is
suitable for long GRBs. We take the fluence-corrected PDF
for qobs (Gill et al. 2020).

f3(qobs) = f̄iso(qobs)qobs

=

[

∫ θj,max

θj,min

f̃iso(θV , θj)f2(θj)dθj

]

qobs.
(10)

f̃iso(θV , θj) = Eiso(θV , θj)/Eiso(0, θj) (Salafia et al.
2015), which is also the ratio of fluence atθV to that at
θV = 0.

f̃iso(θV , θj) =

∫ θj
0

sin θdθ
∫ 2π

0
dφ

(1−β cosα)3

π
β

(

1
(1−β)2 − 1

(1−β cos θj)2

) , (11)

wherecosα = cos θ cos θV + sin θ sinφ sin θV . Then we
marginalizeθj using its PDF to get the fluence-weighted
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Fig. 7 PD evolutions withqobs, θj , Γ, νobs andEp,obs for SR2, SR3 and CD models.

factorf̄iso(qobs). For the top-hat jet discussed in this paper,
the PDF ofqobs drops quickly when it is larger than 1,
therefore, most of our simulated GRBs are detectable. The
random numbers ofEiso andEp are generated through
empirical relations, which readsEisoθ

2
j /2 = 1051ζ1 erg

andEp = 200ζ2(Eiso/10
52 erg)1/2 keV, whereζ1 and

ζ2 are assumed to obey the lognormal distribution, the
averages of these two random numbers are set to be 1 and
the logarithmic variance ofζ1 and ζ2 are 0.3 and 0.15,
respectively (Toma et al. 2009).

To calculate the exact fluence, we needR2A0 andν′0.
For an on-axis observer, we haveEp(θV = 0, θj)

.
= D̄ν′0

andEiso(θV = 0, θj)
.
= (16π2/e)(Ep/h)R

2A0Γ
2θ2j/(1+

Γ2θ2j ), wheree is the base number of nature logarithm and

D̄ =
∫ θj
0 D sin θdθ/

∫ θj
0 sin θdθ

.
= 2 ln(1 + Γ2θ2j )/(Γθ

2
j ).

In deriving the expressions for̄D andEiso(θV = 0, θj),
the approximationΓ ≫ 1 and θj ≪ 1 are used. But
for each set of random numbers,θV is rarely to be 0,
we need to transformEiso(θV , θj) and Ep(θV , θj) to
the corresponding on-axis qualities throughEiso(θV =

0, θj) = Eiso(θV , θj)/f̃iso(θV , θj) and Ep(0, θj) =

Ep(θV , θj)/f̃
1/2
iso (θV , θj).

We then calculate the statistical properties for SO, SR2
and CD models. Except for the simulated random numbers,
the other parameters used in statistical calculation are
αs = −0.2, βs = 1.2 andΓ = 100. For SOA model,

the orientation of the aligned magnetic field is assumed
to beδa = π/6. The observational frequency is taken as
hνobs = 250 keV. Figure9 shows our simulated results
for SOA and SOT models. For these two models, there
is a PD island inEp,obs − PD diagram, the PD value at
this PD island is about25% and PDs of most simulated
GRBs take this value. PD distributions of the simulated
GRBs inqobs − PD diagram shown in Figure9 trace the
corresponding curves in Figure1 with scatters due to the
distribution of parameters. This result is not a coincidence,
because exceptθV , we take fixed parameters for others
in Figure 1. The fixed values of parameters used in this
paper are often the values with maximum possibility in
our simulation. Therefore, the simulation results can be
inferred from theqobs − PD curves in Figures1 and7,
i.e., PDs of the simulated GRBs inEp,obs − PD diagram
will concentrate around the PD value at PD plateau in
qobs − PD curve whenqobs < 1. There are some GRBs
for SOT model laying at the left lower corner ofqobs−PD

diagram. Theqobs parameters of these GRBs are small
and so do their PDs. The smallerqobs parameter indicates
that these GRBs are viewed nearly on-axis hence are very
bright. The lower PDs for nearly on-axis observations
would prefer the SOT model. Therefore, we conclude that
bright GRBs with lower PDs than that of PD value at PD
island would favor the SOT (or SMT) model.
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The Ep,obs − PD diagrams of SOR, SR2 and CD
models are shown in Figure10. There is a PD island for
these three models with PD∼ 0 and PD value at that PD
island inEp,obs−PD diagram equals to that in PD plateau
of qobs − PD curves in Figures1 and7 with qobs < 1.
Following the conclusions of SO, SR2 and CD models, we
do not simulate the PD distribution for SM models. It can
be inferred from Figure1 that PDs of both SMA and SMT
models will also concentrate around some value and this
concrete PD value depends onξB parameter, i.e., there will
be a PD island inEp,obs−PD diagram for SMA and SMT
models and the PD value at this PD island can range from
0 to25%. Here, the distributions of PA for various models
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Fig. 10 Same as Fig.9, but for SOR, SR2 and CD models.

are not discussed, because the orientations of GRB jets in
the sky are different, leading to the reference system of PA
will vary from burst to burst.

Figure6of Toma et al.(2009) had shown the statistical
properties for SOT, SR2 and CD models. For SR2 and
CD models, PDs of our simulated GRBs can also be
negative depending on the sign of Stokes parameterQν ,
because of our calculation formula defined in Section2.
Then the absolute value of PD represent the amplitude of
polarization and its sign shows its polarization direction.
In Toma et al. (2009), they take the absolute value of
Qν in their calculation hence lead to a positive PD. The
information of polarization direction will be lost in their
treatment. Polarization direction will be unimportant in the
statistical study because the orientation of each GRB jet
would be different in the sky leading to incomparability
of PAs. In figure 6 ofToma et al.(2009), PD values at PD
islands for SR2 and CD models are also 0 and our results
are consistent with their results. For SOT model, PD value
at PD island is about∼ 35% in Toma et al.(2009), while
it is ∼ 25% in our simulation and the reason for this will
be discussed in the following Conclusion and Discussion
section.

5 APPLICATION TO POLAR’S OBSERVATIONS

5.1 ∼ 10% Time-integrated PD

POLAR is aγ-ray polarization detector, which is onboard
Tiangong-2 space laboratory of China. During its opera-
tion, high-quality polarization observation had been made
for five GRBs (Zhang et al. 2019). Interestingly, the time-
integrated PDs of these measured bursts are around10%.
Meanwhile, the PD lower limit of former observations for
GRB prompt emission is about30%, which means that
GRB prompt emission is highly polarized and SO models
(i.e., SOA and SOT models) are favored. Although the PD
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“upper limit” of POLAR’s data is consistent with that of
the former observations, its results do show that most of
the GRBs may be moderately polarized. Since POLAR has
detected polarization properties of five GRBs, these results
are meaningful for statistical study.

PDs of the observed bursts are concentrated around
10%, which is very likely to be PD value at PD island of
Ep,obs − PD diagram. That value usually equals to PD
value at PD plateau whenqobs < 1 of qobs −PD curve. In
Section4, PD islands of SO, SR and CD model are either
too high (∼ 25%) or too low (∼ 0%) compared with the
observed∼ 10% PD. Since PDs of an SM model can range
from0% to that of a corresponding SO model (∼ 25%), the
observed∼ 10% PD will favor SMA and SMT models1.
From a theoretical aspect, magnetic field of internal shock
model or magnetic reconnection model would be mixed,
i.e., the ordered magnetic field carried out form the central
engine will be disturbed by collisions, shock or magnetic
reconnection. Our result of a mixed magnetic field in the
emission region of GRB prompt phase agrees well with
the prediction of popular models. Because PD value at PD
plateau ofqobs − PD curve for SMA and SMT models
depends strongly on theξB parameter, if we take typical
values for other parameters,ξB of these observed GRBs is
constrained to be 1.135.

5.2 GRB 170114A

GRB 170114A is very bright, so observations, at least for
the peak of the light curve, are very likely to be on-axis.
Time-resolved PDs of this burst seem to be large (about
30% around the light curve peak), so SR2, SOR, SMR
and CD models are disfavored, because large PD will be
obtained only for off-axis observation of these two models.
PA of GRB 170114A can evolve both gradually and
abruptly by∼ 90◦. For the non-precessing jet, especially
for the one-emission-region models, abrupt90◦ PA change
is very rare for SO and SM models, which can be seen
from Figure1, 3–6 and 7, hence these models are also
disfavored. Recently, polarization properties involvinga
precessing jet had been discussed byLan et al. (2019).
PA of a precessing jet can evolve both gradually and
abruptly by∼ 90◦ for both SR2 and SOA models. Since
SR2 model is rejected by high time-resolved PD of this
burst, we only consider SOA model with a precessing jet.
The time-integrated PD of the burst is relatively small
(∼ 4%), compared with that of time-resolved PD. For
SOA model of a precessing jet, since the abrupt90◦

PA change is very rare, the cancellation of time-resolved
polarized flux will be not significant and the resultant

1 For SMR model, its PD will concentrated around 0, hence it is
disfavored.

time-integrated PD will not reduce much compared with
that of time-resolved PD. Therefore, SOA model with
a precessing jet is also disfavored. For the magnetic
patch model (Granot & Königl 2003; Nakar & Oren 2004;
Granot & Taylor 2005), its PA will evolve randomly. Since
PA of GRB 170114A seems to be rotating anti-clockwise
with time, this model is also disfavored. Finally, it seems
that no polarization model on hand can explain the
observations of GRB 170114A.

6 THE POLARIZATION OF GRB 110721A

The PD of GRB 110721A is very high and the best fit value
reaches84%. Polarization of the burst was interpreted
with the early reverse shock model (Fraija et al. 2017a).
Such a high PD is even larger than that of synchrotron
emission of power-law electrons in an ordered magnetic
field (i.e., (p + 1)/(p + 3/7) with p the power-law
index of electron spectrum). For the models discussed in
this paper, a power-law distributed electron spectrum is
adopted. PD of the jet emission predicted by the models
with an ordered magnetic field is at a level of25% (see
our Fig. 9) and the maximum predicted PD of the jet
emission is< 50%, which is smaller than the lower limit
(∼ 56%) of GRB 110721A. Therefore, it seems that PD
predictions of the models in this paper could not interpret
the PD observations of GRB 110721A. However, the
detection confidence level of GRB 110721A is relatively
low. PD can be less than20% or as high as100% for
a 3σ confidence level. Actually, up till now, there has
not been a confirmation polarization detection with a 5σ

confidence level made in GRB prompt phase. Because of
high uncertainty of the the observational data, it is hard to
definitely discriminate the theoretical models.

MFCs during the internal shock phase are also
uncertain. Even the shock generated magnetic field might
be random (Gruzinov & Waxman 1999; Inoue et al. 2011),
it is still possible that a large-scale ordered magnetic field
advected from the GRB central engine can survive during
the internal shock phase. InFan et al.(2004), the internal
shocks with magnetization were discussed. Polarization
with such a magnetized internal shock was also calculated
roughly and the maximum PD predicted by the model is
0.6, which is the PD value in a purely ordered magnetic
field. Actually, the maximum PD (∼ 0.6) adopted in
Fan et al.(2004) is very conservative. Depending on the
MFC and energy spectrum of electrons, PD of the jet
emission with an ordered magnetic field can reach as
high as∼ 0.9 (Lan & Dai 2020). Therefore, in principle,
PD observations of GRB 110721A cannot reject the
magnetized internal shock model.

Our model cannot discriminate between the internal
shocks and reverse shocks for GRB 110721A. Because the
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model in our paper is constructed from observations of
the GRB prompt energy spectrum and it is independent of
the internal shock model and of the reverse shock model.
Therefore, we cannot use the results of our model to
discriminate these two models.

The major factors that affect the GRB polarization
are the MFCs and energy spectra of electrons in the
emission region. For these two models (internal shock
and reverse shock), the emission matters are both ejected
from the central engine, so it is possible for these two
models to have a large-scale ordered magnetic field in
their emitting region. Electrons in these two models are
both mainly accelerated by shocks, and energy spectra of
shocked accelerated electrons might be similar. Therefore,
polarization predictions of these two models should be
similar. The predicted PD of these two models can range
from zero (for 3D random magnetic field) to∼ 90% (for
single-energy electrons in an ordered magnetic field, see
Lan & Dai 2020). The predicted PAs of the most models
are usually a constant. The abrupt90◦ and the gradual PA
changes are relatively rare.

7 THE POLARIZATION OF PROMPT OPTICAL
FLASH OF GRB 160625B

Troja et al. (2017) have reported their polarization ob-
servations of prompt optical flash of GRB 160625B.
The observed PD is variable and significant, ranging
from ∼ 5% to ∼ 8%. In GRBs, the main emission
mechanism is synchrotron and then three factors affect
polarization properties significantly, the MFC, jet structure
and observational geometry.Fraija et al. (2017b) have
modeled the early and late afterglows of the burst and they
found that the ejecta of GRB 160625B is magnetized, with
a magnetization parameter ofσ ≃ 0.4. The energy spectra
of GRB 160625B were analyzed byZhang et al.(2018)
and the emission region of the main burst was found to be
Poynting-flux dominated. These results can be confirmed
by the polarization observations of prompt optical flash of
the burst. The optical linear PD increases from about5%

to 8%. GRB 160625B is very bright, indicating an on-axis
observation. Combining these two facts, the favored MFC
in the emitting region of optical radiation is mixed, i.e.,
including both ordered and random components (Lan et al.
2019). Because PD with a random magnetic field is about
zero for an on-axis observation, while it will be∼ 25%

for a purely ordered magnetic field (see Figs.9 and 10
in this paper). The mixed magnetic field in the optical
emitting region means the ordered part of magnetic field
exists in the ejecta and will indicate a magnetized ejecta
from central engine.

As mentioned in Section6, the results of the models
in this paper cannot be used to distinguish the internal

shocks and reverse shocks. By assuming the synchrotron
emission, the model in this paper is constructed from
observations of GRB prompt phase. It is only suitable
for the emitting spectrum with a Band-function like form.
Therefore, whether the model in this paper can be used
to describe the optical polarization of GRB 160625B
or not, depends on the energy spectrum of the optical
flash. Actually, the two models have similar properties
that affect polarization significantly. The materials of both
internal shocks and reverse shocks are ejected from the
central engine. If the outflow is magnetized, there will
be large-scale ordered magnetic field (or at least mixed
magnetic field) in these materials, large PD (or at least
moderate PD) can be predicted for these two models.
Polarization predictions of these two models should be
similar. If the MFCs in these two models are mixed, both
models could predict the observed5% to 8% PD of the
optical flash of GRB 160625B. As mentioned above, the
observed moderate PDs of the optical flash also suggest a
magnetized ejecta, while we do not know that the emission
of prompt optical flash of GRB 160625B is whether from
the magnetized internal shocks or from the reverse shocks.
Therefore, it might be very hard to distinguish these two
models through polarization observations.

8 CONCLUSIONS AND DISCUSSION

Because polarizations of synchrotron emission are very
sensitive to MFCs, their properties with different kinds of
MFCs should be investigated in detail. In this paper, we
have discussed the polarization properties of GRBs with
four new models (i.e., SMA, SMT, SMR and SR3) and
compared their properties with those of SOA, SOT, SR2
and CD models. Then a set of random numbers has been
simulated and the statistic properties of GRB polarization
are studied.

In SOA model, the aligned magnetic field is assumed
to be a series of parallel lines in the plane of sky, while the
ordered part is latitude circles in the jet surface in SMA
model. Through our calculation, the polarization properties
of SOA and SMA models are indeed very similar, which
infers that the difference of aligned magnetic field in SOA
and SMA models is very tiny, parallel lines in the plane
of sky are good approximation of latitude circles in the
jet surface. In our treatment, SR3, SMR and SOR models
are handled separately and these results are consistent.
Polarization properties of SMR model approaches that of
SR3 model whenξB → 0 and approaches that for SOR
model whenξB ≫ 1.

Polarization properties of SM models and the cor-
responding SO models (e.g., SMA and SOA) are very
similar, except that PD of the SM models can be lower,
depending onξB values. PDs of SO and SM models are
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sensitive to the observational angleθV , jet half-opening
angle θj and peak energyEp,obs, but are insensitive to
the bulk Lorentz factorΓ and observational frequencies
νobs. The conclusion forνobs−PD dependence is suitable
only for the energy band between 10 and 1000 keV.
PA evolutions are rare. For SMA and SOA models, PAs
change gradually only when the1/Γ cone crosses the jet
cone. PD plateau of SOT model inqobs − PD curve of
Figure1 whenqobs < 1 is about25% in our calculation,
while it is ∼ 40% in Toma et al.(2009), becauseEp,obs

is taken as 350 keV in our calculation while it is roughly
16 keV inToma et al.(2009)2. From our Figure10, PD is
about25% whenEp,obs = 350 keV, while it is as high as
40% for Ep,obs = 16 keV. Therefore, our results of SOT
model are consistent with that ofToma et al.(2009).

It is known that polarization originates from asym-
metries. The change of PD will reflect the change the
asymmetry in the system, including that of the emission
region itself and of the location of the observer. When
the asymmetry of the system increases, PDs also increase
and vice versa. Generally speaking, there are two kinds
of asymmetries for synchrotron emission in GRB jet, one
originates from the magnetic field in the emission region
and the other is contributed by the geometry (including
the geometry of jet structure and of observation). The
evolutions of PD value can be analyzed by the changes of
these asymmetries in the system. In addition, the spectral
index of electrons also affect local PD significantly and
then the PD of the jet.

qobs − PD diagrams of the simulated bursts trace
the correspondingqobs − PD curves in Figures1 and7
with small scatters. PD values at PD islands inEp,obs −

PD diagrams are also the PD values of PD plateaux in
qobs − PD curves withqobs < 1 of Figures1 and 7.
PD islands inEp,obs − PD diagrams of SOA and SOT
models are both concentrated around25%, so it is hard to
distinguish these two models through the statistics of PD
values. Same conclusions can be made for SMA and SMT
models, because polarization properties of SMA (SMT)
model are very similar to that of SOA (SOT) model, which
can be seen from Figure1. PD values at PD islands in
Epobs − PD diagrams of both SMA and SMT models can
range from 0 to25%, depending onξB values. PDs for SR3
model are always 0, independent of parameters. Although
the maximum PDs reached by CD and SOR models are
higher, it is still hard to distinguish them from SMR and
SR2 models through statistics. Because the locations and
orientations of the jet axes of the simulated bursts can

2 In Toma et al.(2009), Γhν′
0
= 350 keV andΓ = 100, thenhν′

0
=

3.5 keV, andEp,obs = Ep(θV , θj)/(1+z) = f̃
1/2
iso

(θV , θj)D̄ν′
0
/(1+

z) ∼ 16 keV.

be different, it is meaningless to discuss the statistical
properties of PA.

It was shown in the former studies that PA can evolve
gradually for SOA (SMA) model, while it can only change
abruptly by 90◦ for SOT (SMT) model, then the two
models are distinguishable through PA evolution patterns
of the single burst (Lan et al. 2016, 2019). Here, we
suggest that SOA (SMA) and SOT (SMT) models can also
be distinguishable through statistics of their PDs. If we
have a large time-integrated PD sample of GRB prompt
phase, there is a non-zero PD island for these GRBs in
the sample, then SOA, SOT, SMA and SMT models are
favored. Selecting the bright bursts (which is very likely to
be observed on-axis), then if PDs of at least several bright
GRBs are substantially lower than PD value at PD island,
SOT (SMT) models will be favored. If PDs of all the bright
GRBs are around the PD island value, SOA (SMA) model
are favored. If the PD island value of observed sample is
around 0, then SOR, SR2 and CD models are favored.

Finally, we apply our simulation results to POLAR’s
data and find that SMA and SMT models are mostly
favored for the observed time-integrated∼ 10% PD. For
GRB 170114A, large time-resolved PD favors the SO
models. Both the gradual and abrupt∼ 90◦ PA changes of
the burst favor the SOA model with a precessing jet, while
a low∼ 4% time-integrated PD could not be obtained from
the SOA model of a precessing jet, hence the model is
disfavored. The magnetic patch model is also disfavored by
the roughly anti-clockwise rotated PA of GRB 170114A.
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Appendix A: POLARIZATION OF SYNCHROTRON
EMISSION WITH DIFFERENT MFCS
AND CD MODEL

A.1. Synchrotron Emission in an Ordered Magnetic
Field (SO)

An ordered magnetic field in the emission region is still
possible, of which can be carried out from GRB central
engine. Since the directions of the ordered magnetic fields
are fixed in a point-like region (at which the direction of
the comoving wavevector is roughly fixed), the local PD
Πp for these three models, i.e., SOA, SOT and SOR, will
be equal toΠ0, whereΠ0 = (α̃+1)/(α̃+5/3) is the PD of

the synchrotron emission in an ordered magnetic field.A0

for three models can be expressed asA0 = (sin θ′B)
α̃+1.

The expressions ofsin θ′B and local PAχp for SOA model
are shown successively in the following (Lan et al. 2016).

sin θ′B =

[

1−D2 sin2 θ cos2(φ− δa)

cos2 θ + sin2 θ cos2(φ− δa)

]1/2

,

(A.1)

χp = φ+ arctan

(

cos θ − β

cos θ(1− β cos θ)
cot(φ − δa)

)

,

(A.2)
whereδa is the orientation of the aligned magnetic field.
These formulas for SOT model are as follows (Toma et al.
2009; Lan et al. 2016)

sin θ′B =

[

1−D2 sin2 θV sin2 θ sin2 φ

sin2 θ sin2 φ+ (sin θV cos θ − cos θV sin θ cosφ)2

]1/2

, (A.3)

χp = φ+ arctan

(

cos θ − β

cos θ(1 − β cos θ)
×

sin θV cos θ sinφ

(cos θV sin θ − sin θV cos θ cosφ)

)

. (A.4)

In the following, we will derive the expressions of
sin θ′B and of the local PAχp for the SOR model. In
this model, the magnetic field is along the radial direction
and also we assume that jet has no lateral expansion,
which finally readsB̂′ = β̂, where β̂ is the velocity
direction of the local fluid element. Then the electric
vector of synchrotron photons iŝe ‖ β̂ × k̂, wherek̂ is
the wavevector in the observer frame. Then we establish
a global coordinate system̂XŶ k̂, with X̂ along the
projection of the jet axis in the plane of sky. The polar and
azimuthal angle of the local velocitŷβ in X̂Ŷ k̂ system
areθ andφ, thenβ̂ = (sin θ cosφ, sin θ sinφ, cos θ). After
some calculations, we finally get̂e = sinφX̂ − cosφŶ .
Then the local PA for SOR model is

χp = arctan

(

eY
eX

)

= φ+
3π

2
. (A.5)

The pitch angle of electrons in such a radial magnetic field
can be found throughcos θ′B = B̂′ · k̂′ = (cos θ−β)/(1−

β cos θ), wherek̂′ is the comoving wavevector.

sin θ′B =

√

1−
(cos θ − β)2

(1− β cos θ)2
. (A.6)

A.2. Synchrotron Emission in a Mixed Magnetic Field
(SM)

During jet propagation, collisions, shocks or magnetic re-
connections may happen, which will disturb the magnetic
field lines, leading to a mixed magnetic field. Here we

also consider three kinds of mixed magnetic fields with
different ordered components (i.e., SMA, SMT and SMR),
which is the same as that inLan et al.(2019). These three
ordered magnetic field components in the mixed magnetic
fields are the same as that discussed above in Section 2.1.
The aligned and toroidal ordered components are assumed
to be confined in the shock plane while the radial ordered
component is along the radial direction of the jet element.
The random part of the mixed magnetic field is assumed to
be isotropic in three-dimensional space.

Same as that inLan et al. (2018), we establish two
coordinate systems:̂xŷβ̂ and1̂2̂k̂′, whereŷ = 1̂ ‖ β̂×k̂. In
a smaller region, where the direction of the magnetic field
is fixed, let the polar and azimuthal angles of the magnetic
field in 1̂2̂k̂′ system beθ′B andφ′

B . The detailed derivations
of the local PD and of the local PA are not repeated here,
which can be found inLan et al.(2019). We only give the
final results, which will be used here.

Πp = Π0

√

〈(sin θ′B)1+α̃ cos(2φ′

B)〉
2 + 〈(sin θ′B)1+α̃ sin(2φ′

B)〉2

〈(sin θ′B)1+α̃〉
,

(A.7)

χp = φ+ χ′

p +
π

2
+ nπ, (A.8)

with

χ′

p =
1

2
arctan

(

〈(sin θ′B)
1+α̃ sin(2φ′

B)〉

〈(sin θ′B)
1+α̃ cos(2φ′

B)〉

)

. (A.9)

The angle bracket denotes the average over the mag-
netic field direction.A0 can be expressed asA0 =
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〈(sin θ′B)
α̃+1〉. The average over the magnetic field

direction and the expressions forsin θ′B, sinφ′

B andcosφ′

B

for three kinds of mixed magnetic field with different
ordered components can also be found inLan et al.(2019).
n is an integer.

A.3. Synchrotron Emission in a Random Magnetic
Field (SR)

The random magnetic field may be generated or amplified
during the shock propagation, which is favored by the
observed low PD values (a few%) during the late GRB
afterglow phase (Covino et al. 1999; Rol et al. 2000, 2003;
Gorosabel et al. 2004; Greiner et al. 2004; Wiersema et al.
2012). Literally, an anisotropic 3D random field had been
discussed by several authors (e.g.,Sari 1999; Gruzinov
1999). Here, both SR2 (Toma et al. 2009; Lan et al. 2019)
and SR3 models are considered. For these two models,
we haveA0 = 〈(sin θ′B)

α̃+1〉 andΠp = |〈Q′

p〉/〈F
′

p〉| =

| −Π0〈(sin θ
′

B)
α̃+1 cos(2φ′

B)〉/〈(sin θ
′

B)
α̃+1〉|.

For SR2 model, consider a smaller region, where
the magnetic field direction is fixed, because the two-
dimensional random magnetic field is assumed to be
confined in the shock plane,η′ is set be the angle between
the magnetic field andx-axis in x̂ŷβ̂ coordinate. Then the
two-dimensional random magnetic field confined in the
shock plane can be expressed asB̂′ = B̂′

2 = cos η′x̂ +

sin η′ŷ. The expressions forsin θ′B andcos(2φ′

B) of SR2
model can be found inToma et al.(2009) and Lan et al.
(2016), which reads

sin θ′B =
(

1−D2 sin2 θ cos2 η′
)1/2

, (A.10)

cos(2φ′

B) =
2 sin2 η′

sin2 θ′B
− 1. (A.11)

For SR3 model, we follow the treatment inLan et al.
(2019). The three-dimensional isotropic random magnetic
field of SR3 model can be described asB̂′ = B̂′

3 =

sin θr cosφrx̂+sin θr sinφr ŷ+cos θrβ̂. θr andφr are the
polar and azimuthal angles of the random magnetic field
in coordinate system̂xŷβ̂. Using equation (7) ofLan et al.
(2019), we will obtain the expressions forsin θ′B, sinφ′

B

and cosφ′

B for SR3 model. Then it can be proved that
〈U ′

p〉 = 0, while it is hard to prove that〈Q′

p〉 is also zero
through parity of the integrand for SR3 model.

Local PAs for both SR2 and SR3 models depend on the
sign of the〈Q′

p〉, when〈Q′

p〉 > 0, χp = φ + 3π/2, when
〈Q′

p〉 < 0, thenχp = φ (Lan et al. 2019). Finally, it can
be proved that the Stokes parameterUν is zero for both
SR2 and SR3 models. In the following, we can see from
our numerical results that PD for SR3 model is indeed 0,
independent of all parameters.

A.4. Compton Drag (CD) Model

It is known that Compton scattering can induce po-
larization. In CD model, soft photons around the
GRB jet will be up-scattered by the electrons in jet
because of their relativistic bulk motion (Shaviv & Dar
1995; Eichler & Levinson 2003; Levinson & Eichler 2004;
Lazzati et al. 2004). Same as that inToma et al.(2009), a
nonthermal spectrum for the seed photons is assumed and
also the seed photon field are assumed to be unpolarized
and isotropic. Then it readsA0 = (1 + cos2 θ′)/2, Πp =

(1 − cos2 θ′)/(1 + cos2 θ′) andχp = φ + 3π/2, where
cos θ′ = (cos θ−β)/(1−β cos θ). Also for CD model, its
Stokes parameterUν is 0.
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