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Abstract In-situ observations from the FREJA magnetospheric research satellite and the Fast Auroral
SnapshoT satellite have shown that plasma waves are frequently observed in the auroral plasma, which are
believed to be fundamentally important in wave energy dissipation and particle energization. However, the
effects of a displacement current on these waves have not been examined. Based on the two-fluid theory,
we investigate the dispersion relation and polarization properties of fast, Alfvén, and slow modes in the
presence of a displacement current, and the effects of the displacement current on these waves are also
considered. The results show that the wave frequency, polarization, magnetic helicity and other properties
for the fast and Alfvén modes are highly sensitive to the normalized Alfvén velocityvA/c, plasma beta
β, and propagation angleθ, while for the slow mode the dependence is minor. In particular, for both fast
and Alfvén modes, the magnetic helicity is obviously different with and without the displacement current,
especially for the Alfvén mode with the helicity reversalsfrom right-handed to left-handed whenvA/c
increases from0 to 0.3. The charge-neutral condition of both fast and Alfvén modes with frequencies
larger than the proton cyclotron frequency is invalid in thepresence of the displacement current. Moreover,
the presence of the displacement current leads to relatively large magnetic compressibility for the Alfvén
mode and relatively large electron compressibility for thefast mode. These results can be useful for a
comprehensive understanding of the wave properties and thephysics of particle energization phenomena in
auroral plasmas.
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1 INTRODUCTION

The auroral zone is one of the most fascinating
regions in the magnetosphere and there exist a variety
of plasma physical processes, including the formation
of the electric field, particle acceleration, microphysics
of plasma instabilities, and radio emissions (Kaufmann
1984; Bespalov et al. 2006; Wu & Chen 2020). In-situ
observations from Earth auroral satellites, the FREJA
magnetospheric research satellite (FREJA) and the Fast
Auroral SnapshoT (FAST) satellite, have shown that a
variety of plasma waves exist ubiquitously in auroral
plasmas with a low-beta regime ofβ < me/mi,

⋆ Corresponding author

such as magnetohydrodynamics (MHD) Alfvén wave,
kinetic Alfvén wave, ion-acoustic wave, ion cyclotron
wave, fast wave, and whistler wave (Hofstee & Forsyth
1969; Cattell et al. 1998; Lund et al. 1998; Chaston et al.
2004, 2005), whereβ is the ratio of plasma pressure to
magnetic pressure. Moreover, the spacecraft measurements
have shown that plasma waves carry the Poynting flux
strong enough to induce efficient plasma heating and
particle acceleration in the auroral plasma through wave-
particle interactions (Lysak & Song 2003; Seyler & Liu
2007; Swift 2007).

In-situ auroral plasma observations, e.g., from FREJA
and FAST, have shown that the auroral plasma parameters
have a wide regime with the density varying from
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106 cm−3 to less than 10−2 cm−3, the temperature
from 0.1 eV to 10 keV, and the magnetic field from
0.5 G to 50 nT in the altitudes from102 km to about
105 km (Mozer et al. 1980; Kletzing & Torbert 1994;
Kletzing et al. 1998; Wu & Chao 2004). These plasma
parameters determine the local Alfvén velocityvA, which
has a higher value in the acceleration region between
0.7RE and 1.88RE and reaches its maximal value of
vA/c = 0.2 near1RE (Stasiewicz et al. 2000; Wu & Chao
2003), where RE and c represent the Earth’s radius
and light velocity, respectively. Therefore, the effects
associating with the normalized Alfvén velocity ofvA/c
cannot be neglected in the studies of plasma waves in
auroral plasmas.

In homogeneous magnetized two-fluid plasmas, there
are three well-known electromagnetic modes with fre-
quencies less than the electron cyclotron frequency: the
fast, Alfvén, and slow modes (Cramer 2001; Swanson
2003). The dispersion relation and polarizations have
been extensively studied using different formulations
for a number of plasma waves, such as MHD Alfvén
wave, slow wave, fast wave, kinetic Alfvén wave, kinetic
slow wave, ion-cyclotron wave, fast wave and whistler
wave (Hollweg 1999; Gary & Borovsky 2004; Lu & Li
2007; Gary & Smith 2009; Bellan 2012; Sahraoui et al.
2012; Boldyrev et al. 2013; Xiang et al. 2019). Based on
the two-fluid theory,Zhao (2015) obtained the general
dispersion relation and polarizations for low-frequency
waves with frequencies less than the electron cyclotron
frequency. However, their discussion is just in the limit
of vA/c ≪ 1, that is, the displacement current in the
Ampere’s law has been ignored (Lysak & Lotko 1996;
Zhao et al. 2014). A comprehensive investigation of the
wave dispersion relation and polarization properties in
the presence of a displacement current is still lacking
in auroral plasmas. In this paper, based on the complete
set of two-fluid and Maxwell’ equations, we study the
effects of a displacement current on the wave dispersion
relation and polarization properties. Our results show that
the wave frequency, polarization, and other properties are
sensitive to the normalized Alfvén velocityvA/c and
the plasma betaβ, as well as the propagation angleθ.
The polarization and helicity properties have potential
importance in understanding the physics of wave-particle
interaction in auroral plasmas.

The rest of the paper is organized as follows. First,
based on the two-fluid theory, the basic physical model
and the wave equation are derived in Section2. Then, the
effects of the displacement current on the wave dispersion
relation and polarization properties at different propagation
anglesθ, differentvA/c regimes, and differentβ regimes

are investigated in Section3. Finally, Section4 is devoted
to our discussion and conclusion.

2 PLASMA MODEL AND WAVE EQUATION

In an electron-proton plasma magnetized by an
ambient magnetic field along thez direction (i.e.,B0 =

B0ez), the complete set of two-fluid equation and
Maxwell’s equations can be written as follows:

mαn0

∂δvα

∂t
= n0qα (δE + δvα ×B0)−∇δPα, (1)

∂δnα

∂t
= −∇ · (n0δvα) , (2)

δPα = κγαTαδnα, (3)

∇× δB = µ0δJ + ε0µ0

∂δE

∂t
, (4)

∇× δE = −∂δB

∂t
, (5)

∇ · δE =
1

ε0

∑

α

qαδnα, (6)

where the subscriptα = i, e denote protons and
electrons, respectively,δnα, δvα, δE, δB, δPα, and
δJ represent the perturbed number density, velocity,
electric field, magnetic field, thermal pressure, and current
density, respectively.qα, n0, and Tα are the charge,
ambient number density, and temperature, respectively.κ,
γα, ε0, and µ0 are the Boltzmann constant, polyindex,
permittivity, and permeability, andθ is the propagation
angle between the wave vectork and the ambient magnetic
field B0. We consider a plane wave form ofδf =

δfk exp (−iωt+ ik · r), whereω is the wave frequency,
andk = k⊥ex + kzez is the wave vector.

From Equations (1), (3) and (6), the current density
δJ = n0e (δvi − δve) can be given by

Λ0Λ2δJx=

− i
n0eω

B0ωci

(

Λ2 +QΛ0 +QΛ0

ε0B0κTt

n0emiωci

T̃ek
2
⊥

)

δEx

+
n0e

B0

(Λ2 − Λ0) δEy − iQΛ0

ωε0κTt

miω2
ci

T̃ek⊥kzδEz

− ωn0eκTt

miω2
ci

(

Λ2T̃i −QΛ0T̃e

)

k⊥
δni

n0

,

(7)

Λ0Λ2δJy=− n0e

B0

(

Λ2 − Λ0 − Λ0

ε0B0κTt

n0emiωci

T̃ek
2
⊥

)

δEx

− i
n0eω

B0ωci

(Λ2 +QΛ0) δEy + Λ0

ε0κTt

miωci

T̃ek⊥kzδEz

+ i
n0eκTt

miωci

(

Λ2T̃i + Λ0T̃e

)

k⊥
δni

n0

,

(8)
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δJz=i
ε0κTtT̃e

ωme

k⊥kzδEx

+ i
e2n0

meω

(

1 +Q+
ε0κTt

e2n0

T̃ek
2
z

)

δEz

+
en0κTt

ωme

(

QT̃i − T̃e

)

kz
δni

n0

,

(9)

whereQ = me/mi,Λ0 = 1−ω2/ω2
ci,Λ2 = 1−Q2ω2/ω2

ci,
Tt = γiTi + γeTe, T̃i = γiTi/Tt, and T̃e = γeTe/Tt.
Making use of Equations (4) and (5), we get the relation
between the current densityδJ and the electric fieldδE

δJ = i
1

ωµ0

(

−k2δE + kk · δE + ε0µ0ω
2
δE

)

. (10)

Combining Equations (7) to (10), three components of
the electric field can be expressed in terms of the proton
number density

MδEx = i sin θB0vT
√

βkλiMx

δni

n0

,

MδEy = sin θB0vT
√

βkλiMy

δni

n0

,

MδEz = i cos θB0vT
√

βkλiMz

δni

n0

,

(11)

where the parametersM , Mx, My, andMz are presented
in Appendix A. Hereλi = c/ωpi is the proton inertial
length,β = v2T/v

2
A is the plasma beta,ωpi is the oscillation

frequency of protons,vT =
√

κTt/mi is the thermal
velocity, andvA = B0/

√
µ0n0mi is the Alfvén velocity.

By use of Equations (1) and (2), the number density of
protons is

[(

Λ0 + ρ2i k
2
⊥

)

ω2 − Λ0v
2
Tik

2
z

] δni

n0

=

− i
ω2k⊥
B0ωci

δEx +
ωk⊥
B0

δEy + ikz
e

mi

Λ0δEz,

(12)

whereρi = vTi/ωci means the proton gyroradius, and
vTi =

√

κγiTi/mi denotes the thermal velocity of
protons. Substituting Equations (11) into (12), the general
dispersion relation can be derived as
[(

1−

ω2

ω2
ci

+ sin2 θT̃iβk
2λ2

i

)

ω2

ω2
ci

− cos2 θT̃iβ

(

1−

ω2

ω2
ci

)

k2λ2
i

]

M

− sin2 θ
ω2

ω2
ci

βk2λ2
i Mx − sin2 θ

ω

ωci

βk2λ2
i My

+ cos2 θβk2λ2
i

(

1−

ω2

ω2
ci

)

Mz = 0.

(13)

The above wave equation represents a general
dispersion equation for all plasma waves in the presence
of a displacement current in the two-fluid plasma, which
gives six wave modes (as shown in Fig.1(a)-(c)), including
the slow mode, Alfvén mode, fast mode, Langmuir mode,

ordinary (O) mode, and extraordinary (X) mode. It should
be noted that for the parallel propagation (θ = 0),
the O mode and X mode correspond to the left-handed
polarization and right-handed polarization, respectively,
and therefore they are often called the L-O mode and R-
X mode (Andre 1985). If we setkλi → 0, Equation (13)
gives two resonance frequencies: the proton cyclotron
resonanceω = ωci cos θ and the electron cyclotron
resonanceω = ωce cos θ. From Equation (13), it is clear
that the dispersion relation obtained byZhao(2015) can be
recovered by settingvA/c = 0, which describes a general
dispersion relation for low-frequency waves in the absent
of the displacement current.

Based on Equation (11), the polarizationEy/iEx and
the magnetic helicityσ (Gary 1986) can be obtained as

Ey

iEx

= −My

Mx

, (14)

and

σ =
k (A · δB)

δB2
=

−2 cos θMy (Mx −Mz)

cos2 θ (Mx −Mz)
2
+M2

y

, (15)

where positive or negative helicity corresponds to the left-
handed or the right-hand sense of rotation with respect
to the wave vectork, respectively. HereA is the vector
potential, and the angular brackets denote an ensemble
average over waves of random phase. The magnetic field
and velocity perturbations are shown in AppendixB. For
whistler waves, the dispersion relation and polarization
properties of Equations (13) to (15) can be simplified in
AppendixC.

To consider the validation of the charge-neutral
condition, we define the ratio of electron to proton density
perturbations

δne

δni

= 1 +

(

sin2 θ
Mx

M
+ cos2 θ

Mz

M

)

βk2λ2
i

v2A
c2

. (16)

If δne/δni = 1, the number density of electrons equals to
that of protons, whileδne/δni 6= 1 implies that the charge-
neutral condition is invalid. In the condition ofvA/c = 0,
δne/δni = 1 is satisfied for all modes.

We define the magnetic compressibility as
(Gary & Smith 2009)

CB =
δB2

z

δB2
=

sin2 θM2
y

M2
y + cos2 θ (Mx −Mz)

2
, (17)

and the electron compressibility as (Podesta & TenBarge
2012)

Ce =
δn2

e

/

n2
0

δB2
/

B2
0

=
ω2

/

ω2
ci

[

M +
(

sin2 θMx + cos2 θMz

)

βk2λ2
i
v2

A

c2

]2

sin2 θk4λ4
i β

2

[

M2
y + cos2 θ (Mx −Mz)

2
] ,

(18)
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Fig. 1 Wave frequency and phase velocity as a function of the normalized wavenumberkλi at three propagation angles
θ = 5◦, 45◦, and85◦ in a low-beta plasma withβ = 10−4, vA/c = 10−2, andTi/Te = 1, where theblack, red, and
blue solid lines correspond to the slow, Alfvén, and fast modes, and theblack, red, andblue dashed lines represent the
Langmuir, O, and X modes.

which describes the relationship between the electron
number density and the perturbed magnetic field.

We also define the ratio of the electric field to magnetic
field as follows (Wu 2012)

|δE|
|δBvA|

=

ω/ωci

√

sin2 θM2
x + sin2 θM2

y + cos2 θM2
z

sin θkλi

√

cos2 θM2
y + cos2 θ (Mx −Mz)

2
+ sin2 θM2

y

.

(19)

3 DISPERSION RELATION AND POLARIZATION
PROPERTIES

In the present section we analyze the dispersion rela-
tion and polarization properties of fast, Alfvén, and slow
modes in the presence of a displacement current, and study
the effects of the displacement current on the dispersion
relation, polarization, helicity, and other properties. Based
on the dispersion equation of Equation (13), Figure 1
presents the wave frequencyω/ωci and phase velocity
ω/ (kvA) versus the normalized wavenumberkλi in three
different θ regimes: quasi-parallel propagationθ = 5◦,
oblique propagationθ = 45◦ and quasi-perpendicular
propagationθ = 85◦, where the black, red, and blue
solid lines correspond to the slow, Alfvén, and fast modes,
and the black, red, and blue dashed lines represent the
Langmuir, O, and X modes. Other plasma parameters are
β = 10−4, vA/c = 10−2, andTi/Te = 1.

From Figure1, it is obvious that the general dispersion
relation gives six roots forω2, which are divided into a
low frequency group and a high frequency group. The
low frequency group consists of the slow mode, Alfvén
mode, and fast mode, and the high frequency group is
shared by the Langmuir mode, O mode, and X mode
(Boyd & Sanderson 2003). The slow mode corresponds to
the slow magnetosonic wave atω ≪ ωci and the second
ion cyclotron wave atω ≤ ωci cos θ. The Alfvén mode
becomes the shear Alfvén wave atω ≪ ωci, the first
ion cyclotron wave atω ∼ ωci, and the ion acoustic
wave atωci < ω < ωce cos θ. The fast mode is the
fast magnetosonic wave atω ≪ ωci and the whistler
wave atωci < ω < ωce cos θ. It turns to the electron
cyclotron wave atω ∼ ωce cos θ. In addition, these modes
have clearly separated phase velocities at all propagation
angles except forθ = 0◦ and90◦. It should be noted that
only the low frequency group waves exist in the absent of
the displacement current. In this paper, we focus on the
low frequency group waves and the high frequency group
waves have been neglected.

In the following, we discuss the effects of the
displacement current on the wave dispersion relation and
other properties. Using Equations (13) to (18), Figure2
shows the wave frequency, phase velocity, and other
properties versus the normalized wavenumber for the slow
mode (black), Alfvén mode (red), and the fast mode (blue)
at three different propagation anglesθ = 5◦, 45◦, and85◦,
where the solid and dotted lines correspond tovA/c =

0.1 and0, respectively. Here the plasma parametersβ =
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Fig. 2 Wave frequency and polarization properties of slow mode (black), Alfvén mode (red), and fast mode (blue) as a
function of the normalized wavenumberkλi at three propagation anglesθ = 5◦, 45◦, and85◦ in a low-beta plasma with
β = 10−4 andTi/Te = 1, where thesolid anddotted lines representvA/c = 0.1 and0, respectively.

10−4 and Ti/Te = 1 have been used. As shown in
Figure 2, the wave properties of both fast and Alfvén
modes are sensitive to the displacement current, while the
properties of the slow mode are weakly dependent on the
displacement current. For both Alfvén and fast modes, the
wave frequency and phase velocity withω ≥ ωci are
smaller in the case ofvA/c = 0.1 than that in the case
of vA/c = 0, especially for the fast mode. Atθ = 5◦

and 45◦, asvA/c increases from0 to 0.1, the magnetic
helicity of the fast mode decreases fromσ = 1 to ≃ 0.5,

but that of Alfvén mode obviously decreases fromσ > 0

to < 0, implying a helicity reversals of Alfvén mode
from positive to negative value. It is also interesting to
see that the charge-neutral conditions for both fast and
Alfvén modes are invalid atω ≥ ωci (i.e., ne 6= ni),
which correspond to different wavenumberskλi ≃ 1 and
100, respectively. Also, asvA/c increases from0 to 0.1,
both the magnetic compressibility of the Alfvén mode
and the electron compressibility of the fast mode increase.
This indicates that the Alfvén mode has a relatively
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Fig. 3 Wave frequency and polarization properties of slow mode (black), Alfvén mode (red), and fast mode (blue) as a
function of the normalized wavenumberkλi at three propagation anglesθ = 5◦, 45◦, and85◦ in a low-beta plasma with
β = 10−5 andTi/Te = 1, where thesolid anddotted lines representvA/c = 0.3 and0, respectively.

large magnetic helicity and the fast mode becomes more
compressible in the presence of the displacement current.

Figure 3 presents the dispersion relations, polariza-
tions, and other properties for the slow mode (black),
Alfvén mode (red), and fast mode (blue) at three
propagation anglesθ = 5◦, 45◦, and85◦ in a low-beta
plasma withβ = 10−5 andTi/Te = 1, where the solid and
dotted lines correspond tovA/c = 0.3 and0, respectively.

Several mode properties in Figure3 are obviously different
from that in Figure2. For example, for the fast mode
at kλi ≤ 103, the wave frequency isω/ωci < 200 in
β = 10−5 andvA/c = 0.3 plasmas, butω/ωci < 400

in β = 10−4 and vA/c = 0.1 plasmas. The fast mode
has the magnetic helicityσ ∼ 0.2 and the magnetic
compressibilityCB ∼ 10−5 in β = 10−5 andvA/c = 0.3

plasmas. Moreover, the ratio of electric to magnetic fields



L. Xiang et al.: Effects of Displacement Current on Wave Dispersion and Properties 252–7

100

101

102

103

104

10-3

10-2

10-1

100

101

102

-0.4

0.0

0.4

0.8

1.2

-1.2
-0.8
-0.4
0.0
0.4
0.8
1.2

100

101

102

103

104

105

10-5

10-4

10-3

10-2

10-1

100

10-4 10-3 10-2 10-110-10

10-5

100

105

1010

1015

10-4 10-3 10-2 10-1 10-4 10-3 10-2 10-1

(a) =5°
/ ci

(b) =45°

 

 

 

 

(c) =85°
/(k

v A)

 

 

E y/iE
x

 

 

 
 

 

E/(
Bv

A)
C B

C e

vA/c vA/c vA/c

Fig. 4 Wave frequency and polarization properties versus the normalized Alfvén velocityvA/c for the Alfvén mode at
kλi = 103 (black) and fast mode atkλi = 50 (red) in a low-beta plasma withβ = 10−5, andTi/Te = 1, where panels (a),
(b), and (c) correspond to different propagation anglesθ = 5◦, 45◦, and85◦, respectively.

E/(BvA) is affected byvA/c for the fast mode, but not for
the Alfvén mode.

Detailed variations of the dispersion relation and po-
larization properties with the normalized Alfvén velocity
vA/c are shown in Figure4, where the black and red lines
correspond to the Alfvén mode atkλi = 103 and fast mode
at kλi = 50, respectively, and the plasma parameters are
β = 10−5, andTi/Te = 1. As shown in Figure4, the
wave frequency and other properties for both Alfvén and
fast modes are sensitive tovA/c. In particular, both the

wave frequency and phase velocity are nearly a constant
for the Alfvén mode, but they vary significantly for the
fast mode in the region of10−2 < vA/c < 0.6. The
polarizationEy/iEx and the magnetic helicityσ for both
modes are strongly affected byvA/c whenvA/c > 0.1,
but not varied whenvA/c < 0.1. For the fast mode, the
ratio of electric to magnetic fieldsE/(BvA) decreases
with increasingvA/c when vA/c > 0.1, while it is
nearly a constant (E/(BvA) ∼ 20) when vA/c < 0.1.
The magnetic compressibility increases with increasing
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Fig. 5 Wave frequency and polarization properties versus the plasma betaβ for the Alfvén mode atkλi = 103 (black) and
fast mode atkλi = 50 (red) in a plasma withTi/Te = 1, where panels (a), (b), and (c) correspond to different propagation
anglesθ = 5◦, 45◦, and85◦, respectively, and thesolid anddotted lines in panels (a), (b), and (c) representvA/c = 0.3
and0, respectively.

vA/c for the Alfvén mode, but it exhibits an opposite
trend for the fast mode. Also, the electron compressibility
significantly changes for the fast mode, while it is constant
for the Alfvén mode.

Another important parameter in space and solar
plasmas is the plasma betaβ, which covers a wide range
of β < me/mi in most auroral plasmas (Stasiewicz et al.

2000; Wu 2012). Figure5 shows the dependence of the
wave dispersion and other properties on the plasma beta
β at θ = 5◦, 45◦, and 85◦ in a plasma withvA/c =

0.3 and Ti/Te = 1, where the black and red lines
represent the Alfvén mode atkλi = 103 and fast mode
at kλi = 50, respectively, and the solid and dotted lines
correspond to the cases ofvA/c = 0.3 and 0. From
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Figure 5, it can be found that the wave frequency and
other properties sensitively depend on the plasma betaβ.
The fast mode has lower values of wave frequency, phase
velocity, polarization, and magnetic helicity atvA/c = 0.3

than that atvA/c = 0 in the low-beta region ofβ < 10−3,
while the Alfvén mode presents the same results between
vA/c = 0 and0.3 in the high-beta region ofβ > 10−2.
For both the fast and Alfvén modes, the ratio of electric
to magnetic fieldsE/(BvA) decreases asvA/c increases.
Furthermore, asvA/c increases from0 to 0.3, the magnetic
compressibility of the fast mode decreases atβ < 10−2,
whereas that of the Alfvén mode increases atβ > 10−4.
At vA/c = 0 the fast mode is incompressible, but it
becomes more compressive atvA/c = 0.3, especially for
the low-beta region ofβ < 10−3. These results indicate
the important role of the plasma betaβ on both Alfvén and
fast modes.

4 DISCUSSION AND CONCLUSION

In-situ measurements by the FREJA and FAST satel-
lites have shown that plasma waves can be widely detected
in the auroral plasma, including MHD Alfvén wave, ki-
netic Alfvén wave, ion-acoustic wave, ion cyclotron wave,
fast wave, and whistler wave (Hofstee & Forsyth 1969;
Cattell et al. 1998; Lund et al. 1998; Chaston et al. 2004,
2005; Wu & Chen 2020). These waves can efficiently
transform the wave energy into the kinetic energy of
plasma particles and can be responsible for the wave
energy dissipation and particle energization in the auroral
plasma (Lysak & Song 2003; Seyler & Liu 2007; Swift
2007; Wu 2012). In general, the polarization and helicity
states of these waves could play an important role in
the wave-particle interaction and have a potential impor-
tance in the physics of particle energization phenomena
(Chen & Wu 2011). Moreover, the displacement current
may be important in generating the parallel electric field,
which can cause efficient heating or acceleration of plasma
particles. However, there is still a lack of comprehensive
investigations on the wave dispersion and polarization
properties associating with the effects of a displacement
current in auroral plasmas.

In the present paper, we investigate the wave disper-
sion relation and polarization properties in the presence of
a displacement current in auroral plasmas, and the effects
of the displacement current on these properties are also
examined. Our results show that the displacement current
can considerably affect the electromagnetic polarization
properties for both fast and Alfvén modes, while the
effect of the displacement current on the slow mode
is minor. In particular, the fast mode withω ≥ ωci

has relatively small wave frequency and relatively small
phase velocity atvA/c = 0.3 as compared to that

at vA/c = 0, but the variation for Alfvén and slow
modes is insignificant. For fast and Alfvén modes, the
magnetic helicity is obviously different with and without
the displacement current, especially for the Alfvén mode
with helicity reversals fromσ > 0 to < 0 asvA/c = 0

to 0.3. Also, for fast and Alfvén modes, the charge-neutral
condition is broken (i.e.,ne/ni 6= 1) whenω ≥ ωci in
the condition ofvA/c = 0.3, implying that the presence
of the displacement current can lead to invalidation of the
charge-neutral condition. The ratio of electric to magnetic
fields E/(BvA) is affected byvA/c for the fast mode,
but not for the Alfvén mode. Moreover, the Alfvén mode
has relatively large magnetic compressibility and the fast
mode has relatively large electron compressibility in the
presence of the displacement current. In addition, the wave
dispersion relation and polarization properties for both fast
and Alfvén modes are different at different propagation
anglesθ, and sensitively depend on the plasma betaβ and
the normalized Alfvén velocityvA/c.

In-situ observations from the Juno spacecraft reported
by Tetrick et al. (2017) have shown that a number of
whistler activities exist in the high-latitude polar regions of
Jupiters magnetosphere. The observed waves are located
in the frequency range of∼ 50Hz – 40 kHz, and their
frequencies are below the electron cyclotron frequency≥
40 kHz. The ratio of electric to magnetic fields isE/cB ∼
0.5 − 3. In our theoretical predications (see Fig.3), the
presence ofvA/c = 0.3 can lead to lower frequency range
of whistler waves withω/ωci ≤ 200, which is consistent
with the observed frequency distributions in Jupiter’s high-
latitude regions. Moreover, the theoretical prediction ofthe
ratio of electric to magnetic fields for the whistler wave is
E/(cB) ∼ 0.3− 3 (i.e.,E/(vAB) ∼ 1 − 10). This result
can qualitatively explain the electromagnetic propertiesof
the whistler wave in Jupiter’s polar regions.

In summary, we revealed several new wave properties
of fast and Alfvén modes accounting for the effects of
a displacement current in auroral plasmas. These new
properties can be of potential importance for a better
understanding of wave modes and can be used in inter-
preting waves and turbulences at kinetic scales in auroral
plasmas. It should be noted that the two-fluid theory cannot
consider the kinetic wave-particle interaction effects, e.g.,
Landau damping and proton/electron cyclotron resonance
damping. However, our results can be a useful guide to
identify the wave modes in the kinetic theory and be
conveniently used to compare with the results of the kinetic
theory.
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Appendix A: EXPRESSIONS OF M , MX, MY, AND
MZ

The coefficients of M , Mx, My, and Mz in
Equation (11) can be written as follows

M=a3b2c1 + a3b1c2 − a2b1c3 − a1b2c3,

Mx =b2c3d1 − b1c3d2 − cotθb2c1d3 − cotθb1c2d3,

My =a3c2d1 − a2c3d1 + a3c1d2 − a1c3d2 + cotθa2c1d3

− cotθa1c2d3,

Mz =tan θa3b2d1 − tan θa3b1d2 − a2b1d3 − a1b2d3,
(A.1)

with the plasma parameters

a1 =cos2 θΛ0Λ2

(

1− 1

cos2 θ
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1

k2λ2
i

ω2

ω2
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(A.2)
where

Λ1 = 1−Qω2/ω2
ci. (A.3)

Appendix B: MAGNETIC FIELD AND VELOCITY
PERTURBATIONS

From Equations (1) to (6), the magnetic field and
velocity perturbations can be expressed in terms of the
number density perturbation of ions as follows:

δBx
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(B.3)

Appendix C: DISPERSION RELATION AND
POLARIZATION PROPERTIES OF
WHISTLER WAVES

For the whistler waves, at the frequency condition
of ω ≪ min[ωce, ωpe, ck], the dispersion relation in
Equation (13) can be simplified as follows (Zhao 2017)

ω
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1+Qk2λ2

i

v2

A

c2

,

(C.1)
which describes the dispersion relation of the whistler
wave including the effects ofvA/c.
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For the frequency limit ofω ≪ min[ωce, ωpe, ck], the
polarization and the magnetic helicity in Equations (14)
and (15) can be reduced to

Ey

iEx

=−
ω2

ω2

ci

(

1 +Qk2λ2
i

)2 − cos2 θk4λ4
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(C.2)

and
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2 cos2 θA (cos θ − i sin θB)

cos2 θ (cos θ − i sin θB)
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where

A =−
ω2

ω2

ci

(

1 +Qk2λ2
i

)2 − cos2 θk4λ4
i

ω3

ω3

ci

(1 +Qk2λ2
i )

v2

A

c2

+
cos2 θk2λ2

i
ω
ωci

(1 +Qk2λ2
i )
,

(C.4)

and

B =− cos θ
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(C.5)

From Equations (C.2) and (C.3), it is clear that the polar-
ization and the magnetic helicity obtained byZhao(2017)
may be recovered by settingω ≪ min[ωce, ωpe, ck].
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