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Abstract This paper investigates a simplified model for describing the gravitational fields of non-
axisymmetric elongated asteroids. The connection between the simplified model and the target aster-
oid is built by considering the positions of equilibrium points. To improve the performance of po-
sition matching for the equilibrium points associated with these non-axisymmetric asteroids, a non-
axisymmetric triple-particle-linkage model is proposed based on two existing axisymmetric particle-
linkage models. The unknown parameters of the simplified model are determined by minimizing the
matching error using the nonlinear optimization method. The proposed simplified model is applied
for three realistic elongated asteroids, 243 Ida, 433 Eros and (8567) 1996 HW1. The simulation re-
sults verify that the current particle-linkage model has better matching accuracy than the two existing
particle-linkage models. The comparison, between the simplified model and the polyhedral model, on
the topological cases of the equilibrium points and the distribution of gravitational potential further

validate the rationality and accuracy of the simplified model.
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1 INTRODUCTION

In the past decade, several asteroid missions have been
proposed or carried out by space agencies around the
world. Among these missions, there are two asteroid
sample return missions, Hayabusa 2 and OSIRIS-REX,
which are still ongoing. These missions demonstrate the
importance of asteroid exploration and the associated
great interest from space agencies.

Asteroid models are essential for studying the dy-
namics and designing orbits near asteroids. The poly-
hedral model (Werner & Scheeres 1996) is usually re-
garded as a precision model for irregularly shaped as-
teroids that does not have a problem with convergence
(Scheeres et al. 2000). Thus, it has been widely used in
studies of dynamics near asteroids such as equilibrium
points (Yu & Baoyin 2012b; Jiang et al. 2014; Wang et al.
2014; Yang et al. 2018) and periodic orbits (Yu & Baoyin

asteroids: individual (243 Ida, 433 Eros, (8567) 1996 HW1) — celestial mechanics —

2012a; Jiang 2015; Yu et al. 2015). However, this model
usually has thousands of parameters (vertices and facets)
that are needed to guarantee accuracy. Therefore, compu-
tation of the gravitational field by the polyhedral model
can be time consuming. Moreover, it is hard to analyze
the relationship between the dynamics and the model pa-
rameters. On the contrary, simplified models which ap-
proximate the gravitational field usually only have few
parameters. Moreover, some simplified models have a
simple analytical expression for computation of the grav-
itational field. Thus, it is convenient to analyze the effects
of model parameters on the dynamics near asteroids such
as the stability of equilibrium points (Zeng et al. 2015),
the admissible hovering regions (Yang et al. 2015) and
the distribution of stable periodic orbits (Lan et al. 2017).
Besides, simplified models can also be used for helping
designing orbits (Wang et al. 2017) and feedback con-
trol (Yang et al. 2017). Thus far, many simplified asteroid
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models have been proposed, such as the straight segment
(Riaguas et al. 2001; Elipe & Lara 2003), double mate-
rial segment (Bartczak & Breiter 2003), points and seg-
ments (Bartczak et al. 2006), the homogeneous cube (Liu
et al. 2011), the dumbbell-shaped model (Li et al. 2013,
2017), the synchronous double ellipsoids model (Shang
et al. 2015), the mass dipole model (Zeng et al. 2015),
the triple-particle-linkage model (Lan et al. 2017) and the
dipole segment model (Zeng et al. 2018).

Study on the connection between the simplified
model and polyhedral model for natural elongated aster-
oids began in the work of Zeng et al. (2015). Their idea
proposed determining parameters of the simplified model
by matching the equilibrium points of the simplified
model with those of the polyhedral model. The employed
simplified model is the so-called mass dipole model
where the two primaries are connected by a massless
rigid rod. This model is also referred to as the double-
particle-linkage model by Lan et al. (2017). Study of
dynamics near the mass dipole model was started by
Chermnykh (1987), where the stability of the libration
points was investigated. The corresponding problem is
named the Chermnykh problem and study on the sta-
bility of libration points was extended by Gozdziewski
(1998). Prieto-Llanos & Gomez-Tierno (1994) also ap-
plied this model for the Mars-Phobos system. Recently,
Zeng et al. (2017) extended the dipole model to the case
that both primaries have oblateness. An important advan-
tage of the mass dipole model is that it connects the dy-
namics of near elongated asteroids with the dynamics of
the circular restricted three-body problem.

Application of the mass dipole model (i.e. the
double-particle-linkage model) is based on an impor-
tant assumption that an elongated asteroid has an ap-
proximately axisymmetric shape about the x axis. This
assumption is reasonable for asteroids such as 216
Kleopatra, 951 Gaspra and 1620 Geographos. However,
it no longer holds true for some elongated asteroids (e.g.
243 Ida) which have arched shapes. In order to solve
this problem, Lan et al. (2017) proposed a triple-particle-
linkage model based on the model of Zeng et al. (2015).
In their proposed model, an external non-collinear pri-
mary is connected to the mass dipole model. Their model
is axisymmetric about the y axis which cannot reflect
the non-uniformity of the mass distribution for non-
axisymmetric elongated asteroids. To overcome this is-
sue, one effective way is to use the mascon gravitation
model which can be regarded as a multiple particle-
linkage model. In the work of Chanut et al. (2015),
a mascon gravitational model based on the polyhedral
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model was proposed. However, the computational time
increases with the number of mass particles. Moreover,
it becomes difficult to analyze the effect of the mass dis-
tribution on the dynamics due to the large number of
parameters. Therefore, we aim to improve the simpli-
fied particle-linkage models (Zeng et al. 2015; Lan et al.
2017).

In the current work, non-axisymmetric elongated
asteroids are investigated. A non-axisymmetric triple-
particle-linkage model is proposed to achieve improved
performance over both the double-particle-linkage model
(i.e. the mass dipole model) and the axisymmetric triple-
particle-linkage model for target elongated asteroids.
This paper also aims to propose a method based on non-
linear optimization for parameter determination of the
simplified model. This method has the advantage of re-
ducing the total position error for the equilibrium points
compared with the previous method (Zeng et al. 2015)
where only the equilibrium point with maximum devia-
tion was considered. In addition, the proposed simplified
model is compared to the polyhedral method in terms of
both topological classification of the equilibrium points
and distribution of gravitational errors for justification of
the simplified model.

The advantages of the studied model are as follows.
First, this model has better approximation performance
than the two previous particle-linkage models (Zeng et al.
2015; Lan et al. 2017) for connecting with the precision
model (i.e. polyhedral model) of non-axisymmetric elon-
gated asteroids. Second, it is beneficial for qualitatively
analyzing the effects of model parameters although the
studied model is only an approximate model. Qualitative
analyses can analyze the effects of a few mass distri-
bution parameters in the following aspects: the varia-
tion tendency of required control for body-fixed hovering
(Yang et al. 2015), shapes and distributions of the linearly
stable body-fixed hovering regions (Yang et al. 2015), the
width and distribution of stable periodic orbits near the
equatorial plane (Lan et al. 2017), etc. Moreover, based
on qualitative analyses, it has the potential to guide con-
trol design with the precision model. For example, lin-
ear feedback control for body-fixed hovering control is
designed for elongated asteroids based on characteristics
of the double-particle-linkage model (Yang et al. 2017).
Third, the simplified model also can be used for estimat-
ing the magnitude level of required control for maneu-
vers (e.g. body-fixed hovering).

The paper is organized as follows. The normal-
ized equation of motion near asteroids and two exist-
ing particle-linkage models are introduced in Section 2.
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Thereafter, the non-axisymmetric triple-particle-linkage
model is proposed based on these existing models to
serve as the simplified model. In Section 3, a method
for determining the parameters of the simplified model
based on nonlinear optimization is given. In Section 4,
The proposed model and method are applied for three
non-axisymmetric elongated asteroids, 243 Ida, 433 Eros
and (8567) 1996 HW 1 (hereafter called 1996 HW1). The
performance of the current model is compared with the
two existing models to show the advantage of reducing
the matching error. In Section 5, the rationality of the
simplified model is further verified by topological clas-
sification of equilibrium points and the distribution of
gravitational potential. Section 6 gives the conclusion of
the paper.

2 DYNAMICAL MODEL

In this section, the motion equations near an elon-
gated asteroid are derived. Thereafter, two axisymmetric
particle-linkage models approximating the gravitational
field of the asteroid are introduced. Last, an improved
approximate simple model, which is a non-axisymmetric
particle-linkage model, is presented.

2.1 Equations of Motion

The motion of a massless particle in the gravitational
field of a uniformly rotating non-axisymmetric elongated
asteroid is considered. A body-fixed frame, for which the
origin is at the center of mass of the asteroid and the three
axes are aligned with the three principle axes of the aster-
oid, is adopted. The equation of motion in this frame is

FH2wXxr+wx(wxr)+g=0, (1)

where » = [z,y, z]T represents the position vector of
the particle relative to the mass center, w = [0,0,w]"
denotes the angular velocity vector and g is the gravita-
tional acceleration which is

T
g= | ¥ EZ x| @)
Here U is the gravitational potential. The definition of U

herein is
U:—G///ldm7 3)
r

body

where G is the gravitational constant, 7 is the distance
relative to the origin and m is the mass of a mass point
on the asteroid.
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Defining the effective potential as (Yang et al. 2015;
Zeng et al. 2015; Lan et al. 2017)

1
V:—E(wxr)~(w><r)+U, “)
we can rewrite Equation (1) as
7"+2w><7’"+a—V:O. 5)
ar

Selecting the length unit as L and the time unit as
w™!, we can rewrite Equation (5) in a normalized form

(Yang et al. 2017)

=2 +V, =0,
9’ +23 +V, =0, (6)
24V, =0,

where a represents the normalized form of a, o’ and a”
denote the first and second order derivatives of a respec-
tively, and the subscripts x, y and z signify the partial
derivatives with respect to the position.

2.2 Existing Particle-Linkage Models

In this part, two axisymmetric particle-linkage models
which have been proposed by prior studies are briefly in-
troduced.

The first axisymmetric particle-linkage model is the
double-particle-linkage model which is known as the
mass dipole model (Zeng et al. 2015). As shown in
Figure 1(a), this model is composed of two particles and
a massless rod. The masses of the two particles are M;
and M> and the total mass is M. The length between
these two particles is L. Denote a mass ratio p = M;/M.
Then, the normalized positions of these particles are
Tayy, = 1 — p, Ty, = poand G,
21\42 =0.

For this model, the effective potential is (Yang et al.
2015; Zeng et al. 2015)

R ~2 ~2 1—
oY —k<ﬁ+#), %)
2 T1 T2

:y]\42 :é’Ml =

where

a2 L N2
(& =) + (9 — an)"
and the dimensionless parameter & is

GM

k=

)
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The elements of the gradient of the effective potential are

. A o l—p .
Vm:—x—}—k[%(m—fﬂ]\ﬁ)ﬁ-—ﬂ(l’—zTMg)}7

7 73
. )
=i+ [5G+ T = )]
1 T2
(10)
‘7z:_2+k[%(2_21\41)4‘%#(2—2]\42)]
1 T3
(1)

According to Figure 1(a), the double-particle-linkage
model is symmetric about the z axis. In the study of Zeng
et al. (2015), it is shown that this model has good accu-
racy for an elongated asteroid when its mass distribution
is approximately symmetric about the = axis. However,
some elongated asteroids, such as asteroid 243 Ida (as
shown in Fig. 1), have an arched shape. In order to study
these asteroids, Lan et al. (2017) proposed a particle-
linkage model which is not symmetric about the x axis
and also has only few design parameters, similar to the
double-particle-linkage model.

The second particle-linkage model is the axisym-
metric triple-particle-linkage model (Lan et al. 2017) as
shown in Figure 1(b). This model is composed of three
particles and two massless rods. The masses of the three
particles are M, M; and M and the total mass is M.
The relative positions of these particles are illustrated in
Figure 1(b). Denote a mass ratio p# = M;/M and length
ratio 0 = h/L. Then, the normalized positions of these
particles are

jl:_%7 A1:(1_2:u‘)0-7 21:07
B=1 G=(1—2)0, 5=0, (12
j3207 .7;3:2%7, z3=0.

For this model, the effective potential is

R 52 ~2 1—2
g —k<ﬁ+ﬁ+ _ “), (13)

2 T1 T9 T3
where
R NN L N\2
f1 =7 (Z—21)"+(§—91)",
Py =\ (& — 22)* + (§ — 2)°,
and

Py =\ (& —&3) + (9 — 3)° -

The elements of the gradient of the effective potential are
Ve=—id+k [%(:ﬁ—fcl)—f-%(i—fcz)
™ )

(14)
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> A meo 22PN
Vy:_y+k|:ﬁ(y_yl)+73(y_y2)
1

E (15)
1 —2p X
+ fg ( _y3):| B
n_—gm{%(—zlw%(g_gz)
LSt T3
Lo (16)

Although this model is not symmetric about the z
axis, it is symmetric about the y axis. However, some
elongated asteroids, such as 243 Ida and 433 Eros, are not
very approximately symmetric about the y axis. There
is still room for improvement in the accuracy of this
axisymmetric triple-particle-linkage model. Therefore, a
non-axisymmetric triple-particle-linkage model is pro-
posed which is presented in the next subsection.

2.3 Non-Axisymmetric Triple-Particle-Linkage
Model

A schematic diagram of the non-axisymmetric triple-
particle-linkage model is shown in Figure 2. From this
figure, it can be seen that this model is also composed of
three particles and two massless rods. It is assumed that
particles M; and M, are located on the z; axis, which
is parallel to the x axis. The distance between these two
particles is denoted as L. In addition, the deviations of the
third particle M3 relative to the center of the rod which
connects M7 and M are [; and [ along the = and y axes,
respectively.

In order to derive the normalized effective potential,
the mass ratios of these three particles to the total mass
M are denoted as j11, p2(1 — p1) and (1 — p2) (1 — pq).
Besides, two dimensionless parameters are defined to de-
scribe the deviation of M3 which are o9 = [;/L and
09 = lo/ L. Thereafter, the positions of M7, My and M;
in the frame 01 — x1y1 21 are [—1/2,0,0], [1/2,0,0] and
[o1, o2, 0] respectively. The positions of these particles
in the frame o-xyz which is centered at the center of mass
of the model are as follows:

Lm pe(l—pa) (1—u2)(1—u1)01

Tvy, = =5+ 5 2 2 )
U, = —7(1_H2)2(1_”1)02,
21\41 =0.
(17)
Eag, = % + % _ M2(1;#1) _ (1*#2)2(1*#1)0,17
i, = A=l
2v, = 0.

(18)
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I L I

(a) Double-particle-linkage model

L I

(b) Axisymmetric triple-particle-linkage model

Fig.1 Axisymmetric particle-linkage models.

e y

Fig. 2 Non-axisymmetric triple-particle-linkage model.

_ope(l—pa) (1—#2)2(1—#1)017

Ty, =01+ % 5
_ (A—p2)(A—p1)

gMz ;
Zmy = 0.
(19)
For this model, the effective potential is
R ~2 ~2 1—
po- T _k[g+w
1 T2
(20)
L) (- m)] ’
r3
where

P = \/(i' _£M1)2 + (g_gM1)27

Py = /(@ — 2a) + (3 — 9n,)’

and

Fs = /(6 — ) + (5 — sy

The elements of the gradient of the effective potential are

(T —Zpy) 21

Vy=—g+k [%(@ i)
1
1—
i bl 3 ) (9 —9m,) (22)
2
1-— 1-—
Q= pa) (1 i) (y—ym)} :
r3
V. =k [‘f—;z prallom),
77 735 23)
T3

3 PARAMETER DETERMINATION FOR THE
NON-SYMMETRICAL
TRIPLE-PARTICLE-LINKAGE MODEL

Three different particle-linkage models have been pre-
sented in the preceding section. However, each particle-
linkage model has unknown parameters that need to be
determined. In this study, the angular velocity and total
mass of each simplified model are set to be equivalent
to those of the asteroid. Therefore, the double-particle-
linkage model only has two unknown parameters which
are L and p. As for the axisymmetric triple-particle-
linkage model, it has three unknown parameters which
are L, o0 and p. The most complex model is the non-
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symmetrical triple-particle-linkage model. It has five un-
known parameters which are L, o1, 0g, 111 and s.

In this study, the parameters are determined by the
positions of equilibrium points, similar to the approach
used by Zeng et al. (2015). The position of an equilibrium
point [Zg,§r, 2] satisfies the following equation

= ‘/z ('rE'vyEsz) =0.

The idea of Zeng et al. (2015) is to match the positions of
equilibrium points from the simplified models with those
of a precision model. But different from the work of Zeng
et al. (2015), the total position matching error of all equi-
librium points is minimized and the selected design ap-
proach in the current work is nonlinear optimization.

The method of parameter determination for the non-
symmetrical triple-particle-linkage model is as follows.

The optimization variables for this model are X =
[L, 01, 02, 1, p2]. Both the upper bounds [Liax, 01maxs
O2max> H1max> ,LLQmaX] and lower bounds [Lmin, O1min>
O2min»> M1mins M2min] are set to get the constraints for
each variable before optimization.

The performance index for the nonlinear optimiza-
tion is chosen as

Jo = Z \/(i'EiL —ap:*) + (el —yei*)’ + (z8:*)°
i=1

(25)
where [Zg;,Jri,Zr:] represents the normalized posi-
tions of the equilibrium points in the simplified mod-
els, [xgi*,ymi*,zr;"] corresponds to accurate positions
of the equilibrium points, the subscript ¢ indicates the
ith equilibrium point and n represents the total num-
ber of equilibrium points. The total number of equilib-
rium points outside of elongated asteroids is usually four
according to results in the work Wang et al. (2014).
Moreover, accurate positions of the equilibrium points
are computed by the polyhedral method of Werner &
Scheeres (1996). Minimization of the performance index
can be obtained by nonlinear optimization solvers (e.g.
fmincon in MATLAB).

Determinations of parameters in the two axisymmet-
ric models can be regarded as simplified cases of the non-
axisymmetric model. The optimized variables should be
modified to X = [L, 0, 0, u, 1] for the double-particle-
linkage model while they should be X = [L, 0, o,
i, 1/ (1-p1)] for the axisymmetric triple-particle-linkage
model.

)
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4 APPLICATION TO REALISTIC ELONGATED
ASTEROIDS

In this section, the aforementioned particle-linkage mod-
els are applied to three realistic elongated asteroids, 243
Ida, 433 Eros and 1996 HW1, by the proposed param-
eter determination method. The improved performance
of the axisymmetric triple-particle-linkage model com-
pared with the double-particle-linkage model and the ax-
isymmetric triple-particle-linkage model is also demon-
strated.

4.1 Parameters of the Sample Elongated Asteroids

The bulk densities and rotation periods of the three elon-
gated asteroids are listed in Table 1. In this study, the
polyhedral models are regarded as the precision model
and the polyhedral method (Werner & Scheeres 1996)
is used to compute accurate gravitational potentials for
the asteroids. The used data for the polyhedral models of
these asteroids are also given in Table 1. The masses of
the asteroids are obtained by the polyhedral models.

By using the polyhedral method, accurate positions
of the equilibrium points for Equation (25) are obtained.
The results are shown in Table 2. It should be pointed out
that only the equilibrium points outside of each asteroid
are considered.

In simulations, the boundary constraints for each
particle-linkage model are chosen as follows:

(1) Non-axisymmetric triple-particle-linkage model:
[Limaxs Lmin] are set to [30, 60]km, [20, 40]km
and [1, 4] km for 243 Ida, 433 Eros and 1996 HW1,
respectively. [01min, T1max] are set to [-0.5, 0.5] for
each asteroid. [0omin, Oomax] are set to [-0.2, 0.2]
for 243 Ida and 433 Eros and [-0.4, 0.4] for 1996
HWIL. [ft1min, #1max] and [ftomin, fl2max] are both
set to [0.001, 0.999] for each asteroid.
Axisymmetric triple-particle-linkage model: [ L ax,
Lmin] are set to [30, 60]km, [20, 40]km and [1,
4]1km for 243 Ida, 433 Eros and 1996 HWI1, re-
spectively. [omin, Omax] are all set to [-0.3, 0.3].
[f4min, 4max] are all set to [0.001, 0.499].
Double-particle-linkage model: [ Lyax, Lmin] are set
to [20, 60] km, [15, 40]km and [1, 4] km for 243 Ida,
433 Eros and 1996 HW 1, respectively. [ ftmin, fmax]
are all set to [0.001, 0.999].

@)

3

The process of selecting these boundary constraints
is as follows. As for the geometry parameters L, 01, 02
and o, the boundary constraints are set according to the
actual shapes of the asteroids. If the value of a geometry
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Table 1 Physical and Polyhedral
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Parameters of the Asteroids

Asteroid Bulk density® Rotation period M Vertices & Facets?c?
(gem™?) (h) (kg)

243 Ida 2.6 4.63 4.077860x 1016 2522 & 5040

433 Eros 2.67 5.27 6.652614 x 1015 856 & 1708

1996 HW1 3.56 8.757 1.543656 x 1013 1392 & 2780

Notes: ¢ Wang et al. (2014); b Stooke (2016); ©

Thomas et al. (2001); “Magri et al. (2017).

Table 2 Positions of Equilibrium Points for the Asteroids

Asteroid El E2 E3 E4
(km) (km) (km) (km)
243 Ida [31.3950, [-1.4150, [-33.3547, [-2.1609,
-5.9630, 25.4106, -4.8504, -23.5709,
0.0340] -0.3786] —1.0886] 0.0975]
433 Eros [19.1304, [0.4717, [-19.6938, [-0.4475,
-2.6118, 14.6974, -3.3419, —13.9483,
0.1414] -0.0615] 0.1218] -0.0734]
1996 HW 1 [3.2117, [-0.1501, [-3.2684, [-0.1811,
0.1338, 2.8076, 0.0841, -2.8258,
-0.0023] 0.0005] —-0.0010] 0.0001]

Table 3 Optimization Results for the

Double-particle-linkage Model

Asteroid L w k Jo J1 Jo
(km) (km)

243 Ida 25.0886 0.4155 1.2126  13.1781 23.8853%  0.4820%

433 Eros 15.3094 04764 1.1279 7.2729 22.2942%  0.7634%

1996 HW1 1.8736  0.4194 39426  0.0812 2.2471%  0.0195%

parameter is at the boundary after the optimization, we
enlarge its range and conduct optimization again to make
the optimized parameter be located between the bound-
aries. As for the mass ratios, the boundary constraints are
set according to their theoretical ranges.

The initial guesses for each particle-linkage model
are chosen as follows:

(1) Non-axisymmetric triple-particle-linkage model: [ L,
o1, 02, [1, pe] are set to [40, 0.0, 0.2, 0.5, 0.5], [30,
0.0, 0.2, 0.5, 0.5] and [2, 0.0, 0.0, 0.5, 0.5], respec-
tively.

(2) Axisymmetric triple-particle-linkage model: [L, o,
1] are set to [40, 0.2, 0.4], [30, 0.2, 0.4] and [2, 0.2,
0.4], respectively.

(3) Double-particle-linkage model: [ L, 1] are set to [40,
0.5], [30, 0.5] and [2, 0.5], respectively.

4.2 Optimization Results for the Particle-Linkage
Models

By application of the optimization method mentioned in
Section 3, the optimization results of the three particle-
linkage models are obtained as shown in Tables 3 — 5.

In these tables, definitions of the performance indexes J;
and J5 are as follows:

J, = max (\/(iEiL—wE’i*)2+(inL_yEi*)2+(ZEi*)2
><100%>, i=1,2,3,4, (26)

Jo = min (\/(iEiL_wEi,*)2+(inL—yEi*)2+(ZEi*)2
xlOO%), 1=1,2,3,4. 27

These performance indexes are computed after optimal
parameters for the index Jy have been obtained. They
indicate the maximum and minimum relative errors for a
single equilibrium point, respectively.

Comparing the data in these tables and results in the
studies of Zeng et al. (2015) and Lan et al. (2017), we
find the following properties and results:

From Table 3, it can be found that the double-
particle-linkage model is not suitable for asteroids 243
Ida and 433 Eros because the maximum relative errors
are both over 20.0%. In fact, these two asteroids are
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Table 4 Optimization Results for the Axisymmetric Triple-particle-linkage Model

Asteroid L o o k Jo J1 Jo
(km) (km)

243 Ida 33.7302 0.2097 0.2465 0.4990 6.3052 6.7963% 0.7076%

433 Eros 21.0353 0.1717 0.2601 0.4348 2.1849 3.5865% 1.3244%

1996 HW 1 2.0174 -0.2596 0.4434 3.1580 0.1409 3.1797% 0.4126%

Table 5 Optimization Results for the Non-axisymmetric Triple-particle-linkage Model

Asteroid L o1 o9 w1 w2 k Jo J1 Jo
(km) (km)
243 Ida 37.1096 0.0500 0.1719 0.1893 0.3132 0.3747 1.9082 3.0860% 0.1038%
433 Eros 21.3237 0.0074 0.1604 0.2373 0.3597 0.4174 1.6342 3.7642% 0.3464%
1996 HW1  1.9931 0.0913 -0.3929 0.4014 0.9097 3.2749 0.0183 0.6936% 0.0089%
Table 6 Topological Classification and Stability of Equilibrium Points
Topological classification Forms of eigenvalues Stability

Case | +iB(B; € R+;j = 1,2,3) Linearly stable
Case 2 ta;(a;j ERT;j=1), £iB(B; € RT;j =1,2) Unstable
Case 3 ta;(a;j e RT3 =1,2), £iB(B; € RT3 =1) Unstable
Case 4a taj(a; ERT;j=1), o tir(o,Tr€RT) Unstable
Case 4b taj(a; € RT55=1,2,3) Unstable
Case 5 totir(c,r € RT), £iB(B, € RT;5=1) Unstable

not studied in the work of Zeng et al. (2015). However,
the maximum relative error is only 2.2471% for asteroid
1996 HW1, which means this model is suitable for ap-
proximation. Moreover, this maximum relative error is
smaller than the result of Zeng et al. (2015). The reason
is due to the nonlinear optimization that is used in this
study, which is considered to be a better procedure for
determining the parameters.

Comparing Table 4 with Table 3, we see that the total
errors and the maximum relative errors of the axisym-
metric triple-particle-linkage model are much smaller
than those of the double-particle-linkage model for aster-
oids 243 Ida and 433 Eros. Therefore, the external parti-
cle in the axisymmetric triple-particle-linkage model is
important for reducing the model error. However, the ax-
isymmetric triple-particle-linkage model has worse ac-
curacy compared with the double-particle-linkage model
for asteroid 1996 HW1. The camber of 1996 HWI is
much lower than those of 243 Ida and 433 Eros. Indeed,
as mentioned above, this asteroid is studied by Zeng
et al. (2015) using the double-particle-linkage model.
Thus, the importance of the external mass becomes much
lower. Moreover, because the mass distribution is sym-
metric along the x axis for the axisymmetric triple-
particle-linkage model, but it is not for the double-
particle-linkage model, this indicates the asymmetry in

the mass distribution along the x axis is also an impor-
tant factor for guaranteeing accuracy.

Comparing Table 5 with Tables 3 and 4, it can
be concluded that the non-axisymmetric triple-particle-
linkage model leads to the smallest total error Jy
for each asteroid. Therefore, the accuracy of the non-
axisymmetric triple-particle-linkage model is better than
that of existing particle-linkage models (Zeng et al.
2015; Lan et al. 2017). The maximum relative errors are
only 3.0860%, 3.7642% and 0.6936% for these aster-
oids, respectively. Although the maximum relative error
of the non-axisymmetric triple-particle-linkage model
is slightly larger than the axisymmetric triple-particle-
linkage model for 433 Eros, both the total error and the
minimum relative error are smaller.

Consequently, the non-axisymmetric triple-particle-
linkage model has advantages over the two existing
particle-linkage models for matching equilibrium points
of the polyhedral model.

5 COMPARISON BETWEEN THE SIMPLIFIED
MODEL AND THE POLYHEDRAL MODEL

In the preceding section, the parameters of the non-
axisymmetric triple-particle-linkage model were ob-
tained. The position errors of the equilibrium points be-
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tween this simplified model and the polyhedral model are
small for our sample of elongated asteroids.

In this section, topological classifications of the equi-
librium points and distributions of the gravitational po-
tentials between the non-axisymmetric triple-particle-
linkage model and the polyhedral model are compared
for further justification of the non-axisymmetric triple-
particle-linkage model.

5.1 Topological Classification of the Equilibrium
Points

According to prior works (Jiang et al. 2014), the lin-
earized motion near an equilibrium point can be written
as

& =20 + Voul + Voyn + Vizs = 0,

77” + 25/ + meg + Vyun + Vyz§ =0,
C" 4 Vil + Vi + Ve =0,

(28)

where &, 1 and ( are position disturbances along each
axis, respectively. The eigenvalues of the equation satisfy
(Jiang et al. 2014)

ﬁ+(ﬁm+%y+@z+QA4
"‘/

—V2 - f/jz + 4@) A2 (29)

/_\

_Vw V;fz - ‘/;JUVLEQZ - ‘/ZZVwQU) =0
where )\ represents the eigenvalues. The eigenvalues
determine the manifolds and stability of motion near
the equilibrium point. According to Jiang et al. (2014)
and Wang et al. (2014), the topological classifications
for non-degenerate and non-resonant equilibrium points
have five cases which are classified based on the forms
of the eigenvalues as shown in Table 6. The stability for
each case is also given in this table. According to Table 6,
only Case 1 leads to a linearly stable equilibrium point.
As for the non-axisymmetric triple-particle-linkage
model, elements of the Hessian matrix of the effective
potential are

31

me:—l—Fk ,LL1 — 5 (I—i]ﬂl)Q

1 ™
4 2 (17:%— ) g (15_ ) (& — d,)°
S - ]

(30)
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Table 7 Results of Topological Classifications by the
Simplified Model
Asteroid El E2 E3 E4
243 Ida Case 2 Case 5 Case 2 Case 5
433 Eros Case 2 Case 5 Case 2 Case 5
1996 HW1 Case 2 Case 5 Case 2 Case 5
~ 3 . .
Vyy = —1+k {— - L~ i)’
7"1 1
(1—M1) ~ Bu2 (1 — )
+ 73 75 (9 — yMz)
T2 T2
(I—p) A=) (A—p) A —pa),
+ =3 - -5 (y - yﬂfs)2 )
T3 T3
(31
3u1 . 1-— 3 1-—
sz_k{g_;_ ilzeruz( - pa)  3Bpa( L #1) oo
™ 1 73 72
(I—p2) A=) (1= p2)(l—p) Az}
+ 3 - 7B s
T3 T3
(32)
3 3 125 VN PN
Vay = Vyo = =3k Lg_5 (@ —2m,) (G — Imy)
1
pa(l—p1) 0 S
+ (7:5 ) (‘T_xfwz)(y_yMz)
2
T—pe) (I —p) . . L
Ut B2 ) 5= )|
3
(33)
sz:f/zz =—3kz |:/f_51 (j7 xﬂfl)
51
1- ..
+ pa ( 5 ) (T — Tar,) (34)
73
1— 1-— .
+( /LQ)AEE Ml) (x _ x]w?’):| ,
T3
3 3 A | M1 A
Vi = Vg == 382 |54 (5~ )
1
po(l—pa) .
p 2o g (35)
T3
T—po)(T—p1) .
NLETREET P
3

With the optimized parameters in Table 5, the eigen-
values can be computed. Thereafter, the corresponding
topological classifications for equilibrium points of the
three sample asteroids are obtained as shown in Table 7.
These topological cases are the same as those in the work
of Wang et al. (2014) where the polyhedral model is used.
Consequently, the topological cases of the equilibrium
points are not changed by using the non-axisymmetric
triple-particle-linkage model.
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Fig.3 Distribution of the effective potentials near the asteroids (unit: m? s~2). NATPLM represents the non-axisymmetric triple-
particle-linkage model; PM signifies the polyhedral model. The red points stand for equilibrium points.

5.2 Distribution and Relative Errors of the
Potentials

Thus far, it has been verified that position errors of the
equilibrium points are small and the topological cases
remain the same by application of the non-axisymmetric
triple-particle-linkage model for the sample asteroids.

Next, we compare distributions of the effective po-
tential and the gravitational potential between the non-

axisymmetric triple-particle-linkage model and the poly-
hedral model for justification of this simplified model.
The distributions of effective potential for 243 Ida,
433 Eros and 1996 HW1 are shown in Figure 3, where
subfigures (a), (c) and (e) are obtained by the non-
axisymmetric triple-particle-linkage model and subfig-
ures (b), (d) and (f) are obtained by the polyhedral model.
From Figure 3, it can be seen that each equilibrium
point obtained by the non-axisymmetric triple-particle-
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Fig.4 Distribution of percentage errors for potentials near the asteroids. EP represents effective potential and GP signifies gravita-

tional potential. The red points stand for equilibrium points.

linkage model has almost the same position as the cor-
responding equilibrium point obtained by the polyhedral
model for each asteroid. Moreover, the distributions of
the effective potential are very close when comparing (a)
and (b), (¢) and (d), and (e) and (f). These results indicate
that the non-axisymmetric triple-particle-linkage model
is a good approximation of the polyhedral model in the
sense of distribution of the effective potential.

The relative errors of the effective potential and grav-
itational potential are further computed for verifying the
accuracy of the non-axisymmetric triple-particle-linkage
model. These relative errors, Ey and FEp, are com-
puted by

1% - W
By — ‘ nareLm = Vem | or
Veum
U; U, (36)
By = ‘ NATPLM PM' % 100%,

Upm
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where the subscripts ‘NATPLM’ and ‘PM’ represent the
non-axisymmetric triple-particle-linkage model and the
polyhedral model, respectively.

The results are shown in Figure 4, where subfigures
(a), (c) and (e) represent the relative error of the effec-
tive potential and subfigures (b), (d) and (f) represent the
relative error of the gravitational potential.

According to this figure, the relative errors are larger
than 4% at only a small area near the surface of the as-
teroids. These relative errors are almost less than 2% be-
yond the equilibrium points for these asteroids. In such
areas, the errors are even less than 0.2% for 1996 HW1.
These results also support that the proposed simplified
model approximates the non-axisymmetric elongated as-
teroids well.

6 CONCLUSIONS

This paper presents a simplified model for non-
axisymmetric elongated asteroids based on two ex-
isting particle-linkage models. The proposed simpli-
fied model is a non-axisymmetric triple-particle-linkage
model which consists of three particles and two mass-
less rigid rods. With the assumption that both the total
mass and the angular velocity of the simplified model
are equivalent to those of the target asteroid, the num-
ber of unknown parameters for this model reduces to
five. The determination of these unknown parameters is
achieved through connecting the simplified model with
the polyhedral model by matching the positions of their
equilibrium points. A method based on nonlinear opti-
mization is proposed to minimize the total matching error
of all external equilibrium points. The proposed simpli-
fied model is applied for the realistic asteroids 243 Ida,
433 Eros and 1996 HW1. The results indicate that the
non-axisymmetric triple-particle-linkage model has ad-
vantages over the two existing particle-linkage models in
terms of matching accuracy. Moreover, it is verified that
the topological cases of the equilibrium points are not
changed by use of the proposed simplified model.
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