RAA 2018 Vol. 18 No. 5, 50(8pp) doi: 10.1088/1674-4527/18/5/50
(© 2018 National Astronomical Observatories, CAS and IOP Publishing Ltd.

http://www.raa-journal.org

Rescarch in
Astronomy and

http:/fiopscience.iop.org/raa As trophysics

EDITOR’S RECOMMENDATION

Saturn’s gravitational field induced by its equatorially antisymmetric zonal
winds

Dali Kongl’z, Keke Zhang2’3, Gerald Schubert* and John D. Anderson®

1 Key Laboratory of Planetary Sciences, Shanghai Astronomical Observatory, Chinese Academy of Sciences,

Shanghai 200030, China

College of Engineering, Mathematics and Physical Sciences, University of Exeter, Exeter, EX4 4QF, UK

Lunar and Planetary Science Laboratory, Macau University of Science and Technology, Macau, China;

kzhang @ex.ac.uk

4 Department of Earth, Planetary and Space Sciences, University of California, Los Angeles, CA 90095-1567, USA
5 Jet Propulsion Laboratory, 4800 Oak Grove Drive, Pasadena, CA 91109, USA

Received 2018 February 20; accepted 2018 March 21

Abstract The cloud-level zonal winds of Saturn are marked by a substantial equatorially antisymmetric
component with a speed of about 50 ms~! which, if they are sufficiently deep, can produce measur-
able odd zonal gravitational coefficients AJog 11,k = 1,2, 3, 4. This study, based on solutions of the
thermal-gravitational wind equation, provides a theoretical basis for interpreting the odd gravitational
coefficients of Saturn in terms of its equatorially antisymmetric zonal flow. We adopt a Saturnian model
comprising an ice-rock core, a metallic dynamo region and an outer molecular envelope. We use an
equatorially antisymmetric zonal flow that is parameterized, confined in the molecular envelope and sat-
isfies the solvability condition required for the thermal-gravitational wind equation. The structure and
amplitude of the zonal flow at the cloud level are chosen to be consistent with observations of Saturn.
We calculate the odd zonal gravitational coefficients AJogy1, k& = 1,2, 3,4 by regarding the depth of
the equatorially antisymmetric winds as a parameter. It is found that A J3 is —4.197 x 10~% if the zonal
winds extend about 13 000km downward from the cloud tops while it is —0.765 x 10~% if the depth
is about 4000 km. The depth/profile of the equatorially antisymmetric zonal winds can eventually be
estimated when the high-precision measurements of the Cassini Grand Finale become available.
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1 INTRODUCTION axis of rotation, Rg = 60268 km is the equatorial ra-
dius of Saturn (Williams 2016), G is the universal grav-
itational constant (G = 6.67384 x 10~ " m3 kg~ s72),
P, (cos ) are the Legendre functions, n takes integer val-

ues, .J,, represent the zonal gravitational coefficients in

The axisymmetric gravitational potential V, of Saturn
can be written as

Vy(r,0) = — o {1 =D Ut A
n=1

”
x(&> Pn(cosﬁ)}, r > Rg,
r

where GMg = 3.7931 x 106 m3 s—2 (Williams 2016),
(r,0) are spherical polar coordinates with § = 0 at the

(1)

hydrostatic equilibrium, A.J,, denote the corrections due
to the effects of the axially symmetric zonal flow and
(Jn + AJ,) represent the measured gravitational coef-
ficients of Saturn. It is anticipated that the high-precision
measurements of the Cassini Grand Finale will deter-
mine the coefficients up to (J19 + AJyp) or higher. The
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present study concentrates on how the lowermost odd
gravitational coefficients AJy 1 with & = 1,2,3,4 in
expansion (1) are produced by the equatorially antisym-
metric zonal winds of Saturn if they are sufficiently deep.

Two important features of the odd coefficients in
expansion (1) should be particularly highlighted. First,
the odd coefficients (Jaxt1 + AJagy1) with & > 1 dif-
fer profoundly from the even coefficients (Jor, + AJoy)
with £ > 1. Since the rotational distortion in hydrostatic
equilibrium, because of its equatorial symmetry, does not
contribute to the odd coefficients, we have Jog+1 = 0
with & > 1. This implies that the odd coefficients di-
rectly reflect the structure and amplitude of the equa-
torially antisymmetric zonal flow in the Saturnian inte-
rior (see, for example, Kaspi 2013; Liu et al. 2014; Kong
etal. 2015). Second, the effect of Saturn’s departure from
spherical geometry is of secondary significance in es-
timating the lower-order odd coefficients AJyy 1 with
k > 1 caused by the equatorially antisymmetric zonal
flow (Kong et al. 2016). It follows that spherical geom-
etry is appropriate for computing the values of AJog 41
with £ = 1,2,3,4. The primary purpose of this study
is to establish a theoretical relationship between the ra-
dial structure of the equatorially antisymmetric zonal
winds and the value of the wind-induced odd coefficients
AJopy1 with k = 1,2, 3,4 for Saturn, which enables es-
timating the depth of its cloud-level zonal winds when
the high-precision measurements of the Cassini Grand
Finale become available.

In comparison to the even coefficients AJy, with
k > 1 in expansion (1), establishing the relationship be-
tween the winds and the odd coefficients AJoy 1 with
k > 1 is difficult in a different way. In the second paper
of this series on the gravitational field, shape and zonal
winds of Saturn (Kong et al. 2018b), we have employed
a self-consistent perturbation approach to study the ef-
fect of the equatorially symmetric zonal winds on the
even coefficients AJo, with k& > 1. Since the leading-
order problem accounts exactly for rotational distortion,
the self-consistent perturbation allows us to solve the
full Euler equation involving an equatorially symmetric
zonal flow on cylinders, to uniquely determine the wind-
induced density anomaly satisfying the proper physical
boundary conditions, and to identify the variation of the
gravitational field solely caused by the flow. For an equa-
torially antisymmetric zonal flow, the full Euler equa-
tion with the flow on cylinders cannot be employed, the
wind-induced density anomaly cannot be uniquely deter-
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mined and, consequently, different approaches have to be
adopted for computing the odd coefficients A Jaj 41 with
k > 1. An approach based on “solutions” of the ther-
mal wind equation (TWE) was adopted by Kaspi (2013).
Discussed below is an attempt to explain why the TWE
is inappropriate for this purpose and why the thermal-
gravitational wind equation (TGWE), derived by Zhang
et al. (2015), should be adopted.

Since the TGWE - a two-dimensional inhomoge-
neous integral equation describing a relationship be-
tween the equatorially antisymmetric zonal winds and
the wind-induced density anomalies — is infrequently en-
countered in geophysical and astrophysical problems, it
is insightful to look at the analogous inhomogeneous or-
dinary differential equation,

d?u(x)

f(x), @)

subject to the boundary condition

where f(z) is a given function of z, for the purpose of
explaining why the TWE would lead to an inaccurate
and spurious solution of the problem. Note that replac-
ing the differential operator d?u(x)/ dx? in Equation (2)
with an integral operator results in a TGWE-like equation
while removing the differential operator d?u(z)/da?
from Equation (2) gives a TWE-like equation.

There are two major deficiencies in the TWE ap-
proach for computing the odd gravitational coefficients
induced by the equatorially antisymmetric zonal winds.
First, neglecting the derivative term d2u(z)/dz? in
Equation (2) always yields a “solution” in the form

for any given function f(z). This solution might repre-
sent an approximation to the true solution of Equation
(2) but it is certainly inaccurate because d?u(x)/dx? is
generally of the same order as 7r2u(x) and, hence, should
not be neglected. Second, more significantly, the “solu-
tion” u(z) = f(x)/n? can be totally irrelevant to the
true solution of Equation (2). This is because when the
inhomogeneous term f(z) does not satisfy the solvabil-
ity condition

/1 sin(ma) f(z)dx =0 3)
0
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required for Equation (2), its solution does not even ex-
ist. For example, when f(z) = sin(rwz) and the solv-
ability condition (3) in this case are violated, a math-
ematically valid solution for Equation (2) does not ex-
ist. It follows that (i) the “solution” u(z) = sin(7z) /72
is spurious and does not offer an approximation to the
true solution of Equation (2) and (ii) the differential op-
erator d2u(x)/ dz? cannot, in general, be removed from
Equation (2) for mathematical or numerical convenience.

The primary objective of this study, based on so-
lutions of the TGWE in spherical geometry, is to pro-
vide a theoretical basis required for understanding the
relationship between the odd coefficients AJog 1 with
k > 1 and the depth of the equatorially antisymmet-
ric zonal winds on Saturn. We adopt an interior model
of Saturn consisting of an ice-rock core, a metallic re-
gion and an outer molecular envelope (see, for example,
Stevenson 1982; Guillot 2005; Kong et al. 2018a) and as-
sume that its zonal winds are confined in the molecular
envelope (see, for example, Heimpel et al. 2005; Jones
& Kuzanyan 2009). We choose the wind profiles that re-
spect the solvability condition required for the TGWE in
spherical geometry. As in many physical problems gov-
erned by inhomogeneous differential or integral equa-
tions, it is the required solvability condition that helps
to select mathematically acceptable and physically rele-
vant solutions. We calculate the odd zonal gravitational
coefficients of Saturn, AJy,41 with k = 1,2, 3,4, using
the profile of the zonal flow that is equatorially antisym-
metric, parameterized and consistent with the observed
cloud-level structure. We expect that, when the gravita-
tional signals for the equatorially antisymmetric grav-
itational field of Saturn detected by the Cassini Grand
Finale become available, the parameters of the Saturnian
equatorially antisymmetric winds used in our model can
be determined or constrained.

In what follows, we begin by presenting the gov-
erning equation for the density anomalies induced by
the equatorially antisymmetric zonal winds in Section 2,
which is followed by discussion of the results in
Section 3 with a summary and some remarks given in
Section 4.

2 THE GOVERNING EQUATION

Our model of Saturn assumes that (i) the planet with mass
Mg is isolated and rotating about the z-axis with constant
angular velocity €2gz; (ii) the planet is axially symmetric
and consists of fully compressible gases; (iii) the equa-
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torially antisymmetric zonal winds observed at the cloud
level are associated with the axially symmetric fluid mo-
tion taking place in the molecular region whose location
is provided by the hydrostatic model of Saturn (Kong
et al. 2018a); (iv) the effect of Saturn’s departure from
spherical geometry on the odd gravitational coefficients
is negligibly small; (v) the Rossby number in connection
with the Saturnian equatorially antisymmetric zonal flow
is small and both the viscous and magnetic effects are
weak; and (vi) the zonal flow is in a statistically steady
state. The special case when the zonal winds are largely
confined to a very top thin layer of the stably stratified
atmosphere is mathematically trivial because the winds
in this case cannot produce measurable external gravita-
tional signatures.

The above assumptions lead to the following govern-
ing equations in the rotating frame of reference

208z xu (r)=— LVP(") +g(r)
p(r) 4)
2
+ %V g xrf,
V- [ur)o(r)] = 0, s)

where u(r) represents the velocity of the equatorially an-
tisymmetric zonal flow, r is the position vector with the
origin at the center of figure, p(r) is the pressure and p(r)
is the density. The density p(r) of the fully compressible
barotropic fluid is assumed to be a function only of the
pressure p(r) obeying the polytropic law which is dis-
cussed in Kong et al. (2018a). Suppose that the typical
speed Uy of the zonal flow u in Saturn’s molecular region
is small compared to the rotational speed of the planet,
Up/(2sRs) < 1. Under the axisymmetric assumption,
Equations (4)—(5) can be solved by making use of the
expansions (Zhang et al. 2017):

P = Do (Ta 9) + p/(’l’, 9)3 (6)
P = pO(Tv 9) + pl(rv 9)7 (7)
8 = gO(Ta 9) _|_g/(,,,’ 9)3 (8)

where the leading-order solution (pg, po,g,) represents
the hydrostatic state of Saturn while (p’, p’,g’) denotes
the perturbations arising from the effect of the equatori-
ally antisymmetric zonal flow u.

Upon substituting the expansions (6)—(8) into
Equations (4)—(5) and neglecting the effect of rotational
distortion, we obtain the leading-order problem governed
by

0= —inO + &0, )
Po
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(10)
x sin 6 d dé} :

With the equation of state provided by Kong et al.

(2018a), Equations (9) — (10) can be readily solved to

determine the density distribution pg(r) and the gravita-

tional force g, (r) for a spherical Saturn in its hydrostatic

state.

The next-order problem, which describes the density
anomaly p’(r, #) induced by the zonal flow u(r, ) and
the concomitant gravitational perturbation g’(r, ) pro-
duced by p/(r, 6), is governed by the equations

2p0(r) [z X u(r,0)] = — Vp/(T, 0)

+gO(T)pI(T7 9) + g’(r, 9)p0(7°),

(1)

0=V -lu(r,0)po(r)] - (12)

In deriving Equations (11)-(12), we have neglected
the small high-order terms which are of O(|g’p’|) and
O(Jup'2s]).
Equation (11) are generally of the same order of magni-
tude. Physically, when the internal density anomaly p’ is
induced by the deep flow u, the hydrostatic gravitational
force g, must be also perturbed to yield the concomitant
gravitational perturbation g’.

Note that the terms g,p’ and g’po in

Taking the curl of Equation (11), making use of
Equation (12) and writing the equatorially antisymmet-
ric flowu = Ux(r, 9)&), the azimuthal component of the
resulting equation can be expressed as

6 0
(oo0n) = 222 2 )| =

2mG( dpo/ dr)

0
2Q) 0—
S {cos Ee

()5/)

r
Rs 2/ ~ _ B
/ / sm@dfd@ .
r—r |

Integrating (13) over 6 gives rise to the TGWE

0 1
QQS/ [coség — sm@i
/2
gO( )pl(T 9) QFG(dfo/dT)

Rs 72 / _ 5
/ / sm 0 drdo,
=

r(r,0) and # = #(7,0). The value of the
lower limit in the above integration is largely arbitrary

13)

(14)

where r =
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and we choose 7/2 because of the equatorial symme-
try p/(r,m/2) = 0. It should be noticed that a solu-
tion [F(r) + p'(r,0)], where F(r) is an arbitrary func-
tion of 7, can be another solution of the TGWE (14).
However, F(r) does not affect the values of the odd
gravitational coefficients AJo 1 with & > 1. This non-
uniqueness makes the precise structure of the density
anomaly p’(r, ) less significant. For a prescribed equa-
torially antisymmetric flow Uj (7, 8) together with the
leading-order solution po(r) and g, (), the TGWE (14)
can be solved, via a spectral numerical method discussed
in Zhang et al. (2015), for determining p’(r, ) which can
be then used to compute the coefficients AJa,41 with
k> 1.

Two important features of the TGWE (14) should
be underlined. First, the two terms on the right side
of Equation (14) are generally comparable in size and,
hence, the second integral term cannot be neglected.
Some special profile Uy (r, #) might produce p’(r, 6) that
has a special structure (for example, an alternating pos-
itive and negative pattern leading to an average cance-
lation) such that the integral term on the right side of
Equation (14) is small compared to the first term and,
thus, negligible. In this special case, the integral term can
be neglected a posteriori. There are no physical or math-
ematical reasons to justify the a priori neglect of the inte-
gral term. Second, the inhomogeneous TGWE (14), anal-
ogous to the inhomogeneous ordinary differential equa-
tion (2), must satisfy the solvability condition discussed
by Kong et al. (2016). A “solution” p'(r, #) of the TWE,
given by

sinéﬁ
roag| (15

2TQS 0 ~ 0
'(r,0) = / cosf— —
p( ) g0 /2 [ or

X (pOUA) d9~7

which always exists for any given Ux(r,8), would be
spurious if the flow Ua(r, ) does not respect the solv-
ability condition. This is because the TWE (15) merely
represents a diagnostic relation which always generates a
“solution” for any given zonal flow Ua (, 9).

In the present study, we solve the TGWE (14), an
inhomogeneous integral equation in spherical geometry,
to determine the wind-induced density anomaly p’(r, 6)
for a prescribed equatorially antisymmetric zonal flow
U A (T‘, 9) .
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Fig.1 The latitudinal profile of the observed equatorially antisymmetric component of the zonal winds at the cloud-level of Saturn

(Garcia-Melendo et al. 2011).

3 RESULTS AND DISCUSSIONS

The observed cloud-level zonal winds on Saturn (Garcia-
Melendo et al. 2011) can be decomposed into two dif-
ferent components: the equatorially symmetric winds
Us(Rs, 0) obeying the parity Us(Rgs,8) = Us(Rs, 7 —
0) and the equatorially antisymmetric winds Uy (Rg, 6)
obeying the parity Ux (Rs,0) = —Ua(Rg, 7™ — 0).
Figure 1 shows the latitudinal profile Ux (Rs, 6) of
the equatorially antisymmetric zonal winds at the cloud
level, where the speed of the antisymmetric winds can
reach about 50 ms~!. This is sufficiently strong to yield
gravitational signals detectable by the high-precision
measurements of the Cassini Grand Finale.

Since the structure of the zonal flow Uy (r, 6) in the
Saturnian interior is unknown, a parameterized flow is
needed in solving the TGWE (14). We introduce the three
key parameters characterizing the equatorially antisym-
metric zonal flow of Saturn. First, U (r = Rg, 6) for 0 <
0 < m at the outer bounding surface of Saturn is given
by the observed profile depicted in Figure 1. Second, the
equatorially antisymmetric flow is confined in the molec-
ular region 0.6641 Rs < r < Rg, i.e., Ua(r,6) = 0 for
r < 0.6641 Rs and 0 < 6 < . Note that the loca-
tion of the molecular envelope, 0.6641 Rg < r < Rg,
is determined by the hydrostatic model of Saturn (Kong
et al. 2018a). Third, a special parameter h is introduced
to measure the depth of the equatorially antisymmetric
winds within the molecular envelope 0.6641 Rg < r <
Rg. Since the speed of the flow gradually decreases with
depth, we define the ratio ¢ of the two kinetic energies,

_ f(}ffh)Rs ST UA(r, 0)] 72 sin 6 dO dg dr
foRS ogwfow|UA(T,9)|2r251n9d6‘d¢dr

in order to quantify the penetration depth of the cloud-
level winds, where the depth hRg is defined such that
90% of the total kinetic energy is confined in the outer
layer (1—h)Rgs < r < Rg.Forexample, when h = 0.22,
90% of the total kinetic energy of the flow is confined in
the layer (1 — 0.22)Rs < r < Rg; when h = 0.14, 90%
of the energy is confined in (1 — 0.14) Rs < r < Rg;
and when h = 0.076, 90% of the energy is confined in
(1-0.076) Rs < r < Rg. The three profiles of the equa-
torially antisymmetric zonal flow U (r, 0) are depicted
in Figure 2 for three different cases: the deep case with
h = 0.22, the intermediate case h = 0.14 and the shal-
low case h = 0.076. All three profiles U (r, ) shown in
Figure 2 satisfy the solvability condition required for the
TGWE (14).

An important property of the problem is that the
equatorially antisymmetric zonal winds U (r, 6) only in-
duce the density anomaly p’(r, #) obeying the same equa-
torial parity,

p/(’l’, 9)(T7 9) = —p/(T, ™= 9)7

which produces only the odd gravitational coefficients
AJap41 with k > 1. After obtaining the density anomaly
p'(r,0), a solution of the TGWE (14) for a given zonal
flow Ua(r,60), we can compute the odd zonal grav-
itational coefficients AJs; 1 by performing the two-
dimensional integration

Ax w/2 Rs .
Adogyr = — 7/ / p'(r,0)
MSR§k+1 o o

X Papy1(cos 9)7‘2’”3 sin 6 dr dé,

k=1,2,3,...

(16)

where the value of AJy,41 does not change by replac-
ing p/ (r, 0) with p’(r,0) + F(r). The form of the integral
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Fig.2 The profiles of the parameterized equatorially antisymmetric zonal winds in a meridional plane of Saturn: (a) for the deep
case h = 0.22, (b) for the intermediate case h = 0.14 and (c) for the shallow case h = 0.076. The dashed circle indicates the
interface between the metallic dynamo region and the outer molecular envelope.

Table 1 The odd zonal gravitational coefficients AJog11, k =
1,2, 3,4 in the expansion (1) induced by the equatorially anti-
symmetric zonal winds of Saturn at different values of the depth
parameter h.

The depth parameter | h =0.22 h =0.14 h =0.076
AJs x 108 —4.197 —2.108 —0.765
AJs x 108 —0.075 —0.421 —0.333
AJr x 108 0.409 0.514 0.297
AJgy x 108 —1.318 —0.714 —0.244

(16) suggests that the size of AJygy1 reflects the aver-
aging effect of p’(r, #) and, hence, depends on both the
structure and amplitude of the density anomaly p’(r, 9).
Our analysis, based on solutions of the TGWE (13),
has concentrated on the three typical profiles of the
equatorially antisymmetric zonal flow U (7, 0) shown

in Figure 2. The results of the analysis, the lowermost
odd coefficients AJop 11,k = 1,2, 3, 4 at different depth
parameters, are presented in Table 1. In all the cases
studied in this paper, the structure and amplitude of the
zonal flow at the outer bounding surface Ua (r = Rg, 0)
are prescribed while the penetration depth is marked by
parameter h, which is inversely proportional to the ex-
ponentially decaying rate of the cloud-level winds with
depth. Our attention is thus focused on the effect of depth
h on the odd zonal gravitational coefficients AJoy 1
with £k = 1,2,3,4. For h = 0.22 which corresponds
to a substantial depth of about 13 000km, our results
show that the zonal winds yield the strongest gravita-
tional signature in the lowermost-order coefficient Js
with AJs = —4.197 x 10~ which is, however, of the
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same order as A.Jg = —1.318 x 1078, They perhaps
represent an upper bound on the odd gravitational co-
efficients that can be induced by the equatorially anti-
symmetric zonal winds of Saturn. For & = 0.14, which
corresponds to the wind depth of about 8500km, we
found that the lowermost-order odd coefficient AJ; =
—2.108 x 1078 while AJy = —0.714 x 10~%. For
h = 0.076, which corresponds to the wind depth of
about 4500 km, the lowermost-order odd coefficient de-
creases to AJz = 0.765 x 1078, An interesting feature
of the results is that the spectral structure of A.Jog 1, the
distribution of A.Jog 1 as a function of k, strongly de-
pends on the size of the depth parameter h. For example,
AJs3/AJs ~ 60 at h = 0.22 in the deep case while
AJs3/AJs = 2 at h = 0.076 in the shallow case, indicat-
ing a complicated relationship between the profile of the
equatorially antisymmetric zonal winds and the spectrum
of the wind-induced odd coefficients A Joj 41 with k > 1
for Saturn.

It is anticipated that the size of the odd coefficients
AJsz, AJs, AJ; and AJy shown in Table 1 are within
the accuracy of the high-precision gravity measurements
carried out by the Cassini Grand Finale. If the measure-
ments produce a similar spectrum of the odd coefficients
AJogy1 to that in Table 1 at a particular h, we may con-
clude that the deep structure of the equatorially antisym-
metric zonal winds in the Saturnian interior reflects what
is observed at the cloud level, as suggested in Figure 2.
If the measurements produce a spectrum of the odd coef-
ficients A.Jo+1 which is profoundly different from that
shown in Table 1 at any depth parameter i, we may con-
clude that the antisymmetric winds at the cloud level are
confined to a very thin weather layer and, therefore, are
not directly connected to the flow taking place in the
Saturnian interior in which case an a priori unknown
deep circulation accounts for the gravitational signal.

4 SUMMARY AND REMARKS

This paper is the third in a series on the gravitational
field, shape and zonal winds of Saturn. By assuming
that the cloud-level winds of the equatorially antisym-
metric component on Saturn are sufficiently deep, we
have computed the odd zonal gravitational coefficients
AdJap4+1 with k = 1,2, 3,4 induced by the antisymmet-
ric zonal winds. We have adopted an interior model of
Saturn comprising an ice-rock core, a metallic region and
an outer molecular envelope whose physical and geomet-
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rical parameters are determined by the hydrostatic prob-
lem (Kong et al. 2018a).

Our results presented in Table 1 are based on solu-
tions of the TGWE (14) using the equatorially antisym-
metric zonal flow Uy (r, 0) depicted in Figure 2. The pa-
rameterized zonal flows used in our model are confined
in the outer region of the molecular envelope and satisfy
the solvability condition required for the TGWE (14).
We have focused on the four lowermost-order odd grav-
itational coefficients, AJz, AJs, AJ;, AJy, at the three
different depth parameters: h = 0.22 corresponding to
the wind depth of about 13000km, A~ = 0.14 for the
depth of about 8500 km and A = 0.076 for the depth of
about 4500 km. We believe that our model forms a theo-
retical basis needed for interpreting the odd gravitational
coefficients of Saturn when the high-precision measure-
ments carried out by the Cassini Grand Finale become
available.

Since the size of AJoy 1 with k > 1 is related solely
to the equatorially antisymmetric zonal flow Uy (r,6),
the spectrum of the odd coefficients plays a vital role
in understanding the structure and amplitude of large-
scale fluid motion taking place in the deep interior of
Saturn. If the cloud-level winds are confined to a very
thin upper layer in which the winds are associated with
horizontal temperature differences between belts and
zones (Ingersoll & Cuzzi 1969), the spectrum A.Jog 1
of Saturn is then largely unrelated to the structure and
amplitude of the cloud-level zonal winds. In this case,
the profiles of the equatorially antisymmetric zonal flow
Ua(r,0) depicted in Figure 2 are no longer physically
relevant and the observed cloud-level winds are not di-
rectly associated with a deeper zonal flow that is re-
sponsible for the Saturnian gravitational signal. Although
the governing equation, the TGWE (14), remains un-
changed, the approach must be changed such that the
antisymmetric gravitational field is computed without
making a priori assumptions about the nature of the
deeper zonal flow. We shall carry out further studies
when the gravitational signal for the equatorially anti-
symmetric gravitational field of Saturn detected by the
Cassini Grand Finale becomes available.

Finally, it should be stressed that there exist two
significant differences between our model and that of
Kaspi (2013). First, our model is based on Equation (14)
that represents a two-dimensional inhomogeneous inte-
gral equation while his model is based on Equation (15)
that represents a diagnostic relation. Second, the zonal
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flow Un (r, 0) used in our model respects the solvability
condition required for Equation (14) while the equatori-
ally antisymmetric zonal flow used by Kaspi (2013) does
not satisfy the solvability condition and, hence, may lead
to a spurious spectrum AJoj 1.
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