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Abstract The relativistic external shock model of gamma-ray burst (GRB) afterglows has been estab-

lished with five free parameters, i.e., the total kinetic energy E, the equipartition parameters for electrons

ǫe and for the magnetic field ǫB, the number density of the environment n and the index of the power-

law distribution of shocked electrons p. A lot of modified models have been constructed to consider

the variety of GRB afterglows, such as: the wind medium environment by letting n change with radius,

the energy injection model by letting kinetic energy change with time and so on. In this paper, by as-

suming all four parameters (except p) change with time, we obtain a set of formulas for the dynamics

and radiation, which can be used as a reference for modeling GRB afterglows. Some interesting results

are obtained. For example, in some spectral segments, the radiated flux density does not depend on the

number density or the profile of the environment. As an application, through modeling the afterglow

of GRB 060607A, we find that it can be interpreted in the framework of the time dependent parameter

model within a reasonable range.

Key words: (stars:) gamma-ray burst: general — methods: analytical

1 INTRODUCTION

The external forward shock afterglow model, which is

often taken as the standard model of gamma-ray burst

(GRB) afterglows, was established in the late 1990s (Sari

et al. 1996; Mészáros & Rees 1997; Katz & Piran 1997;

Goodman 1997; Sari et al. 1998), based on the fireball

model of GRBs (e.g., Rees & Meszaros 1992, 1994).

It has been summarized into the standard form (e.g.,

Sari et al. 1998; Wijers & Galama 1999; Gruzinov &

Waxman 1999). The picture is that the afterglows are

the results of a collimated relativistic jet interacting with

an external medium and producing a collisionless shock,

in which electrons are accelerated and emit photons via

synchrotron radiation.

The standard model has achieved great success: it

explains well the observations of late time afterglows in

broad-band (e.g., Panaitescu & Kumar 2000, 2001; Yost

et al. 2003). But after the launch of the Swift satellite in

2004, some observed data were surprising: a great part

of them cannot be explained in the framework of the

standard model, especially early X-ray afterglow data.

Some issues are still open, such as: what are the de-

tails of the geometry and dynamics of the outflows, how

are electrons accelerated by the shocks, how is the mag-

netic field amplified by the shock and so on (Kumar &

Zhang 2015). Thus, various kinds of models based on

the standard model have been constructed. In general,

the standard model has been extended in the following

aspects: (a) reverse shock; (b) geometry; (c) ambient cir-

cumburst medium; (d) outflow compositions; (e) radia-

tion processes. We list some correlative and selected ref-

erences in the following (see Kumar & Zhang (2015) for

a comprehensive review).

(a) Considering the reverse shock, authors have

predicted the very early afterglow and the optical

flash of GRB afterglows (Sari & Piran 1999b). They

found that observations of the GRB 990123 afterglow

agreed with predictions from the theory (Sari & Piran

1999a). Afterwards, details about the dynamics and ra-

diation were established for an interstellar environment

(Kobayashi 2000) and wind environment (Zhang et al.

2003; Kobayashi & Zhang 2003; Wu et al. 2003; Zou

et al. 2005), with more applications to individual GRBs

(e.g., Fan et al. 2002; Shao & Dai 2005). A more com-

plex model based on it has been constructed, such as re-

verse shock from magnetized ejecta (Zhang & Kobayashi

2005), and reverse-forward shock from a differently

shaped jet (Yan et al. 2007). As an application, for the
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unusual case of GRB 130427A, authors used a reverse

shock to fit its afterglow (Laskar et al. 2013).

(b) Considering the effects of geometry, authors have

improved the jet models (Sari et al. 1999; Wu et al.

2004b), including the off-axis model (e.g., Heise 2003;

van Eerten & MacFadyen 2013) and the structured jet

model (Mészáros et al. 1998; Zhang & Mészáros 2002a).

In particular, the structured jet model is divided into

many types, such as: the bulk Lorentz factor depend-

ing on the direction angle θ as power laws (Mészáros

et al. 1998), angular energy distributions following a

Gaussian distribution (Zhang & Mészáros 2002a), and

a two-component jet (Berger et al. 2003; Huang et al.

2004; Wu et al. 2005b; Gao & Wei 2005; Xie et al. 2012).

For more such topics, refer to Lipunov et al. (2001); Dai

& Gou (2001); Rossi et al. (2002); Wei & Jin (2003); Jin

& Wei (2004); Jin et al. (2007) and Zhang et al. 2004.

Some more erratic shapes of the jet have been suggested,

such as a ring-shaped jet (Zou & Dai 2006; Xu et al.

2008; Xu & Huang 2010) and a cylindrical jet (Cheng

et al. 2001).

(c) For the ambient circumburst medium, authors

considered effects of GRB surroundings, such as: (1)

Wind medium rather than interstellar medium (ISM)

(e.g., Dai & Lu 1998b; Dai & Wu 2003; Chevalier & Li

1999, 2000); (2) More complicated surroundings, such

as a density-jump medium (Dai et al. 2001; Dai & Lu

2002; Feng & Dai 2011; Geng et al. 2014), or a gen-

eral decline in the density profile (Yi et al. 2013). Later

on, the combination of different environments was con-

sidered, such as a jet in a wind environment with lateral

expansion (Wu et al. 2004a).

(d) Considering outflow compositions, mainly in-

cluding neutron-rich, magnetization or magnetic field

structure, authors did a lot of work, such as: (1) The neu-

tron component in a fireball was introduced by Derishev

et al. (1999), and some authors developed it (e.g.,

Beloborodov 2003; Fan & Wei 2004; Fan et al. 2005b,a);

(2) Magnetized jet (e.g., Fan et al. 2004b,c, 2005b;

Zhang & Yan 2011); (3) The radial decay magnetic field

was discussed in Uhm & Zhang (2014) and Zhang et al.

(2016); (4) Electron-positron pairs in the afterglow were

investigated, such as pair loading in the prompt and ear-

lier afterglow stage (Li et al. 2003; Fan et al. 2004a)

and the wind bubble in the afterglow (Donaghy 2006; Yu

& Dai 2007). Other considerations were also discussed,

such as a flat spectrum of the electron’s power law with

index p < 2 (Dai & Cheng 2001; Wang et al. 2012).

(e) Authors extended the model by incorporating

more physical processes, which mainly affect the dy-

namic evolution of GRBs and their afterglows. These in-

clude: (1) The inverse Compton (IC) scattering in GRB

afterglows was introduced by Wei & Lu (1998), and de-

tailedly discussed in Sari & Esin (2001); for the latest

progresses, refer to Uhm & Zhang (2014) and Zhao et al.

(2014). Authors have extended the model in different as-

pects, such as in terms of the light curves (Wei & Lu

2000). (2) The relativistic shock in the model is usu-

ally assumed to be radiative or quasi-adiabatic. As an

improvement, a realistic model involving radiation loss

for GRB afterglows has been developed (Huang et al.

2000a). Nevertheless, other effects based on radiation

processes were discussed extensively, such as the light

curve breaks caused by the spectrum crossing effect (Wei

& Lu 2002), afterglows in the radiative regime (Li et al.

2002), a comprehensive consideration on the environ-

ment, IC scattering and radiative efficiency (Wu et al.

2005a), and Klein-Nishina effects on high-energy emis-

sion (Wang et al. 2010).

Nevertheless, more considerations based on the stan-

dard afterglow model have been proposed. Huang et al.

(1998, 1999b,a) considered the overall evolution of an

afterglow, especially including the non-relativistic stage

of the afterglow, and later on, different aspects of non-

relativistic effects were discussed, such as the beamed jet

effect (Wei & Lu 2001). Sari (1998); Li et al. (2000);

Huang et al. (2007); Geng et al. (2013) considered ef-

fects of the equal arrival time surface. To explain the va-

riety of afterglows, Dai & Lu (1998a, 2000) proposed the

energy injection model, and the energy injected into dif-

ferent environments was considered (Wang & Dai 2001).

Many applications to individual GRBs have been ap-

plied, such as Knust et al. (2017) to GRB 150424A, Fan

& Xu (2006) to GRB 051221A, Xu et al. (2009) to GRB

060729, and Liu et al. (2009) to the shallow decay of

X-ray afterglows. Especially after the launch of Swift,

more and more late activities have been observed, and

consequently related models have been proposed, such

as the late internal shock model for X-ray flares (Fan &

Wei 2005; Wu et al. 2006; Zou et al. 2006; Yu & Dai

2009). The dust scattering effect on the X-ray afterglow

has been extensively considered (Shao & Dai 2007).

Instead of extending the standard model, an opposite

problem appeared: what is the available range of the stan-

dard model? In other words, how bad/good is the exter-

nal forward shock model? Wang et al. (2015) performed

a systematic study on this question. Very recently, De

Pasquale et al. (2016) argued that the late X-ray after-

glow of GRB 130427A challenges the standard forward

shock model.

The relativistic external shock model of GRB af-

terglows has five free parameters, i.e., the total kinetic
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energy E, the equipartition parameters ǫe for electrons

and ǫB for the magnetic field, the number density of the

environment n and the index of the power-law distri-

bution of the shocked electrons p. All the above mod-

els involve constant microphysics parameters of ǫe and

ǫB. Yet, in principle, these parameters should depend on

time. Some authors have considered such more compli-

cated models (e.g., Ioka et al. 2006; Fan & Piran 2006),

but their schemes either involve less than four parame-

ters that change or just give a part of the formulas (e.g.,

Maselli et al. 2014; van Eerten et al. 2012). No one has

ever provided a fully parameterized solution by releas-

ing all the parameters evolving with time. We modify the

four parameters as {E(t), ǫB(t), ǫe(t), n(R)} depending

on time to develop a set of formulas, which can be used

as a reference for modeling the GRB afterglows. One can

allow any of these parameters to change with time, while

leaving others constant, and the related formulas can be

read simply from the set of formulas.

In Section 2, we briefly review the fireball scaling

relations of the dynamics and synchrotron radiation from

the external shock model of GRB afterglows. In Section

3, we derive the flux densities according to different cases

of typical frequency combinations. In Section 4, we plot

the typical light curves and other quantities varying with

time, and apply them to GRB 060607A. Conclusions and

discussion are presented in Section 5.

2 SCALES AND CHARACTERISTIC

PARAMETERS

2.1 Scaling-laws of the Fireball Model

GRB afterglows are produced by collimated relativistic

jets, the dynamics of which can be described by evo-

lution of the fireball. In the afterglow standard model,

a spherical relativistic adiabatic blast wave propagates

into the external medium. The basic formulas of fireball

evolution are the scaling relations. Considering the syn-

chrotron radiation formulas as well as the Lorentz trans-

formation, one can obtain the critical parameters and pre-

dict the observable quantities, and compare them with

observations (Sari et al. 1998, hereafter SPN98).

In the ultra-relativistic phase, the shocked shell can

be roughly described by the Blandford-McKee solution

(Kobayashi & Sari 2000; Wu et al. 2003; Kobayashi

& Zhang 2003; Kobayashi 2000). Following Blandford

& McKee (1976) (hereafter BM76) and Panaitescu &

Kumar (2000), as the first extension of the standard

model, to describe more kinds of external media, one can

assume the external medium (proton) number density can

be modeled by a power law

n(R) = AR−k, (1)

where A is defined as A = n0 if k = 0, or generally

defined as n(R) = A∗R
−k
18 , in which A∗ indicates the

number density at R = 1018 cm, R is the radial distance

from the center of the source and k is in the range of

[0, 4) (for k > 4, refer to Best & Sari (2000), in which the

Blandford-McKee solution is not suitable in this paper).

In particular, k = 0 means a homogeneous ISM and k =

2 means free wind. Thus the mass of medium swept by

the shock wave is

m(R) =
4π

3 − k
mpn(R)R3, (2)

where mp is the mass of a proton. There are two radia-

tion limits in the fireball model: adiabatic and radiative.

Although radiative models have been discussed by au-

thors, one can ignore the radiation case because radiation

time scale is much larger than the fireball dynamic evolu-

tionary time scale. What is more, authors found that the

blast wave became an adiabatic blast wave at later stages

(e.g., Huang et al. 2000a,b; Pe’er & Zhang 2006). Thus,

here we only consider the adiabatic case (e.g., SPN98).

For simplicity, one can ignore energy injection by

considering total energy as constant, namely, assuming

that the energy of the blast wave contained in the fire-

ball (BM76) is E = 8π
17−4kn(R)R3γ2mpc2 = const,

where γ is the bulk Lorentz factor of the shocked mate-

rial relative to the medium. For detailed calculation, refer

to BM76. The relation between radius R, Lorentz factor

γ and observer’s time t is

dR =
4

1 + z
γ2cdt, (3)

where z is the redshift. One can derive the dynamic re-

lations of R and γ, e.g. Granot & Sari (2002); Gao et al.

(2013).

Considering energy injection, when the injected en-

ergy in the form of a Poynting flux and a reverse shock

does not exist or is very weak, one can approximately

treat the blast wave as a system with continuous en-

ergy increase. Phenomenologically, one can assume that

the central engine has a power-law luminosity L(t) =

L0 (t/τE)
−qE , where L0 is the luminosity before injec-

tion, τE is initial time of energy injection and qE indicates

how fast the energy is being injected. Thus, the injected

energy is Einj = L0τ
qE

E t1−qE
/

(1 − qE)(Gao et al. 2013;

van Eerten 2014; Kumar & Zhang 2015). Therefore, the
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total energy in an engine-fireball system is

Etot(t) = Ebef +

∫ t

0

L(t)dt = Ebef + Einj

= Ebef +
L0τ

qE

E

1 − qE
t1−qE ,

(4)

where Ebef is the energy of the fireball before injec-

tion. The energy injection effect becomes significant

when Einj ≫ Ebef . Alteratively, one can assume that

Etot(t) = E0(
t

τE
)1−qE for t > τE and E(t) = E0 for

t ≤ τE, where E0 ≡ L0τ
qE
E

1−qE
. The two methods are equiv-

alent (see Kumar & Zhang 2015, for example). Note that

although the injection is slow, it can significantly affect

the dynamics of the fireball. Adopting the method of

BM76, one can modify the scaling-laws of the dynam-

ics as

R =

[

(4 − k)(17 − 4k)

4πmpc(2 − qE)

]
1

4−k

× (1 + z)
2−qE
k−4

× A−
1

4−k E
1

4−k

0 τ
qE−1

4−k

E t
2−qE
4−k ,

(5)

and

γ =

[

(2 − qE)3−k(17 − 4k)

45−k (4 − k)
3−k

πmpc5−k

]
1

8−2k

× (1 + z)
2+qE−k

8−2k

× A−
1

8−2k E
1

8−2k

0 τ
1−qE
2k−8

E t
2+qE−k

2k−8 .

(6)

In particular, one has

R =

[

17

πmpc(2 − qE)

]
1
4

× (1 + z)
qE−2

4

× A−
1
4 E

1
4
0 τ

qE−1

4

E t
2−qE

4 ,

(7)

and

γ =

[

17(2 − qE)3

48πmpc5

]

1
8

× (1 + z)
2+qE

8

× A−
1
8 E

1
8
0 τ

qE−1

8

E t−
2+qE

8 ,

(8)

for k = 0 (ISM),

R =

[

9

2πmpc(2 − qE)

]
1
2

× (1 + z)
qE−2

2

× A−
1
2 E

1
2
0 τ

qE−1

2

E t
2−qE

2 ,

(9)

and

γ =

[

9(2 − qE)

432πmpc3

]
1
4

× (1 + z)
qE
4

× A−
1
4 E

1
4
0 τ

qE−1

4

E t−
qE
4 ,

(10)

for k = 2 (free wind).

The parameter qE, being much larger than 1, means

the energy injection is not important, and Equation (5)

and Equation (6) return to the cases without energy in-

jection, for which qE = 1 in the scaling laws.

2.2 Typical Frequency and Cooling Frequency

The strength of a post-shock magnetic field in its comov-

ing frame is given by SPN98: B = (32πmpǫBn)
1
2 γc.

A relativistic electron with random Lorentz factor γe ≫
1 in a magnetic field emits synchrotron radiation.

Respectively, the radiation power and characteristic fre-

quency of an electron are given by (e.g., Rees 1967;

Rybicki & Lightman 1979; Ghisellini 2013) P (γe) =
4
3σTcγ2γ2

e
B2

8π and ν(γe) = γγ2
e

qB
2πmec .

The spectral power varies as ν
1
3 for ν < ν(γe), and

cuts off exponentially for ν > ν(γe). Approximately, the

peak spectral power of a single electron Pν,max at ν(γe)

is

Pν,max ≃ P (γe)

ν(γe)
=

mec
2σT

3q
γB =

√
3φpq3

mec
γB.

Here φp is a parameter introduced by Wijers & Galama

(1999): φp ≡ Fν(xp) is the dimensionless flux at this

point and xp is the dimensionless maximum point of the

spectrum. Thus the peak flux density of the afterglow is

Fν,max =
NePν,max

4πD2
L

(1 + z), where DL is the luminosity

distance to the observer and Ne = 4π
3−kAR3−k is the

total number of radiating electrons.

Assuming that the distribution of accelerated elec-

trons is a power law, e.g., n(γe)dγe ∝ γ−p
e dγe for

γe ≥ γm, where γm is minimum Lorentz factor of the

accelerated electrons, one has γm = ǫe
p−2
p−1

mp

me
γ, where

ǫe is energy fraction of the total internal energy carried

by electrons, and p > 2 is required. To represent analyt-

ically, SPN98 introduced the cooling Lorentz factor γc

defined by γγcmec
2 = P (γc) t, namely γc = 6πmec

σTγB2t =
3me

16ǫBσTmpc
1

tγ3ne
, where σT is the Thomson cross sec-

tion. The electron Lorentz factors γc and γm define two

characteristic emission frequencies νc and νm in the syn-

chrotron spectrum, respectively. Substituting the expres-

sion of γc into the typical synchrotron frequency, one can

obtain the cooling frequency νc, which has the physical

meaning that if synchrotron frequency is higher than it,

electron cooling should be considered. Substituting the

expression of γm into the synchrotron frequency above,

one has the typical synchrotron frequency νm. Following

Wijers & Galama (1999), one has

νm =
3xp

4π

qB

mec
γ2
mγ =

3xp

4π

qB

mec
ǫ2e

(

p − 2

p − 1

)2 (

mp

me

)2

γ3.
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The νm and νc, along with latter νa, correspond to breaks

in the spectrum, which consists of several power law seg-

ments. They are also known as the ‘break frequencies.’

The continuity equation for electrons in energy

space is (e.g., Rybicki & Lightman 1979): ∂
∂tn(γe, t) +

∂
∂γ (γ̇en(γe, t)) = Q (γe) , where n(γe, t) is the distribu-

tion of electrons, Q (γe) is the rate of electron injection

and γ̇e is the rate of change of γe due to radiation. In the

case of adiabatic steady injection of electrons, one has

Q(γe) ∝ γ−p
e (electrons accelerated by shock). By solv-

ing the equations in the condition ∂
∂tn(γe, t) = 0, one

can obtain a stable distribution of the electrons due to

continuous injection.

We generalize parameters {ǫB, ǫe} as {ǫB(t), ǫe(t)}
phenomenologically, namely ǫB(t) = ǫB,0 when t < τB,

ǫB(t) = ǫB,0 (t/τB)−qB when t ≥ τB, and ǫe(t) = ǫe,0

when t < τe, ǫe(t) = ǫe,0 (t/τe)
−qe when t ≥ τe, for

which ǫB,0 and ǫe,0 are fixed values, τB and τe are charac-

teristic decay times, and qB and qe are the corresponding

slopes. Note that qB and qe are assumed to be so small

that they do not affect the dynamics. It is worth mention-

ing that Warren et al. (2017) concluded that the evolution

of ǫe is close to a power law decay.

In GRB afterglows, normally, the effect of IC could

be important (Sari et al. 1996). Formally, one can in-

clude the effect by inserting an appropriate power of

(1 + Y) into the formulas for break frequencies, where

Y = (ǫe/ǫB)
1
2 in fast cooling phases, while Y =

(ǫe/ǫB)
1
2 (νm/νc)

p−2
4 in slow cooling phases (Sari &

Esin 2001). Using the formulas, one can calculate the

analytical expressions of generalized characteristic fre-

quency as

νm = 312−
9
2 π−1c−

5
2 xpm−3

e m2
pq

(

p − 2

p − 1

)2

ǫ
1
2

B,0ǫ
2
e,0 (17 − 4k)

1
2 (2 − qE)

3
2 (4 − k)−

3
2

(1 + z)
1
2 qE+ 1

2 qB+2qe

E
1
2
0 τ

1
2 (qE−1)

E τ
1
2 qB

B τ2qe
e t−

1
2 qE−1− 1

2 qB−2qe ,

(11)

and

νc = 332
20−k
2k−8 π

k
k−4 c

3k−4
2k−8 xpmem

4
k−4
p qσ−2

T ǫ
−

3
2

B,0

(4 − k)
k−12
2k−8 (17 − 4k)

4−3k
2k−8 (2 − qE)

12−k
2k−8

(1 + Y )
−2

(1 + z)
(4−3k)qE+4k

2k−8 −
3
2 qB

A
4

k−4 E
4−3k
2k−8

0 τ
3k−4
2k−8 (1−qE)

E τ
−

3
2 qB

B

t
(2−qE)(4−3k)

2k−8 + 3
2 qB .

(12)

The analytical expressions are complicated. Usually,

the numerical equations are obtained by substituting mul-

tiple parameters into the general formulas. We take p =

2.5 if p has to be set as a number to get the analytical

expression, and the time td is in the unit of day.

For k = 0 (ISM), one has

νm = 1.67 × 1015η−2qe−
1
2 qE−

1
2 qB

ǫ2e,−0.5ǫ
1
2

B,−1 (2 − qE)
3
2

(1 + z)
1
2 qE+ 1

2 qB+2qe

E
1
2
53τ

1
2 (qE−1)

E,4 τ
1
2 qB

B,4 τ2qe

e,4

t
−2qe−

1
2 qE−

1
2 qB−1

d Hz,

(13)

where η = 8.64, which occurs with the time converted to

the unit of day, and

νc = 5.70 × 1011η
1
2 qE+ 3

2 qBǫ
−

3
2

B,−1 (2 − qE)
−

3
2

(1 + z)−
1
2 qE−

3
2 qB (1 + Y )−2

n−1
0 E

−
1
2

53 τ
1
2 (1−qE)

E,4 τ
−

3
2 qB

B t
1
2 qE+ 3

2 qB−1

d Hz.

(14)

For k = 2 (wind medium), one has

νm = 3.42 × 1015η−2qe−
1
2 qE−

1
2 qBǫ2e,−0.5ǫ

1
2

B,−1

(2 − qE)
3
2 (1 + z)

1
2 qE+ 1

2 qB+2qe E
1
2
53

τ
1
2 (qE−1)

E,4 τ
1
2 qB

B,4 τ2qe

e,4 t
−2qe−

1
2 qE−

1
2 qB−1

d Hz,

(15)

and

νc = 5.91 × 1015η
3
2 qB−

1
2 qEǫ

−
3
2

B,−1 (2 − qE)
−

5
2

(1 + z)
1
2 qE−

3
2 qB−2 (1 + Y )−2

E
1
2
53τ

1
2 (qE−1)

E,4 τ
−

3
2 qB

B t
1− 1

2 qE+ 3
2 qB

d Hz.

(16)

2.3 Synchrotron Self-Absorption Frequencies

The third characteristic frequency νa is defined by syn-

chrotron self-absorption (SSA), below which the syn-

chrotron photons are absorbed in the condition of the op-

tical depth τ ≥ 1 (see Rybicki & Lightman 1979, for

example). While some authors define the condition as

τ ≡ e−1 ≃ 0.35 (e.g. Wijers & Galama 1999), we adopt

τ = 1 in this paper.

In the late afterglow, νa is usually the lowest among

the three characteristic frequencies (e.g. SPN98), while

the broad-band synchrotron spectrum can fall into two

broad categories depending on the order of γm and γc,

namely, in the fast cooling regime if γc < γm, and in the

slow cooling regime if γc > γm (see Section 2.2). For

completeness, according to Wu et al. (2003), we list all

possible expressions of νa in these two cases.

(1) Self-absorption in the fast cooling region (γc <

γm).
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In comoving frames, the self-absorption coefficient

is

αν,f ≈






















c1
q
B (neγc) γ−6

c

(

νobs

νc

)

−
5
3

, νobs < νc < νm,

c2
q
B (neγc) γ−6

c

(

νobs

νc

)

−3

, νc < νobs < νm,

c2
q
B (neγc) γ−6

m

(

νobs

νm

)

−
p+5
2

, νc < νm < νobs,

(17)

where νobs is observed frequency, c1 =
2

14
3 π2

32Γ(1/3)
p+2
p+ 2

3

, c2 = 2
p+10

2 3−2πg(p) and g(p) =

243
1
2 Γ(3p+2

12 )Γ(3p+10
12 )

(

p + 10
3

)

(e.g. Rybicki &

Lightman 1979). Approximatively, when p = 2.5,

c1 ≃ 14.78 and c2 ≃ 17.80. Here Γ(x) is the gamma

function. For convenience, we denote the first formula

as αν,f1, the second formula as αν,f2 and the third

formula as αν,f3. For the first case of fast cooling,

i.e., νobs < νc < νm, the absorption frequency

corresponding to αν,f1 is

νa,f1 =

(

c1

3 − k

qnR

Bγ5
c

)
3
5

νc.

Thus, for the general case, one has

νa,f1 = 2
56−25k
5k−20 (17 − 4k)

9k−14
5k−20 (3 − k)

−
3
5

(4 − k)
30−2k
5k−20 π

30−13k
5k−20 c

50−18k
5k−20 xpm

10+3k
20−5k
p

m−2
e q

8
5 c

3
5
1 σTǫ

6
5

B,0 (1 + Y ) (2 − qE)
2k−30
5k−20

(1 + z)
(9k−14)qE−17k+24

5k−20 + 6
5 qB A

22
20−5k

E
9k−14
5k−20

0 τ
9k−14
5k−20 (qE−1)

E τ
6
5 qB

B

t−
(9k−14)qE−12k+4

5k−20 −
6
5 qB .

(18)

Separately, one has

νa,f1 = 2.01 × 1012η−
7
10 qE−

6
5 qBǫ

6
5

B,−1 (1 + Y )

(2 − qE)
3
2 (1 + z)

7
10 qE+ 6

5 qB−
6
5 n

11
10
0

E
7
10
53 τ

7
10 (qE−1)

E τ
6
5 qB

B t
1
5−

7
10 qE−

6
5 qB

d Hz

(19)

for ISM (k = 0), and

νa,f1 = 1.22 × 108η
2
5 qE−

6
5 qBǫ

6
5

B,−1 (1 + Y )

(2 − qE)
13
5 (1 + z)

6
5 qB−

2
5 qE+1

E
−

2
5

53 τ
2
5 (1−qE)

E τ
6
5 qB

B t
2
5 qE−2− 6

5 qB

d Hz

(20)

for wind medium (k = 2).

Analogously, for the second case of fast cooling, i.e.,

νc < νobs < νm, the absorption frequency correspond-

ing to αν,f2 is νa,f2 =
(

c2

3−k
qnR
Bγ5

c

)
1
3

νc, and one can ob-

tain the general formula

νa,f2 = 3
4
3 2

32−9k
3k−12 π

10−3k
3k−12 c

14−4k
3k−12 c

1
3
2 xpm

−
2
3

e

m
2−k

3k−12
p q

4
3 σ

−
1
3

T (4 − k)
2

3k−12

(17 − 4k)
k−2

3k−12 (3 − k)
−

1
3

(2 − qE)
−

2
3k−12 (1 + Y )

−
1
3

(1 + z)
(k−2)qE−3k+8

3(k−4) A
2

12−3k

E
k−2

3k−12

0 τ
k−2

3k−12 (qE−1)

E t
(2−k)qE+4

3(k−4) .

(21)

For ISM (k = 0) and wind medium (k = 2), one has

νa,f2 = 1.22 × 1012η−
1
6 qE (2 − qE)

1
6 (1 + Y )−

1
3

(1 + z)
1
6 qE−

2
3 n

1
6
0 E

1
6
53

τ
1
6 (qE−1)

E t
−

1
6 qE−

1
3

d Hz,

(22)

νa,f2 = 3.38 × 1011 (2 − qE)
1
3 (1 + Y )

−
1
3

(1 + z)
−

1
3 t

−
2
3

d Hz,
(23)

respectively.

For the third case of fast cooling, i.e., νc < νm <

νobs, the absorption frequency corresponding to αν,f3 is

νa,f3 =
(

c2

3−k
qnR
Bγ5

c

)
2

p+5
(

νm

νc

)

p−1
p+5

νc. The general for-

mula is

νa,f3 = 3
p+7
p+5 2−

(9k−36)p+7k+8
2(p+5)(k−4) π

16+4p−5k−kp

(p+5)(k−4) c
36+20p−5kp−11k

2(p+5)(k−4)

xpm
−1−3p

p+5
e m

2(kp−2k−4p+6)
(p+5)(k−4)

p q
p+7
p+5 σ

−
2

p+5

T ǫ
p−1

2(p+5)

B,0 ǫ
2p−2
p+5

e,0

(4 − k)
4

(p+5)(k−4)
−

3(p−1)
2(p+5) (17 − 4k)

2k−4
(p+5)(k−4)

+ p−1
2(p+5)

(2 − qE)
p−1

2(p+5)
+ kp−k−4p

(p+5)(k−4) c
2

p+5

2 (1 + Y )
−

2
p+5

(1 + z)
(kp+3k−4p−4)qE−12k+32

2(p+5)(k−4)
+ p−1

2p+10 qB+ 2p−2
p+5 qe

(p − 1)
2−2p

p+5 (p − 2)
2p−2
p+5 A−

4
(p+5)(k−4) (3 − k)−

2
p+5

E
(k−4)p+3k−4
2(p+5)(k−4)

0 τ
(kp+3k−4p−4)
2(p+5)(k−4) (qE−1)

E τ
p−1

2p+10 qB

B τ
2p−2
p+5 qe

e

t
(qE+2)(4−k)p+(2−3qE)k+4qE+8

2(p+5)(k−4)
−

qB(p−1)

2p+10 −
qe(2p−2)

p+5 .

(24)

Separately, one has

νa,f3 = 5.17 × 1012η−
7
30 qE−

2
5 qe−

1
10 qB(2 − qE)

13
30

ǫ
1
10

B,−1ǫ
2
5
e,−0.5 (1 + Y )

−
4
15

(1 + z)
7
30 qE−

8
15+ 1

10 qB+ 2
5 qe

n
2
15
0 E

7
30
53 τ

7
30 (qE−1)

E τ
1
10 qB

B τ
2
5 qe
e

t
−

7
30 qE−

7
15−

1
10 qB−

2
5 qe

d Hz

(25)
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for ISM (k = 0), and

νa,f3 = 2.14 × 1012η−
1
10 qE−

1
10 qB−

2
5 qe(2 − qE)

17
30

ǫ
1
10

B,−1ǫ
2
5
e,−0.5 (1 + Y )

−
4
15

(1 + z)
3
10 qE−

4
15 + 1

10 qE+ 2
5 qe

E
1
10
53 τ

1
10 (qE−1)

E τ
1
10 qB

B τ
2
5 qe
e

t
−

1
10 qE−

11
15−

1
10 qB−

2
5 qe

d Hz

(26)

for wind medium (k = 2).

(2) Self-absorption in the slow cooling region (γc >

γm)

αν,s ≈






















































c1(p − 1) q
B

(

neγ
p−1
m

)

γ
−(p+4)
m

(

νobs

νm

)

−
5
3

,

νobs < νm < νc,

c2(p − 1) q
B

(

neγ
p−1
m

)

γ
−(p+4)
m

(

νobs

νm

)

−
p+4
2

,

νm < νobs < νc,

c3(p − 1) q
B

(

neγ
p−1
m

)

γ
−(p+4)
c

(

νobs

νc

)

−
p+5
2

,

νm < νc < νobs,

(27)

where c3 = (2π
3 )

3
2 (p + 2). Approximatively, when p =

2.5, c3 ≃ 13.64. For convenience, we denote the first for-

mula as αν,s1, the second formula as αν,s2 and the third

formula as αν,s3. For the first case of slow cooling, i.e.,

νobs < νm < νc, the absorption frequency correspond-

ing to αν,s1 is νa,s1 =
[

c1(p−1)
3−k

qnR
Bγ5

m

]
3
5

νm.

For the general formula, one has

νa,s1 = 312
36−15k
5k−20 π

20−8k
5k−20 c

20−8k
5k−20 xpm

20−8k
5k−20
p q

8
5 c

3
5
1

(p − 1)
8
5 (p − 2)

−1
(3 − k)

−
3
5 ǫ−1

e,0ǫ
1
5

B,0

(4 − k)
5k−6
5k−20 (17 − 4k)

4k−4
5k−20 (2 − qE)

3k
20−5k

(1 + z)
4(kqE−3k−qE+6)

5k−20 −qe+
1
5 qB

A−
12

5k−20 E
4k−4
5k−20

0 τ
4(k−1)
5(k−4)

(qE−1)

E τ
1
5 qB

B τ−qe
e

t−
4(k−1)qE−7k+4

5(k−4)
+qe−

1
5 qB .

(28)

Separately, one has

νa,s1 = 4.74 × 1010η−
1
5 qB+qeǫ−1

e,−0.5ǫ
1
5

B,−1

(1 + z)
1
5 qE−

6
5−qe+

1
5 qB n

3
5
0 E

1
5
53

τ
1
5 (qE−1)

E τ
1
5 qB

B τ−qe
e t

1
5−

1
5 qE−

1
5 qB+qe

d Hz

(29)

for ISM (k = 0), and

νa,s1 = 2.04 × 108η
2
5 qE−1− 1

5 qB+qeǫ−1
e,−0.5ǫ

1
5

B,−1

(2 − qE)
3
5 (1 + z)

−
2
5 qE−qe+

1
5 qB E

−
2
5

53

τ
2
5 (1−qE)

E τ
1
5 qB

B τ−qe
e t

2
5 qE−1− 1

5 qB+qe

d Hz

(30)

for wind medium (k = 2).

For the second case of slow cooling, i.e., νm <

νobs < νc, the absorption frequency corresponding to

αν,s2 is νa,s2 =
[

c2(p−1)
3−k

qnR
Bγ5

m

]
2

p+4

νm.

For the general formula, one has

νa,s2 =

312
72+36p−26k−9kp

2(p+4)(k−4) π
(4−k)p−6k+16

(p+4)(k−4) c
(20−5k)p−14k+40

2(p+4)(k−4)

xpm
−

3p+2
p+4

e m
(2k−8)p−4k+8

(p+4)(k−4)
p q

p+6
p+4 c

2
p+4

2

(4 − k)
−

(3k−12)p−2k−8
2(p+4)(k−4) (17 − 4k)

(k−4)p+6k−8
2(p+4)(k−4)

(3 − k)
−

2
p+4 (p − 1)

4−2p

p+4 (p − 2)
2p−2
p+4

(2 − qE)
(12−5k)p−10k+16

2(p+4)(k−4)

(1 + z)
(kp+6k−4p−8)qE−16k+32

2(p+4)(k−4) + p+2
2p+8 qB+ 2p−2

p+4 qe

ǫ
p+2
2p+8

B,0 ǫ
2p−2
p+4

e,0 A
8

(p+4)(4−k) E
(k−4)p+6k−8
2(p+4)(k−4)

τ
(kp+6k−4p−8)(qE−1)

2(p+4)(k−4)

E τ
p+2
2p+8qB

B τ
2p−2
p+4 qe

e

t−
(kp+6k−4p−8)qE+2kp−8k−8p

2(p+4)(k−4)
−

p+2
2p+8 qB−

2p−2
p+4 qe .

(31)

Separately, one has

νa,s2 = 8.22 × 1012η−
3
16 qe−

9
26 qE−

9
26 qB

(2 − qE)
19
26 ǫ

9
26

B,−1ǫ
6
13
e,−0.5

(1 + z)
9
26 qE−

8
13+ 9

26 qB+ 6
13 qe

n
4
13
0 E

9
26
53 τ

9
26 (qE−1)

E τ
9
26 qB

B τ
3
16 qe
e

t
−

9
26 qB−

9
26 qE−

6
13 qe−

5
13

d Hz,

(32)

for ISM (k = 0), and

νa,s2 = 7.15 × 1011η−
9
26 qB−

1
26 qE−

6
13 qe

(2 − qE)
27
26 ǫ

9
26

B,−1ǫ
6
13
e,−0.5

(1 + z)
1
26 qE+ 9

26 qB+ 6
13 qe E

1
26
53

τ
1
26 (qE−1)

E τ
9
26 qB

B τ
3
16 qe
e

t
−

9
26 qB−

1
26 qE−

6
13 qe−1

d Hz,

(33)

for wind medium (k = 2).

For the third case of slow cooling, i.e., νm < νc <

νobs, the absorption frequency corresponding to αν,s3 is

νa,s3 =
[

c2(p−1)
3−k

qnR
Bγ5

m

]
2

p+5
(

νc

νm

)
1

p+5

νm.
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For the general formula, one has

νa,s3 =

3
p+7
p+5 2

36−3kp−7k+15p

(p+5)(k−4) π
(4−k)p−5k+16

(p+5)(k−4) c
(20−5k)p−11k+36

2(p+5)(k−4)

c
2

p+5

2 xpm
−

3p+1
p+5

e m
(2k−8)p−4k+12

(p+5)(k−4)
p q

p+7
p+5 σ

−
2

p+5

T

ǫ
p−1

2p+10

B,0 ǫ
2p−2
p+5

e,0 (p − 1)
4−2p

p+5 (p − 2)
2p−2
p+5

(4 − k)
−

3(p+4)
2(p+5) (17 − 4k)

12−k

2(p+5)(k−4)
−

p+4
2p+10

(3 − k)
−

2
p+5 (2 − qE)

3k(p−1)−12p+4
2(p+5)(k−4) (1 + Y )

−
2

p+5

(1 + z)
(kp+3k−4p−4)qE−12k+32

2(p+5)(k−4)
+ p−1

2p+10 qB+ 2p−2
p+5 qe

A−
4

(p+5)(k−4) E
(k−4)p−4+3k

2(p+5)(k−4)

0 τ
(kp+3k−4p−4)(qE−1)

2(p+5)(k−4)

E

τ
p−1

2p+10 qB

B τ
2p−2
p+5 qe

e

t
(qE+2)(4−k)p+(2−3qE)k+4qE+8

2(p+5)(k−4)
−

p−1
2p+10 qB−

2(p−1)
p+5 qe .

(34)

Separately, one has

νa,s3 = 5.76 × 1012η−
7
30 qE−

1
10 qB−

2
5 qe(2 − qE)

13
30

(1 + z)
7
30 qE−

8
15+ 1

10 qB+ 2
5 qe

(1 + Y )
−

4
15 ǫ

1
10

B,−1ǫ
2
5
e,−0.5

n
2
15
0 E

7
30
53 τ

7
30 (qE−1)

E τ
1
10 qB

B τ
2
5 qe
e

t
−

7
15−

7
30 qE−

1
10 qB−

2
5 qe

d Hz,

(35)

for ISM (k = 0), and

νa,s3 = 9.92 × 1015η
3
16 qe−

9
26 qE−

9
26 qB(2 − qE)

17
30

(1 + z)
1
10 qE−

4
15+ 1

10 qB+ 2
5 qe

ǫ
1
10

B,−1ǫ
2
5
e,−0.5E

1
10
53 τ

1
10 (qE−1)

E τ
1
10 qB

B τ
2
5 qe
e

t
−

7
15−

7
30 qE−

1
10 qB−

2
5 qe

d Hz,

(36)

for wind medium (k = 2).

Above are all the six cases of SSA, in which we

give general analytical expressions with variable param-

eters. To get the numerical solution, such as k = 1.5 and

qE = 0.1, one only needs to substitute values into the

corresponding general formulas.

3 A VARIETY OF CASES OF FLUX DENSITIES

Following the same process as in Mészáros & Rees

(1997); Sari et al. (1998); Gao et al. (2013) and the re-

lated references, one can take the characteristic param-

eters as the basis of classification. There are two kinds

of situations: fast cooling and slow cooling. To rearrange

the other two parameters, one has six kinds of cases. For

the energy distribution of electrons expressed in Section

2.2, the observed synchrotron radiation flux densities are

shown in the following.

3.1 The Fast-Cooling Phase

There are three cases, namely I(1) νa < νc < νm, I(2)

νc < νa < νm and I(3) νc < νm < νa. In the following,

we list the formulas for each case one by one.

In the case of I(1) νa < νc < νm, for the formulation

of the flux density Fν,f11, namely in the condition νobs <

νa < νc < νm, Fν,f11 =
(

νobs

νa

)2 (

νa

νc

)
1
3

Fν,max, where

the subscript f11 means the first case of fast cooling.

For the analytical expression, one has

Fν,f11 = 3−
1
2 2

16−6k
4−k ǫ−1

B,0σ
−1
T D−2

L (1 + Y )
−1

(1 + z)
(4−qE)k−8

k−4 −qB c−1
1 φpx−2

p

π
8−3k
4−k c

2k−4
k−4 m

4
k−4
p m2

eν
2
obs

(4 − k)
k−8
k−4 (2 − qE)

k−8
4−k

(17 − 4k)
−

k
k−4 A

4
k−4 E

−
k

k−4

0

τ
k

k−4 (1−qE)

E τ−qB

B t
(qE−1)k−4

k−4 +qB .

(37)

Separately, one has

Fν,f11 = 4.44 × 108ηqB(2 − qE)−2D−2
28

(1 + Y )
−1

(1 + z)
2−qB ν2

14.5

n−1
0 ǫ−1

B,−1τ
−qB

B,4 t1+qB

d Jy,

(38)

for ISM, and

Fν,f11 = 2.36 × 1012ηqB−qE(2 − qE)−3D−2
28

(1 + Y )−1 (1 + z)qE−qB ν2
14.5ǫ

−1
B,−1

E53τ
qE−1
E,4 τ−qB

B,4 t3−qE+qB

d Jy,

(39)

for wind medium.

Analogously, for the expression of Fν,f12, which

means the second case of fast cooling I(1), namely in

the condition νa < νobs < νc, one has Fν,f12 =
(

νobs

νc

)
1
3

Fν,max.

For the analytical expression, one has

Fν,f12 = 3−
1
2 2

8−7k
3(4−k) (4 − k)

k+6
3k−12 (k − 3)

−1

(2 − qE)
−6−k
3k−12

(17 − 4k)
6k−14
3k−12 c

38−12k
3k−12 π

6−4k
3k−12

φpx
−

1
3

p m
−

4
3

e m
2−3k
3k−12
p D−2

L

(1 + z)
(6k−14)qE−5k

3k−12 +qB (1 + Y )
2
3

σ
2
3

Tq
8
3 ν

1
3

obsǫB,0A
10

12−3k E
6k−14
3k−12

0

τ
2(qE−1)(3k−7)

3k−12

E τqB

B t
(14−6k)qE+9k−16

3k−12 −qB .
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Separately, one has

Fν,f12 = 9.66 × 104η−qB−
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(41)

for ISM, and

Fν,f12 = 4.82 × 10η−
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(42)

for wind medium.

For the expression of Fν,f13, namely in the con-

dition νa < νc < νobs < νm, one has Fν,f13 =
(

νobs

νc

)

−
1
2

Fν,max.

For the analytical expression, one has
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Separately, one has
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for ISM, and

Fν,f13 = 2.26 × 102η
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for wind medium.

For the expression of Fν,f14, namely in the con-

dition νa < νc < νm < νobs, one has Fν,f14 =
(

νobs

νm

)

−
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2
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)

−
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For the analytical expression, one has
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Separately, one has

Fν,f14 = 1.74 × 103η−
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for the case of ISM, and

Fν,f14 = 8.61 × 102η−
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(48)

for wind medium.

In the case of I(2) νc < νa < νm, for the expression

of Fν,f21, namely in the condition νobs < νc < νa < νm,

one has Fν,f21 =
(

νobs

νc

)2 (

νc
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)3
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For the analytical expression, one has
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Separately, one has
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for ISM, and

Fν,f21 = 1.96 × 1012ηqB−qE(2 − qE)−3
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for wind medium.

For the expression of Fν,f22, namely in the con-

dition νc < νobs < νa < νm, one has Fν,f22 =
(

νobs

νa

)
5
2
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)

−
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For the analytical expression, one has
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Separately, one has

Fν,f22 = 8.67 × 109η
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(53)

for ISM, and

Fν,f22 = 1.85 × 1011η
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(54)

for wind medium.

For the expression of Fν,f23, namely in the con-

dition νc < νa < νobs < νm, one has Fν,f23 =
(

νobs

νc

)

−
1
2

Fν,max, νa < νobs < νm.

For the analytical expression, one has
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Separately, one has

Fν,f23 = 2.04 × 102η
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(56)

for the case of ISM, and

Fν,f23 = 2.26 × 102η
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(57)

for wind medium.

For the expression of Fν,f24, namely in the con-

dition νc < νa < νm < νobs, one has Fν,f24 =
(
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)
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For the analytical expression, one has
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Separately, one has
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for ISM, and
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for wind medium.
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In case of I(3) νc < νm < νa, for the expression of

Fν,f31, namely in the condition νobs < νc < νm < νa,

one has Fν,f31 =
(

νobs

νc

)2 (
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)3 (
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)

−
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Fν,max.

For the analytical expression, one has
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Separately, one has

Fν,f31 = 3.68 × 108ηqB(2 − qE)−2 (1 + z)
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for ISM, and
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for wind medium.

For the expression of Fν,f32, namely in the con-

dition νc < νobs < νa, one has Fν,f32 =
(
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)
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For the analytical expression, one has
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Separately, one has

Fν,f32 = 8.67 × 109η
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for ISM, and

Fν,f32 = 1.85 × 1011η
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for wind medium.

For the expression of Fν,f33, namely in the con-

dition νc < νm < νa < νobs, one has Fν,f33 =
(
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−
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For the analytical expression, one has

Fν,f33 =

3
3+p

2 2−
9
4 p− 1

2 π−
p

2 (3 − k)
−1

(1 + Y )
−1

D−2
L

(17 − 4k)
p+2
4 (p − 1)

1−p
(p − 2)

p−1

(4 − k)
3(1−p)

4 (2 − qE)
3
4p− 3

2 σ−1
T m

2−3p

2
e mp−2

p

c−
5p+6

4 ǫp−1
e ǫ

p−2
4

B,0 φpx
p

2
p q

p

2 +3

(1 + z)
p+2
4 qE+ p−2

4 qB+(p−1)qe ν
−

p

2

obs E
p+2
4

0

τ
p+2
4 (qE−1)

E τ
p−2
4 qB

B τ (p−1)qe
e

t(1−p)qe−
p+2
4 qE−

p−2
4 qB+1− p

2 .

(67)

Separately, one has

Fν,f33 = 6.97 × 103η−
9
8 qE−

1
8 qB−

3
2 qe(2 − qE)

3
8

(1 + z)
9
8 qE+ 1

8 qB+ 3
2 qe (1 + Y )−1D−2

28

ν
−

5
4

14.5ǫ
1
8

B,−1ǫ
3
2
e,−0.5E

9
8
53τ

9
8 (qE−1)

E,4 τ
1
8 qB

B,4

τ
3
2 qE

e,4 t
−

9
8 qE−

1
4−

1
8 qB−

3
2 qe

d Jy,

(68)

for ISM, and

Fν,f33 = 8.61 × 102η−
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for wind medium.

3.2 The Slow Cooling Phase

There are three cases, namely II(1) νa < νm < νc, II(2)

νm < νa < νc and II(3) νm < νc < νa:

In the case of II(1) νa < νm < νc, for the expression

of Fν,s11, namely in the condition νobs < νa < νm <

νc, one has Fν,s11 =
(

νobs

νa

)2 (

νa

νm

)
1
3

Fν,max, where the

index s11 means the first case of slow cooling.
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For the analytical expression, one has
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Separately, one has
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for ISM, and
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for wind medium.

For the expression of Fν,s12, namely in the con-

dition νa < νobs < νm < νc, one has Fν,s12 =
(
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)
1
3
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For the analytical expression, one has
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Separately, one has
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for ISM, and

Fν,s12 = 5.78 × 10η
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for wind medium.

For the expression of Fν,s13, namely in the con-

dition νa < νm < νobs < νc, one has Fν,s13 =
(
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For the analytical expression, one has
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Separately, one has
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for ISM, and

Fν,s13 =5.10 × 102η−
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for wind medium.

For the expression of Fν,s14, namely in the con-

dition νa < νm < νc < νobs, one has Fν,s14 =
(

νobs

νc

)

−
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)

−
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For the analytical expression, one has
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Separately, one has
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for ISM, and

Fν,s14 = 8.61 × 102η−
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for wind medium.

In case of II(2) νm < νa < νc, for Fν,s21,

namely νobs < νm < νa < νc, one has Fν,s21 =
(
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For the analytical expression, one has
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Separately, one has
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for ISM, and
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for wind medium.

For the expression of Fν,s22, namely in the con-

dition νm < νobs < νa < νc, one has Fν,s22 =
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For the analytical expression, one has
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Separately, one has

Fν,s22 = 5.78 × 109η
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for ISM, and

Fν,s22 = 3.02 × 1011η
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for wind medium.

For the expression of Fν,s23, namely in the con-

dition νm < νa < νobs < νc, one has Fν,s23 =
(
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−
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For the analytical expression, one has
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Separately, one has
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for ISM, and
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for wind medium.

For the expression of Fν,s24, namely in the con-

dition νm < νa < νc < νobs, one has Fν,s24 =
(
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For the analytical expression, one has
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Separately, one has
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for ISM, and
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for wind medium.

In case of II(3) νm < νc < νa, for Fν,s31, namely in

the condition νobs < νm < νc < νa, one has Fν,s31 =
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For the analytical expression, one has
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Separately, one has
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for wind medium.

For the expression of Fν,s32, namely in the con-

dition νm < νobs < νa, one has Fν,s32 =
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For the analytical expression, one has

Fν,s32 =

3−22
25k−84
4k−16 (p − 1)−1 (2 − qE)

k
2(k−4)

−
5
4 D−2

L c−1
2

c
5k−12
4k−16 (4 − k)

10−3k
k−4 + 15

4 π
5k−16
2k−8 φpx

−
5
2

p q−
1
2

(17 − 4k)
k−6
k−4−

5
4 (1 + z)

(k+4)qE−12k+32

16−4k
−

1
4 qB

m
3
2
e m

2
k−4
p ν

5
2

obsA
2

k−4 ǫ
−

1
4

B,0E
k+4

16−4k

0 τ
(1−qE)(k+4)

4k−16

E

τ
−

1
4 qB

B t
(k+4)qE+2k−24

4k−16 + 1
4 qB .

(97)

Separately, one has
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for ISM, and
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for wind medium.

For the expression of Fν,s33, namely in the con-

dition νm < νc < νa < νobs, one has Fν,s33 =
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Separately, one has
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8 qE+ 1

8 qB+ 3
2 qe (1 + Y )−1D−2

28

ν
−

5
4

14.5ǫ
3
2
e,−0.5ǫ

1
8

B,−1E
9
8
53τ

9
8 (qE−1)

E,4 τ
1
8 qB

B,4

τ
3
2 qe

e,4 t
−

1
4−

1
8 qB−

9
8 qE−

3
2 qe

d Jy,

(101)

for ISM, and

Fν,s33 = 8.61 × 102η−
1
8 qB−

9
8 qE−

3
2 qe(2 − qE)

3
8

(1 + z)
9
8 qE+ 1

8 qB+ 3
2 qe (1 + Y )−1D−2

28

ν
−

5
4
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3
2
e,−0.5ǫ

1
8

B,−1E
9
8
53τ

9
8 (qE−1)

E,4 τ
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8 qB

B,4

τ
3
2 qe

e,4 t
−

1
4−

1
8 qB−

9
8 qE−

3
2 qe

d Jy,

(102)

for wind medium.

4 RESULTS AND APPLICATION

4.1 Results

With the formulas given above, one can get the dynamics,

typical frequencies and observed flux densities. Notice

that considering the large amount of parameters, the re-

sults are quite different with different sets of parameters.

To show the results, we take a set of typical values for pa-

rameters, namely k = 0, n = 1 cm−3, ǫe,0 = 0.1, ǫB,0 =

0.01, qE = qe = qB = 0.1, τe = τB = τE = 1000 s, p =

2.3, E0 = 4 × 1052 erg and z = 0.1. With these param-

eters, we can plot the evolution of the radiation and the

spectra. It is easier to show the parameter dependence by

changing one parameter while keeping others fixed. As

an example, we plot them by varying the magnetic pa-

rameter ǫB,0.

Figure 1 shows the light curves in the optical band.

One can clearly see flux density increasing with the in-

crease of ǫB,0, the magnetic field of which assumes an

important role in the synchrotron radiation.

Figure 2 shows the spectra at 10 days with different

ǫB,0, and Figure 3 shows the time evolution of the typi-

cal frequencies νc, νm and νa. With more parameters be-

ing changed, the behavior of the dynamics and the radi-

ation will be more complicated. One may understand the

underlying parameters (and also the underlying physics)

while fitting unusual GRB afterglows.

4.2 Modeling the Afterglow of GRB 060607A

To show the ability of the extended model, we apply the

whole set of formulas to some certain GRBs, which are

not applicable with the ‘standard model.’ Using the ex-

ternal forward shock models, Wang et al. (2015) have fit

85 GRBs up to March 2014 with well-monitored X-ray

and optical light curves. They found that a ‘Gold’ sample

(fitted well) includes 45/85 GRBs, and a ‘Silver’ sam-

ple includes 37/85 GRBs, while a ‘bad’ sample (fitted

badly) includes 3/85 GRBs. Their results showed that

external shock models work very well for at least ∼ 53

of the GRB afterglows samples. If post standard models

(e.g., structured jet) are carried out, up to ∼ 96 percent

of GRBs can be accounted for within the external shock

models.

Only three GRB afterglows (namely GRB 060607A,

GRB 070208 and GRB 070420) violate the expecta-

tions of the external shock models, so they argued it

demands another emission component (e.g., the central

engine afterglow) to account for emission on at least

one band (e.g., the X-ray band). Recently, De Pasquale

et al. (2016) argued that the late X-ray afterglow of

GRB 130427A challenged external shock models be-

cause it required extreme values of the physical parame-

ters. Therefore, we can change the way of asking: to what

extent can we use the time-dependent parameter model to

fit these ‘exceptional’ GRBs under reasonable physical

parameter values? In the following, as an example, we

try to fit one of their ‘bad’ samples, the GRB 060607A

afterglow, with our modified standard model.
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GRB 060607A was detected by Swift (Ziaeepour

et al. 2006). Swift slewed immediately to the burst. The

Swift Burst Alert Telescope (BAT) light curve showed a

double-peak structure with a duration of about 40 s. The

peak count rate was ∼ 3000 counts s−1 (15 − 350 keV),

at ∼ 0 s after the trigger. The XRT began observing the

field at 05 : 13 : 18 (UT), 65 s after the BAT trig-

ger. XRT found a bright, variable X-ray source. The ini-

tial flux in the 2.5 s image was 3.3 ×10−9 erg cm−2 s−1

(0.2 − 10 keV). UVOT took a 100 s finding chart expo-

sure with the White (160 − 650 nm) filter starting 75 s

after the BAT trigger. There is a candidate afterglow

in the rapidly available sub-image with a 1-sigma error

radius of about 0.5 arcsec. The redshift is z = 3.082

for GRB 060607A (Ledoux et al. 2006). Panchromatic

Robotic Optical Monitoring and Polarimetry Telescopes

(PROMPT) observed the early-time optical afterglow of

GRB 060607A and obtained a densely sampled multi-

wavelength light curve that begins only tens of seconds

after the GRB (Nysewander et al. 2009).

Some authors have studied the afterglow of GRB

060607A (Malesani et al. 2007; Nysewander et al. 2009;

Covino et al. 2008; Staff et al. 2008; Ziaeepour et al.

2008; Zhang 2009). Molinari et al. (2007) and Jin &

Fan (2007) constrained the circumburst medium profile.

They found a constant and low-density medium profile

for GRB 060607A. In addition, they showed that the

presence of infrared flashes in these two afterglows is

consistent with the standard hydrodynamical external re-

verse shock model. Although a highly magnetized model

can explain the data, it is no longer demanded. A weak

reverse shock in the standard hydrodynamical model is

achievable if the typical synchrotron frequency is already

below the band at the shock-crossing time. However, as

demonstrated in Wang et al. (2015), the afterglow can-

not be fitted within the standard afterglow model. We

modeled the afterglow in X-ray (2.4 × 1018 Hz) and op-

tical bands (4 × 1014 Hz), with the number of parame-

ters released being 12. The numerical code we adopted

is a revised version of the one developed in Wang et al.

(2014). The values of parameters we obtained are E0 =

2.0 × 1053 erg, k = 2.1, n0 = 1, L0 = 5.0 × 1051 erg,

ǫB,0 = 3 × 10−7, ǫe,0 = 0.3, qE = 0.9, qB = 1,

qe = 1.5, τE = 1 s, τB = 104 s and τe = 104 s (see

Fig. 4). Before the injected energy becomes dominant,

the total energy is roughly E0, which is the only parame-

ter. After it becomes dominant, the parameters are L0, qE

and τE, which are three. One can see the modeling of this

afterglow is qualitatively acceptable, but the details are

not fitted well. One of the reasons is that the energy may

not be injected continuously. As shown in the X-ray light

curve in the figure, there are several X-ray flares, which

means the energy may also be injected abruptly several

times. Another reason might be that the afterglow is out

of the range of parameters that are being changed, but

it is morphologically different, such as being electron-

positron pair dominated or long extended reverse shock

dominated.

5 CONCLUSIONS AND DISCUSSION

In this work, we extended the ‘standard afterglow’ model

with five parameters to 12 parameters by making the

‘standard’ parameters time dependent, i.e. changing the

total kinetic energy Ek into E0, qE and τE, the number

density of the environment n into A and k, the equipar-

tition factor of the energy density for electrons ǫe into

ǫe,0, qe and τe, the equipartition factor of the energy den-

sity for the magnetic field ǫB into ǫB,0, qB and τB, while

the power law index of the electrons’ distribution p was

unchanged. The full dynamics and radiation have been

derived with these 12 new parameters. We also derived

the full set of scaling laws with fixed environment styles

being k = 0 (ISM) and k = 2 (wind), and gave typical

values for all the parameters.

This study can be used as a complete reference for

modeling GRB afterglows, by releasing several parame-

ters that are not constant while others are constant. For

example, one can set the afterglows to be energy injected

and in an ISM with constant ǫe and ǫB. Consequently,

one can obtain the formulas from the general ones above

by setting E0, qE, τE, A, ǫB,0 and ǫe,0 to be free parame-

ters while letting k, qe and qB be 0. For the most general

case, one should release all 12 parameters to be free, i.e.,

E0, qE, τE, k, A, p, ǫe,0, τe, qe, ǫB,0, τB and qB. Given

these analytical expressions, the GRB afterglow model is

more convenient to use and to compare with each other.

When νa < νc, there are twelve cases, namely

Fν,f11, Fν,f12, Fν,f13,Fν,f14, Fν,s11, Fν,s12, Fν,s13, Fν,s14,

Fν,s21, Fν,s22, Fν,s23 and Fν,s24. In these cases, SSA

becomes important as a heating source for the low-

energy tail. Consequently, the electrons are dominated by

a quasi-thermal component until to a transition Lorentz

factor, above which the electrons are no longer affected

by the self absorption heating and keep the normal power

law distribution. For these strong absorption cases, a ther-

mal peak due to pile-up electrons would appear around

νa in the synchrotron spectrum, which would also re-

sult in some new features in the SSA spectrum (e.g., Gao

et al. 2013).

In these formulas, we found some interesting

results. In eight cases, the index of time is in-

dependent of the value of parameter k. In other
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Fig. 4 Modeling the afterglow of GRB 060607A. The grey dots are the optical R band light curve, and the black dots are the
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respectively. The corresponding values of the parameters are E0 = 2.0 × 1053 erg, k = 2.1, n0 = 1, L0 = 5.0 × 1051 erg s−1,

ǫB,0 = 3 × 10−7, ǫe,0 = 0.3, qE = 0.9, qB = 1, qe = 1.5, τE = 1 s, τB = 104 s and τe = 104 s. Data are taken from Swift

(Ziaeepour et al. 2006) and Wang et al. (2015).

words, radiation evolution is not related to the

density of the external medium. These cases are

Fν,f13, Fν,f14, Fν,f23, Fν,f24, Fν,f33, Fν,s14, Fν,s24 and

Fν,s33.

In most cases, the peak of flux increases as k in-

creases, but in three cases, namely Fν,f12, Fν,s12 and

Fν,f13, the peak of flux decreases as k increases, while in

seven cases, namely Fν,f13, Fν,f14, Fν,f23, Fν,f34, Fν,s14,

Fν,s24 and Fν,s33, their peak of flux is almost indepen-

dent of k. This is not obvious from numerical calcula-

tions. From this example, we can see the advantages of

the analytic formulas. Although exceptional samples can

be fitted if appropriate parameters are selected, degener-

acy occurs.

This possibility was pointed out by Eichler &

Waxman (2005). Therefore one has to fix several ‘rea-

sonable’ parameters for fitting other parameters. Or, one

can set the time-dependent parameters changing together

with time in the same profile, such as keeping ǫB/ǫe con-

stant. Therefore, one can get some more reasonable fit-

ting parameters in some special cases.

Through fitting the afterglow of GRB 060607A, we

found that it can be interpreted in the framework of our

model within a reasonable range of parameters. Recently,

Warren et al. (2017) claimed that they found convincing

evidence for energy injection into the afterglow of GRB

150424A, and their analysis might shed light on under-

standing afterglow plateau emission, the nature of which

is still under debate. In future work, we can fit more of the

unique afterglows which are similar to it with our model,

to strengthen the conclusion further.

Notice that formulas in which parameters are re-

leased cannot cover all the cases of the afterglow. The

real afterglow of the GRBs can be even more compli-

cated. For the environment, it could be a density jump

like meeting a cloud in a star forming region (Dai & Lu

1998b). For the component, it could be electron-positron

pair dominated (Beloborodov 2002). For the radiation

mechanism, the IC scattering may contribute (e.g. Sari

& Esin 2001). For the energy injection, in which not

only pure energy is injected into the afterglow (Cohen

& Piran 1999), it can be matter dominated (Zhang &

Mészáros 2002b), or electron-positron pair dominated

(Dai 2004). For the late radiation that can last weeks or

even years, the supernova may contribute (e.g. Galama

et al. 1998) and the blast wave will eventually go into its

non-relativistic phase (Huang et al. 1998). Therefore, un-

derstanding the late afterglow should consider variation

of the ‘standard’ parameters as well as extension of the

‘standard’ model itself.
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Zhang, B., & Mészáros, P. 2002b, ApJ, 566, 712

Zhang, B., & Yan, H. 2011, ApJ, 726, 90

Zhang, W., Woosley, S. E., & Heger, A. 2004, ApJ, 608, 365

Zhang, X.-H. 2009, RAA (Research in Astronomy and

Astrophysics), 9, 213

Zhao, X., Li, Z., Liu, X., et al. 2014, ApJ, 780, 12

Ziaeepour, H. Z., Barthelmy, S. D., Gehrels, N., et al. 2006,

GRB Coordinates Network, 5233

Ziaeepour, H., Holland, S. T., Boyd, P. T., et al. 2008, MNRAS,

385, 453

Zou, Y.-C., & Dai, Z.-G. 2006, ChJAA (Chin. J. Astron.

Astrophys.), 6, 551

Zou, Y. C., Dai, Z. G., & Xu, D. 2006, ApJ, 646, 1098

Zou, Y. C., Wu, X. F., & Dai, Z. G. 2005, MNRAS, 363, 93


