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Abstract This study proposed a coarse-fine mixed model for describing the rail surface unevenness of
an ultra-large fully steerable radio telescope (Qi Tai Telescope) with a diameter of 110 meters. The rail
surface unevenness includes information on error arising from two different scales, i.e., the long-period-
short-change and the short-period-long-change. Consequently, in this study an idea of a mixed model
was proposed, in which trigonometric and fractal functions were, respectively, used to describe infor-
mation on error from two scales. Key parameters were determined by using the least squares method
and the wavelet transform method, and finally, a specific mathematical expression of the model was
obtained by optimization. To validate the effectiveness of the new modeling method, the mixed model
was then used to describe the rails of the Green Bank Telescope, the Large Millimeter Telescope, and a
radio telescope in Miyun, Beijing. A comparative study revealed that the maximum error was less than
15%, thus the result was superior to those of existing modeling methods.
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1 INTRODUCTION

Throughout the past several decades, many countries
have been racing to construct large telescopes for ra-
dio astronomy observation, such as the Green Bank
Telescope (GBT) with a 100 x 110m off-set aper-
ture located in West Virginia (Symmes et al. 2008),
the Effelsberg Telescope with a 100 m aperture located
in Germany (Wielebinski et al. 2011) and the Sardinia
Radio Telescope with a 64m aperture located in Italy
(Bolli et al. 2015). China plans to build the Qi Tai
Telescope with a 110 m aperture in Xinjiang, in the north-
west part of China, which would be the world’s largest
aperture fully steerable radio telescope. It would be pri-
marily used for investigating the formation and evolution
of stars, the formation of dark matter in the universe, ob-
servation of pulsars and exploration of deep space based
on very long baseline interferometry. All the above men-
tioned large radio telescopes have large volumes and are
extremely heavy; however, they also set high demands
for pointing accuracy (Kaercher 2004b). As modern ra-
dio telescopes increase in scale and weight, the use of a
rotary table antenna pedestal encounters a series of prob-

lems in design, manufacturing technology, transport and
cost. However, the aforementioned problems can be mit-
igated by using a wheel-track antenna pedestal in which
some components, such as big gear wheels and founda-
tions, can be omitted (Juneja et al. 2006).

Currently, most high-precision radio telescopes have
adopted completely-welded rails. Compared to non-
welded rails, the rails using complete welding technol-
ogy can avoid large deformation at rail junctions; thereby
significantly prolonging the service lives of the junc-
tions. However, during the manufacturing and welding
processes, generation of errors such as surface rough-
ness and rail stress deformation is inevitable (Deng &
Murakawa 2008). These errors are collectively referred
to as rail unevenness. The unevenness can directly affect
the pointing accuracy of antennas (Antebi & Kan 2003;
Smith 2006). As early as 2000, Gawronski et al. inves-
tigated the effects of unevenness of rails on the pointing
accuracy of an antenna. Using an inclinometer, they con-
verted measured unevenness data to the corresponding
errors in the antenna’s azimuth and pitch angles via a ge-
ometric relationship (Gawronski et al. 2000). Moreover,
Tonino Pisanu et al. considered the combined effect of
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the deformation of the azimuth housing induced by rail
unevenness and temperature drift on the pointing accu-
racy (Pisanu et al. 2010). Furthermore, some researchers
also indirectly introduced non-linear errors from the rails
into the antenna’s pointing error model (Matsuzawa et al.
2014). Therefore, the effect of rail unevenness on the
pointing accuracy of the antenna should be investigated
based on an accurate model of rail unevenness. Although
the above-described studies have achieved fruitful re-
sults, they still lack precise descriptions of rail uneven-
ness, thus leading to large fitting errors. As a result, the
fitting residual errors can severely affect the antenna’s ul-
timate pointing accuracy.

Regarding modeling rail unevenness, Okubo et al.
numerically analyzed test data and demonstrated that the
unevenness was stationary and normalized (Okubo et al.
2002). Kong et al. proposed a prediction model for rail
unevenness, capable of predicting amplitude variations
of each sampling point along the rail during a period of
time (Kong et al. 2014). Furthermore, by taking rail un-
evenness into account, Belov et al. put forward a method
for correcting the pointing accuracy of a radio telescope
(Belov et al. 1997). Finally, Zhang et al. proposed a pre-
diction scheme for surface roughness, and constructed
the influencing model of machining technology on sur-
face roughness (Zhang et al. 2009). The above-described
studies have laid the foundations for modeling rail un-
evenness; however, some key problems still exist (Guiar
et al. 1986). Studies involving modeling rail uneven-
ness have primarily used the model’s characteristic in-
dexes as reference, and the model lacked comparisons
with practical surface conditions. Due to the multi-scale
aspects and randomness in unevenness, a unified high-
precision mathematical model on the unevenness of a
high-precision antenna rail is still lacking.

Aimed at solving the aforementioned problems, and
based on measured unevenness data, in this study large-
scale and small-scale error information on surface un-
evenness is described using a trigonometric function and
a fractal function, respectively, and a mixed description
model is proposed in an innovative way. After experi-
mental verification, the constructed model can meet the
engineering requirements for accuracy.

2 MODELING THE LARGE-SCALE ERRORS IN
THE RAIL SURFACE

The errors that lead to radio telescope rail unevenness
primarily originate from the following two aspects: sur-
face roughness produced in the machining process of a
single rail and deformations produced during the hori-
zontal adjustment welding process and post-processing.
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The friction of the cutting tool or abrasive, plastic defor-
mations and metal tearing in chip-separation, and high-
frequency vibrations in the machining system during a
single rail’s machining process lead to the appearance
of various microscopic geometries with different shapes
and sizes on the rail surface (Ambrosini et al. 2013). The
surface roughness can be described by several character-
istics, such as randomness, high frequency, low ampli-
tude and small scale (Zhou et al. 1993).

On the other hand, many processing methods, such
as preheating before welding, temperature control in the
process, stress release during welding and heat process-
ing, are required in order to prevent the appearance of
delayed cracks as well as to eliminate quenched struc-
tures in the material’s heat affected zone after welding.
These processes may lead to rail deformation due to un-
even stress distribution (Pisanu et al. 2010). These de-
formations exhibit systematization, low frequencies and
large amplitudes (Deng & Kiyoshima 2012).

According to characteristics of the distribution,
large-scale errors on the rail surface can be regarded as
the superposition of harmonic waves at different frequen-
cies. A Fourier series is a common periodic function and
can be conveniently used to describe large-scale errors
(Hu & Tonder 1992). Such a Fourier series can be writ-
ten as follows:

fi(z) = Ao + i A, sin(nwax + 6,,)

n=1

= Ao+ Z an sin(nwz) + by, cos(nwz) (1)

n=1
= Ao +arp1(z) +b1g1(x) + - -
+ anpn(x) + bron(x),

where
an sin(nwx) = A, sin(nwx) cos(6y, ),
by, cos(nwt) = A,, cos(nwt) sin(fy,);

x denotes the rail’s position; w denotes the fundamental
frequency; n denotes the number of times a waveform
of sin(nwx + 6,,) appears within the sampling length; m
denotes the expansion order of the Fourier series with the
value range of [1, N/2]; and

on(z) = sin(nwz)

and
On(x) = cos(nw).

Equation (1) includes the undetermined parame-
ter Ap in the measured data describing the unevenness
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as shown in Equation (2). Thus, N equations were ob-

tained for the determination of Ag, a1, b1, -+, a, and
by,
yi = Ao+ a1 (i) + b1o1(x) + - + anen ()
(2)

The observed values always include errors, and the ef-
fect of accidental errors can be reduced by utilizing a
large number of observations. Therefore, an overdeter-
mined set of linear equations is used in Equation (3), if

AT
a
n
B=|:|.x=|a,|.AX=B. 3
b
N x (2m+1) Yn '1
_bm_

The number of equations in the overdetermined set shown in Equation (3) is greater than the number of unknowns

(N > 2m + 1). Therefore, when the rank of the augmented matrix exceeds the rank of the coefficient matrix, the
equation has no solution, and only generalized solutions of the equation can be determined, namely, the least squares

solutions. The least squares solutions of Ay, a1, b1, - -- , a, and b,, can make the following Equation (4) minimal

F(Ao,a1,b1 - an,by) Z [Ao + a101(2:) + big () + - - + ann (@) + budn () — yi]*. “)
1=1
Therefore, Ay, a1, b1, - -, a, and b,, should satisfy the following conditions:
aF(AOaalabl"'anabn) -0
0Ap o
aF(AOaalabl"'a/nabn) :O, (5)
6(11-
aF(A07alubl"'an7bn) _0
ob; e

To rewrite Equation (5) in the form of a matrix, a set
of equations with a coefficient matrix in the form of a
square matrix can be obtained

ATAX = AT™B
X =(ATA)1ATB.

(6)
(N

3 MODELING THE SMALL-SCALE ERRORS IN
THE RAIL SURFACE

Due to the random, high-frequency and low-amplitude
characteristics of small-scale errors on the rail sur-

face, a fractal function was used. Mandelbrot pro-
posed a function to describe a fractal curve based on
the Weierstrass function, which is referred to as the
Weierstrass-Mandelbrot function (W-M function) and
can be written as follows (Majumdar & Bhushan 1990;
Mandelbrot 1982)

cos2my"x

M

_ D—1

= Al : Z 7(27D)n ’
n=nl

in which f(z) denotes the height of the random sur-
face profile; x denotes the position coordinates of the

fa() )
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surface profile; A denotes the amplitude coefficient; D
denotes the fractal dimension; v" denotes the frequen-
cies of each harmonic wave on the surface; n is the re-
ciprocal of the wavelength (i.e., v = 1/),,) and deter-
mines the frequency spectrum of the surface; and n; cor-
responds to the minimum cut-off frequency of the surface
profile wy. Specifically, A determines the size of fa(z).
D is an intrinsic parameter that can reflect the essential
characteristics of roughness and is irrelevant with regard
to resolution of measuring instruments (Berry & Lewis
1980). Thus, D can describe irregularity of the fractal
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function at all scales and its value ranges from 1 to 2
in Equation (8). The value range of v depends on the
sampling length L and the maximum resolution of sam-
pling (also known as the cut-off frequency); also v > 1.
The maximum frequency wj; is determined by using the
Nyquist frequency as follows

wy =™ =1/L,
)
wy =M = Ny™ /2,

where N denotes the number of sample points, and the
value range of n is from ny to M.

Table 1 summarizes a comparison of five methods used for determining key parameters of the fractal function,

where M1, M2, M3, M4 and M5 represent the power spectrum method, the structure function method, the root mean
square of the profile method, the box-counting dimension method and the wavelet method, respectively. A comparison
of the result shows that the wavelet method exhibits the highest precision corresponding to a dimension of 1.3-1.9.
Therefore, wavelet analysis was selected as the tool in this study. The Morlet wavelet is a non-orthogonal wavelet and
it is smooth and continuous, which is suitable for time series analysis (Arneodo 1996). Based on the Morlet wavelet,

the wavelet transform model of the W-M function can be written as follows

Ww—nr(wo,a,b) =

n=niy

_ \/CL27TAD71 i e

2

n=niy

vam  p_y e zWo
— AP Y

1?2 2(7T'yna)2ewo*ZTr'y"aJerﬂ"y"b

7(2—D)n

(10)
(g 2(m1"0))? g2y

7(2—D)n

. . n 2
When wy = 27y™a, Wy - p(wo, a,b) has a maximum value. When n # n;, e~z Wo=2(m7"a)” tends toward Z€ro,

and the modulus value of Wy _ pr(wo, a,b) is

Va2n AP-1
Ww - (wo, a,b)| ~ 9 @D (11)

By taking the double logarithm on Equation (11), the following formulations can be obtained

vax2mr

In(| Wy —ar(wo, a,b)|) = In( 5

)+ (D—-1)InA+ (2—D)In(2ar) — (2 — D) In(wy). (12)

Furthermore, it can be found that In(|Wy s (wo, a,b)|) is directly proportional to In(wp). Assuming that the
slope is denoted as k, the fractal dimension D and the amplitude coefficient A are obtained as follows

D =2+kF, (13)
In(| Wy — a7 (1,a,0) ) —In(¥222T) _ (2— D) In(2a7)
A=c¢e ™-1) . (14)

Figure 1 shows an example of fractal dimension D of the surface roughness based on a wavelet transform.
According to multiple experimental results, when the scale factor was set as 2 (a = 2), the result was ideal. As
shown in Equation (12), the height of the peak point is irrelevant to the displacement factor b in theory. However, in
consideration of errors that may be produced in practical calculations, modulus values of the wavelet transform using
several displacement factors b were calculated in our study, and the average value was adopted as the final result.
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4 COARSE-FINE MIXED MODELING OF THE RAIL SURFACE

Based on the above-described modeling methods, the large-scale profile of rail unevenness was fitted using a Fourier
series. Next, the W-M fractal function was used to describe the fitting residual error, and then the small-scale fitting
function was applied. Finally, the coarse-fine mixed model of rail unevenness can be established as shown below in
Equation (15):

k
F(l’) = fl(x) + Z f;(Azu Di7 Liu xéu yé)
i=1
= <a0 + Z {an cos(nwox) + by, sin(nwox)}) + <Z f5(Ai, Dy, Li,xé,y6)> ,
n=1 i=1
M; 1 (15)
i i, D;—1 j i i
Jo(As, Dy, Ly, g, ) = AE ) Z m CoS (271'7](50 + %))‘Fyo
J=nii
ni; = In(1/L;)/In(v)
M; = In(Ny™/2)/ In(3).
Here RMS,,, denotes the result of the Fourier series; ag, a1, - ,a,,b1, - ,b, are the undetermined coefficients of

fi(x); m is the expansion order of f1(z); wp is the fundamental frequency of fi(x); S is the rail length described
by F(x) and is generally set as one third of the rail’s overall length; k is the number of rail segments when the W-M
fractal function is used for fitting rail unevenness; [ is the fitting length of fi (k = S/I) and is set as a round number;
f3(A;, Dy, Ly, 2}, yp) is the it segment of the W-M fractal function f(x); A; is the amplitude coefficient of fo(z),
which reflects the value of f4 and determines the specific size of fi; L; is the sampling length of fo(z); D; is the
fractal dimension of Ayin < Ar < Amax; and yj and z§ are the longitudinal and lateral displacements of fa(x),
respectively.

Equation (15) shows that the Fourier series 0 < = < oo and the W-M fractal function f2(z) codetermine the
fitting precision of rail unevenness. Moreover, the higher the expansion order of the Fourier series (m) is, the higher
the fitting precision. Similarly, the shorter the sampling length of W-M fractal function (L) is, the higher the fitting
precision. In this study, the sampling length of the W-M fractal function (L) equals the fitting length of the small-scale
function, and thus determination of the values of m and L is the key study to determining the unevenness model. The
determination methods for these two key parameters are described in detail below. The optimization model based on
the W-M fractal function can be described as follows:

M
1
fa(z) = AP Z MR cos(2my" (x + Az)) + Ay, (16)

n=nl

Find y = (A;, Di, Li, zf, y5)*,

N
Min. F(y) = | D (fi(z;.y) — y(z;)?]/N
=
S.T. Tmin < 1'6 < Tmax, (17)

Lin < L;j < Liax,
Ymin < Yy < Ymax

Amin < AY < Apax,
Din < D; < Dpax.
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The upper and lower limits of the variables are de-
termined based on their physical meanings. The physical
meanings and the determination methods for the related
parameters in the optimization model of the fractal func-
tion are described in Figure 2.

5 EXPERIMENTS AND VERIFICATION

In order to validate the effectiveness of the proposed
mixed model, the rails of GBT in West Virginia, the
Large Millimeter Telescope (LMT) in Mexico (Kaercher
2004a), and a radio telescope in Miyun, Beijing were
used as typical cases (Jin et al. 2003). The GBT antenna
has an aperture of 100 m, a rail diameter of 64 m, 48 rail
segments, an overall length of 201 m, and the uneven-
ness degree (in terms of root mean square (RMS)) is
0.0568 mm. The LMT antenna has an aperture of 50 m,
a rail diameter of 39.6m, 20 rail segments, an overall
length of 124.4m, and the RMS is 0.1697 mm. The an-
tenna in Miyun has an aperture of 32.5 m, a rail diameter
of 32.5m, 20 rail segments, an overall length of 102.1m,
and the RMS is 0.3136 mm.

Requirement 1 is

RMS,,—1 — RMS,,

- 2%.
RMS,, ; &1 =2%

S €1,

When expansion orders of the Fourier series are m and
m + 1, the rail measurement data (x;, y;) are fitted, and
RMS,,,—1 and RMS,,, are the RMS of fitting residuals for
two rails.

Requirement 2 is

S 2, Eg = 25%

RMS/,
RMS;

RMS/  is the fitting residual of the fractal function in
the optimization model. When Requirement 1 is met, the
value of m, [ and related parameters of f(x) are deter-
mined, and RMS} is the fitting residual of f7(x).
Requirement 3 is

RMS,,
RMSg

where RMSy is the RMS of the original rail.

Using the correlation coefficient test method (Yan
et al. 2012), the non-scaling ranges of three objects under
study (GBT, LMT, and Miyun) were calculated, which
are [0.116,0.901], [0.243,1.361] and [0.263, 1.156], re-
spectively. Then, by using a wavelet transform, the frac-
tal dimensions of three objects were calculated, which
are

< g3, ez = 15%,

Dapr = 1.602, Dpmr = 1.568, Dy = 1.521.
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(A) The fractal dimension D; reflects the complexity of
the actual rail surface. First, the value of D; was es-
timated using a wavelet transform, and then the up-
per and lower limits of D; in the optimization model
were set.

(B) Then, the value range of amplitude A was approx-
imately calculated according to Equation (18). The
amplitude coefficient A of the actual rail surface
was included in the [Dypin, Dmax| range; moreover,

Amin < AR < Amax-

1n(\ww,M(1,a,b)\)71n(—W;2”)7(2713) In(2am)
A = e (D—-1)

(18)

(C) The sampling length L should be within the non-
scaling range. When L exceeds this non-scaling
range, the rail surface morphology does not exhibit
any obvious fractal characteristics or may not even
have any fractal characteristics. Therefore, the sam-
pling length is equal to the fitting length of the fractal
function.

(D) With regard to the longitudinal displacement of frac-
tal function yo,

Ymin < Yo < Ymax;

Ymin = Yimin
and

Ymax — Yimax;

in which ¥; min and y; max denote the minimum and
maximum values of the measured data of y; respec-
tively. Therefore, the existence of yy can be guaran-
teed so that

fzi(x)imin < Yi min, Ymax < fé('r)max-

(E) x represents lateral displacement of the fractal func-
tion. In order to determine the most appropriate seg-
ment to simulate rail unevenness in the original W-M
fractal function, the range of independent variable x
in the fractal functionis 0 < = < oo in theory; there-
fore, 0 < x¢p < Tmax in Which x .. is 100 times the
fitting length L.

The rails set high demands on the pointing accuracy;
therefore, we set €1 = 2%,e5 = 1/4 and e3 = 20%.

Figures 3-5 show local unevenness of the rails for
the three basic antennas, and Table 2 lists the RMS val-
ues and amplitude ranges of the expansion order for
the Fourier series (m), the fitting length of the fractal
function (1) and the description error of rail unevenness.
Clearly, the amplitude range of the description error is
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Fig.1 The fractal dimension D obtained by wavelet analysis. (a) Fractal D = 1.5; (b) Wavelet D = 1.499.
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Table 1 Comparison of Fractal’s Key Parameters by Five Methods

Theoretical value of D Method D Error Relative error (%)
M1 0.89 0.41 31.54
M2 1.39 0.09 6.92
1.3 M3 1.43 0.13 10.00
M4 1.19 0.11 8.46
M5 131 0.01 0.77
M1 1.43 0.17 10.63
M2 1.58 0.02 1.25
1.6 M3 1.62 0.02 1.25
M4 1.32 0.27 16.87
M5 1.595 0.005 0.31
Ml 1.91 0.01 0.53
M2 1.54 0.36 18.95
1.9 M3 1.78 0.12 6.32
M4 1.44 0.46 23.21
M5 1.89 0.01 0.53

Table 2 Related Parameters and Indexes of Three Different Antennas

S
o
(]

-0.04

-0.06

T.0.08

eight of the rail unevenness(mm)
o

0.04

0.03

Fitting error (mm)
o ©

o (=]

o - N

=4
2

-0.02

-0.03

-0.04

m l RMSqo RMS,, By Bm
GBT 18 60 0.0568 0.0107 +0.2 +0.02
LMT 20 50 0.1697 0.0273 +0.4 +0.06
Miyun 17 50 0.3136 0.0301 +0.6 +0.08

Measured data

Simulated results |

4 5
Circumferential position of the rail(m)

.||

i 'IIILM 1
: “1 HM " l|h|
- Fitting error —

Fig.3 Comparative study on rail unevenness of the GBT antenna.
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0.1+F

Fitting error (mm)
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01}

Fitting error

-0.2 L !
0

4 6
Circumferential position of the rail(m)

I
8 10 12

Fig.4 Comparative study on rail unevenness of the LMT antenna.

_of ' ' ' ‘ Measured data -
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2 sl “' I M l !' |
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E 0.05 - ]
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Circumferential position of the rail(m)

Fig.5 Comparative study on rail unevenness of the antenna in Miyun.

reduced by one order compared to the measured value of
rail unevenness.

In Table 2, RMS, denotes the RMS value of uneven-
ness for the original rail, RMS,,, denotes the RMS value
for the fitting error, By denotes the amplitude of uneven-

ness for the original rail and B,, denotes the amplitude
of the fitting error. The results of the comparative study
revealed that the accuracy of the mixed model was less
than 15%, which was superior to those of existing mod-
eling methods.
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6 CONCLUSIONS

Based on multi-scale characteristics of rail unevenness,
the Fourier series was introduced to describe the large
scale surface error and the W-M fractal function for the
small scale one. The coarse-fine mixed description model
of rail unevenness was proposed. The model could accu-
rately describe the macroscopic outline of the rail sur-
face as well as reflect the rail’s microscopic morphol-
ogy. For verification, the mixed model was applied to
describe rail unevenness for the GBT, LMT and a ra-
dio telescope in Miyun, Beijing, and satisfactory results
were obtained. Undeniably, many more systematic ex-
plorations are needed in order to investigate the influence
of the relation describing pointing accuracy based on the
rail unevenness model, which will be pursued in future
studies.
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