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Abstract We investigate the influence of assumed height for the thin shell ionosphere model on the Total
Electron Content (TEC) derived from a small scale Global Positioning System (GPS) network. TEC and
instrumental bias are determined by applying a grid-based algorithm to the data on several geomagnetically
quiet days covering a 10 month period in 2006. Comparisons of TEC and instrumental bias are made
among assumed heights from 250 km to 700 km with an interval of 10 km. While the TEC variations with
time follow the same trend, TEC tends to increase with the height of the thin shell. The difference in TEC
between heights 250 km and 700 km can be as large as ~ 8 TECU in both daytime and nighttime. The times
at which the TEC reaches its peak or valley do not vary much with the assumed heights. The instrumental
biases, especially bias from the satellite, can vary irregularly with assumed height. Several satellites show
a large deviation of ~ 3 ns for heights larger than 550 km. The goodness of fit for different assumed
heights is also examined. The data can be generally well-fitted for heights from 350 km to 700 km. A large
deviation happens at heights lower than 350 km. Using the grid-based algorithm, there is no consensus on
assumed height as related to data fitting. A thin shell height in the range 350 — 500 km can be a reasonable
compromise between data fitting and peak height of the ionosphere.
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1 INTRODUCTION

The ionosphere is a dispersive medium that causes a phase
rotation or time delay in transionospheric radio waves used
for radio astronomy and satellite navigation. The time de-
lay of a radio wave propagating through the ionosphere is
proportional to the Total Electron Content (TEC) along its
ray path. Measurement of TEC is useful for ionospheric
correction in a transionospheric radio system (Arikan et al.
2003; Lanyi & Roth 1988; Klobuchar 1989; Xue et al.
2015; Wang et al. 2014).

Since the Global Positioning System (GPS) was
opened up for public usage, the ionospheric TEC has
been measured with dual frequency GPS receivers eco-
nomically and effectively. GPS TEC has become the most
used parameter in studying ionospheric properties, con-
structing ionospheric models and making ionospheric cor-
rections (Saito et al. 1998; Mendillo 2006; Kumar et al.
2014; Erickson et al. 2001; Xiong et al. 2014; Shim et al.
2008, 2010; Shim et al. 2014; Maruyama et al. 2004).
Unfortunately, a GPS signal contains an additional delay
due to instrumental bias that originates from hardware in
the GPS satellite and the receiver. The difference between

the instrumental delays in two signals can be referred to as
instrumental or differential code bias and greatly restricts
the accuracy of TEC estimation. Several techniques have
been developed to determine these biases for accurate TEC
derivation that can be applied to a single GPS receiver or
small-scale, regional and global GPS networks (Lanyi &
Roth 1988; Sardon et al. 1994; Otsuka et al. 2002; Coco
et al. 1991; Rideout & Coster 2006; Arikan et al. 2008; Ma
& Maruyama 2003; Themens et al. 2013; Choi et al. 2011;
Liet al. 2015).

In the retrieval of TEC from dual-frequency GPS ob-
servations, the ionosphere is usually modeled as a thin shell
where all the electrons are condensed. The assumed height
of the ionosphere plays an important role in converting the
vertical TEC (referred to as TEC in the following) from
slant TEC due to the height dependence of the mapping
function or the oblique-to-zenithal factor. The thin shell
height is generally taken to be in the range 350 to 500 km
(Cocoetal. 1991; Mannucci et al. 1998; Arikan et al. 2008;
Jin et al. 2012; Zhang et al. 2014; ¢epni et al. 2013). Since
the characteristics of the ionosphere vary with time and
space, an assessment of the assumed height of the iono-
sphere has been a difficult task. Using simultaneous ver-
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tical and slant TEC observations with a GPS receiver in
Lancaster, England (53.9°N, 2.8°W), the thin shell height
is determined from the linear gradient between the vertical
TEC and the slant TEC. It is suggested that the shell height
would be better placed in the range 600 km to 1200 km
(Birch et al. 2002). The validity of the ionospheric height
of 350 km was examined in the low-latitude and equa-
torial sector of India. With ionosonde observations, the
peak height of the F layer varied from 275 km to 575 km.
However, determination of the ionospheric height employ-
ing the inverse method suggested by Birch et al. (2002) did
not obtain consistent results, especially for low elevations,
but varied from a few hundred to one thousand kilometers
and beyond in those regions of India. It was found that ver-
tical TEC did not change significantly with height ranging
from 250 km to 750 km as long as the elevation angle of
the satellite was greater than 50 degrees (Rama Rao et al.
2006). An evaluation of the errors inherent in the thin shell
model of the ionosphere found that an RMS of 1 TECU
could be obtained with a 400 km height if the satellite el-
evation was restricted to 15 degrees or more (Smith et al.
2008).

Recently, numerical simulation was performed on the
ionosphere to investigate the influence of the ionospheric
height on the thin shell model by testing in the central and
northern parts of South America. The TEC and the slant
TEC were calculated by integrating the electron density
from the NeQuick model along the line of sight. The con-
verted vertical TEC from slant TEC was compared with the
TEC for different heights from 350 km to 550 km in steps
of 25 km. The results showed that a unique ionospheric
height that reduces the conversion error to zero (i.e., tran-
sition over slant to vertical TEC) does not exist in the stud-
ied region (Brunini et al. 2011). With GPS and ionosonde
observations from the Canadian High Arctic Ionospheric
Network (CHAIN), Themens et al. (2013) investigated the
effect of the thin shell height on instrumental bias. The bias
estimation has a linear relationship with shell height sen-
sitivity, which varies seasonally and with the solar cycle.
Nevertheless, the shell height is taken to be 400 km at so-
lar maximum and is adjusted to 350 km for solar minimum.
These studies show that a consensus on assumed height
has not been reached. They highlight the need to under-
stand the impact of the assumed height for the ionosphere
on derivation of TEC and bias estimation.

In this paper, we seek to examine the influence of the
height of the thin shell ionosphere on TEC derivation with
observations from a small scale GPS network. We aim to
clarify the characteristics of TEC variation with height of
the ionosphere and evaluate the accuracy of the algorithm
for different heights. Section 2 briefly derives the algorithm
used for calculating the TEC and instrumental bias asso-
ciated with GPS observation. Section 3 displays the es-
timated TEC and instrumental bias for different assumed
heights. A comparison is made of the TEC and instrumen-
tal bias for different heights. A comparison is also made
among the goodness of fit to the observational data for dif-
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ferent heights. Section 4 discusses the results and implica-
tions. Finally the conclusions are given in Section 5.

2 GPS OBSERVATION AND TEC EXTRACTION

The GPS data are from four dual-frequency GPS receivers
located at Fuzhou (26.1°N, 119.1°E), Xiamen (24.5°N,
118.1°E), Guangzhou (23.1°N, 113.2°E) and Nanning
(22.8°N, 108.3°E), which form a small scale network in
southeast China. The network covers a region with ~ 11°
and ~ 3° in longitude and latitude, respectively (Ma et al.
2014).

A GPS satellite transmits signals at frequencies f; =
1575.42MHz and fo, = 1227.60 MHz. For a dual-
frequency GPS receiver, the basic observations are two
pseudoranges P; and P resulting from group delay, and
two measurements of phase advance, L; and Lo, corre-
sponding to f1 and f5 respectively. The slant TEC along
the path from satellite to receiver can be calculated as
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where k& = 80.62 m3 s72, and \; and )\ are the wave-
lengths corresponding to f; and fs, respectively. To reduce
the effects of the pseudorange error on TEC, a baseline
or offset denoted by B, between N1, and Nt can be
used to obtain an absolute slant TEC with higher precision
(Horvath & Essex 2000; Mannucci et al. 1998)

NT:NTp+Brs- (3)

For one continuous tracking arc with Mggr observation
epochs, the B,s is computed as the average between the
pseudorange derived Ntg; and phase derived Ntp,; over
the index ¢ from 7 = 1 to ¢ = Mgg inclusive
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where «; is the elevation of the satellite. The sin? «; 1S in-

cluded as a weighting factor, since the pseudorange with
low elevation is apt to be affected by the multipath such
that the reliability decreases (Ma & Maruyama 2003).

For the ionosphere that is modeled as a thin shell at
height i from Earth, as shown in Figure 1, the TEC at the
piercing point P can be calculated from the following re-
lation

NY = (N1 — bs — by) cos x, Q)

with bg and b, being the instrumental biases of the satellite
and receiver, respectively. cos x is the mapping function or
the oblique-to-zenithal factor.  is the zenith at the piercing
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point which is related to satellite elevation and thin shell
height

Re cosa
Re+h ) ' ©)
Another thin shell is also plotted in Figure 1. It can be seen
that for a larger height of hs, the zenith xo is smaller than
x and hence cos 3 is larger than cos x.

In this study, a grid-based algorithm is proposed for
analyzing the small scale GPS network, which is used to
determine the TEC and instrumental bias (Ma et al. 2014).
The principle is briefly described in the following. The
ionosphere over the small scale network is divided into
60 grid blocks in the region (19°N — 31°N,103.5°E —
124.5°E). Each grid block is 1° by 3.5° in latitude and
longitude, respectively. The TEC is assumed to be identical
at any point within one grid block. The instrumental bias is
taken as invariant within one day. For the line of sight from
satellite j to receiver k piercing through the ionosphere in
grid block m at time ¢, referring to Equation (5) and putting
the unknowns on the left side, we can obtain the following
equation

X = arcsin (

sec XjkN’]"‘/i +bsj + bri = N7ji, 7

where ¢ denotes the order of the measurement and is re-
lated to the serial number of grid block m and time . With
J(31) satellites and K (4) receivers, to derive the TEC with
a 15 min resolution, an overdetermined set of linear equa-
tions for M (60) grid blocks can be written in matrix nota-
tion as the following:
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where for N:‘r/p I = 96M, since there are 96 TEC val-
ues each day for each grid block. i = 1 4 96m,2 +
96m, ...,96 + 96m is for the TEC in grid block m.
Moreover, a cutoff elevation of 30° is applied in the al-
gorithm. It is preferable to take high elevation to suppress
possible error caused by the assumed height in the map-
ping function. The selection of 30° is a compromise be-
tween data quantity and noise. With data from the small
scale GPS network, there are 5795 (96 M + J + K) un-
knowns. For an assumed height of 400 km, the number of
equations is ~ 50 000 with a cutoff elevation of 30° in one
day. With a least-squares fitting technique, the solution to
the set of equations is obtained by singular value decompo-
sition (SVD). The algorithm was implemented with Matlab
following the above description.
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3 TEC AND INSTRUMENTAL BIAS UNDER
DIFFERENT ASSUMED HEIGHTS

The data were from four geomagnetically quiet days
around equinoxes and solstices during a low solar activity
phase in the year 2006. The days selected were 5 March,
24 June, 10 September and 26 December. TEC and instru-
mental biases are determined by applying the grid-based
algorithm to the data obtained on the four days.

3.1 General Aspects

Setting a height of 450 km, the derived TECs over
Fuzhou are shown in Figure 2. TECs from the
Center for Orbit Determination in Europe (CODE,
Jtp://ftp.unibe.ch/aiub/CODE) are also plotted for compar-
ison. Even though the difference between the grid-based
and CODE TECs can be as large as 9 TECU in September,
the overall trend in TEC variation remains similar for all
the seasons. The variation in TECs shows a high degree of
uniformity. TEC reaches its midday maximum at ~ 1500
local time (LT) and its minimum at ~ 0600 LT. As shown
with a scatter plot in Figure 3, the retrieved satellite biases
and those obtained from CODE are also compared. A di-
agonal line is drawn to indicate visually that the two biases
derived independently agree with each other.

It should be pointed out that the TEC from the grid-
based algorithm of this paper does not totally agree with
that from CODE, since the algorithms are different and
there are no GPS observations from Fuzhou to Nanning
used in the CODE method. Arikan et al. (2003) compared
TECs obtained from eight different methods (including
those from CODE and other models). They showed that
none of the methods were in agreement with one another.
It is not useful to make an absolute comparison until a stan-
dard TEC measurement is available.

3.2 TEC Variation with Assumed Height

Under an assumed height from 250 km to 700 km with a
step of 10 km, TEC and instrumental bias are determined
by applying the grid-based algorithm to the data acquired
on the four days. Figure 4 shows the retrieved TEC over
Fuzhou at heights 250, 400, 550 and 700 km. The TEC
tends to increase with the assumed height of the thin shell.
The TEC increment is different for different times within
one day and in different seasons. It is larger in spring and
summer than in autumn and winter. The difference in TEC
at a height between 250 and 700 km can be as large as
~ 8 TECU in both daytime and night. It is ~ 2 TECU be-
tween those from heights with an interval of 150 km. The
variation of TEC with time at different thin shell heights
is basically the same. The times at which the TEC reaches
its peak or valley do not vary much with the assumption on
height. It should be noted that in summer and autumn days,
the dependence of TEC on assumed height can be irregu-
lar from morning to late evening. We can also occasion-
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Fig.1 Geometry of the thin shell ionosphere at height h from the Earth. Another thin shell is also drawn to show a larger height hs

which leads to a smaller zenith angle x2.
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Fig.2 The retrieved TEC at Fuzhou for four days covering a time span of 10 months. The TEC provided by CODE is also shown for

comparison.
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Fig.3 A scatter plot of the retrieved satellite biases compared to those obtained by CODE.

ally find irrational values of TEC. On day 175, there are
unreasonable values of TEC at ~ 1600 — 1800 UT for the
heights 550 and 700 km. Actually, the unreasonable values
of TEC start to appear from height 500 km. Although not
shown in the paper, similar characteristics of TEC depen-
dence on height are also observed at Xiamen, Guangzhou

and Nanning. Unreasonable values of TEC also exist but at
different times in both summer and winter.

Figure 5 shows the estimated instrumental biases of
the 31 GPS satellites. Shown here is the relative bias, re-
ferring to the bias with the mean of the day being removed.
The instrumental bias varies with height without a certain
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Fig.4 The derived TEC at Fuzhou for assumed heights of 250, 400, 550 and 700 km.

trend for all satellites. The largest variation happens on
day 175, which is the same day that gave unreasonable
values of TEC. For satellite with a pseudo-random noise
(PRN) number of 6, a difference of ~ 7ns can be found
between 250 km and 700 km. Several satellites show a
large deviation of ~ 3 ns for a height of 700 km com-
pared to other heights. PRN 2, PRN 10 and PRN 29 show
the largest difference in bias between heights 250 km and
550 km. The difference on the other days is generally small
with the smallest value being ~ 0.5 ns. Figure 6 shows
the receiver bias. The receiver bias tends to decrease or
increase with height, with different behaviors on different
days. The largest difference between assumed height hap-
pens on day 175. The smallest one happens on day 360.
These are ~ 1.5 ns and ~ 0.1 ns which correspond to
the largest and smallest differences, respectively. Both are
much smaller than those of satellites.

Goodness of fit is a measure of how well the esti-
mated parameters agree with the data. It is defined as the
standard deviation of data from the estimated parameters
(Bevington 1969).

L
>_ (Nmji — sec )k - Ny — bsj — bre)?

i=1
(= L) -

where L is the number of equations in Equation (8) and L,,
is the number of unknowns plus one (96 M + J + K + 1).

Xg =

Table 1 The Goodness of Fit for Different Heights

Height Day of the Year

(km) 064 175 253 360
250 0.84 1.78 0.96 0.85
400 0.65 1.47  0.75  0.62
550 0.66 1.48 0.79  0.56
700 0.67 1.34  0.68 0.55

Table 1 shows the goodness of fit at heights 250, 400,
550 and 700 km. The ¥, is largest for each height on day
175, indicating the fitting to the data is worst compared
with those on other days. The largest difference is 0.44
TECU at heights between 250 and 700 km on day 175.

Figure 7 shows the goodness of fit corresponding to
different assumed heights. Here, x, is normalized by its
largest value and plotted in a range [min, max] on each
day. Although different on each day, the largest x, hap-
pens for height 250 km for all days. From Figure 7, the
goodness of fit is different for different heights. The fit-
ting is usually good when the height is taken from 350 km
to 700 km. Although seen to be large in Figure 7, for a
height larger than 350 km, the largest difference in x, is
~ 0.24 TECU on day 175, and the smallest difference of
Xg is 0.04 TECU on day 64. There can be several minimal
values of x,4. The smallest minimal value is different for
different days. There is not a consensus about the assumed
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Fig.5 The derived satellite bias on four days covering a 10 month time span in 2006, corresponding to heights 250, 400, 550 and
700 km. Shown here is the relative bias, referring to the bias with the mean of the day being removed.

height for all days that fitting is applied. The worst one
happens at 250 km. Large deviations at heights lower than
350 km can be observed for all days. The goodness of fit
becomes worse monotonically when the height decreases
from 280 km to 250 km.

In order to understand the difference in TEC, instru-
mental bias and goodness of fit for different assumed
heights, we should check the influence of the assumed
height on the amount of data. Figure 8 shows the amount
of data in the top right corner of each individual plot corre-
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Fig.7 Height profile features of the normalized goodness of fit x4 on each day. The horizontal scale ranges within [min, max].

sponding to 250, 400, 550 and 700 km. Plotted as a hor-
izontal bar, the data are categorized into six groups by
elevation: 30° — 40°, 40° — 50°, 50° — 60°, 60° — 70°,
70° — 80°, and 80° — 90°. The horizontal scale is 16 194,
which corresponds to the amount of data within elevation
30° — 40° on day 360 for h = 250 km. Although the
amount of data is different on different days, the distribu-
tion of elevation for the data is similar on different days.
For h = 250 km, the percentage of the data for 30° — 40°
is about 26%, as is that for 40° — 50°. The percentage of
data for 50° —60° is about 21%. The percentage of data for
60° — 90° is about 24%. Compared with that for 250 km,
a decrease in the amount of data happens at a low eleva-
tion of 30° — 40° for 400 km. Considerable loss happens
for 30° — 40° and a small part happens at 40° — 50° for
550 km. The amount of data with an elevation of 50° —60°
can be seen to decease for 700 km. Moreover, consider-
able loss happens for 40° — 50° and only a small part of
40° — 50° is left. With an increase in the assumed height,
the lines of sight with low elevations tend to be unbounded

from the grid block, so that the amount of data used for
TEC derivation decreased.

4 DISCUSSION

Most of the TEC contribution comes from electrons at the
peak height of the ionosphere where the electron density
of the ionosphere is maximum. There are more electrons
in the higher part of the ionosphere than in the lower part.
This indicates that the height of the thin shell should be
larger than the height of the ionospheric peak. The typical
height of the ionospheric peak is ~ 300 km at low latitude
during a low phase in solar activity (Rama Rao et al. 2006;
Hoque & Jakowski 2012). In this study, the trend of TEC
increases with the assumed height. This is reasonable be-
cause the vertical TEC is linearly related to the mapping
function cos y which increases with height. The difference
in TEC can be as large as ~ 8 TECU on days 64 and 175
for assumed height between 250 km and 700 km, though
it is smaller on days 253 and 360. The difference in TEC
is ~ 2 TECU for an assumed height between 400 km and
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Fig.8 The amount of data corresponding to elevation ranges of 30° —40°, 40° — 50°, 50° —60°, 60° — 70°, 70° — 80°, and 80° — 90°
for different assumed heights. Shown in the top right corner of each graph is the total number of data used for TEC derivation. The
amount of data within 30° — 40° has the largest value of 16 194 on day 360 for h = 250 km, which is taken as the horizontal scale.

550 km. The behavior of the TEC variation with time is
almost the same for different assumed heights. The good-
ness of fit is the worst on day 175. For all days, the worst
goodness of fit happens for the assumed height of 250 km.
A worse fit means the data are noisy, or the data deviate
from one another. Considering that the lines of sight from
different satellites converge to the grid block, the data from
cases with smaller elevation tend to be more noisy. There
is more data at elevation 30° — 40° at an assumed height
of 250 km. This implies that the assumption of a uniform
ionosphere tends to be contradicted in the grid block at a
height lower than the true thin shell height, so the goodness
of fit becomes worse.

With the increase of height from 250 km, the good-
ness of fit becomes better. It is significantly improved at
height ~ 450 km on day 64, ~ 360 km on day 175, and
420 km on days 253 and 360. The goodness of fit is usually
good for a height larger than 350 km for all days. Although
on day 175 the x, becomes worse when height is larger

than 360 km, it becomes better when height is larger than
400 km. A height larger than 400 km leads to apprecia-
ble x4 on other days. There are several minimal values of
Xg €ach day. The smallest is different for different days. A
best assumed height does not exist as related to data fitting.
The amount of data used for derivation of TEC decreases
with increase of the assumed height. Significant reduction
of low elevation data happens for an assumed height larger
than 400 km. This is because the lines of sight with low
elevations at a grid block at lower height tend to be un-
related to a grid block at higher altitude. The data corre-
sponding to larger height contain less noise than those from
lower heights. Hence, a better x4 tends to be obtained for a
larger assumed height. However, the x, does not decrease
(become better) monotonically with height for the range
350 — 700 km. A good ), obtained for a lower assumed
height tends to reflect the agreement between assumption
and observation. We can speculate that the best assumed
height is ~ 450 km on day 64, ~ 360 km on day 175,
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and 420 km on days 253 and 360. There does not exist a
consensus for height for all days. This is understandable
considering that the ionosphere, including the peak height,
varies all the time. Moreover, it is impossible to conclude
there is a best assumed height with only GPS observations
in this study. A thin shell height in the range 350 — 500 km
can be a reasonable compromise between data fitting and
observation of ionospheric peak height. A model of thin
shell height with diurnal variation is necessary for accu-
rate TEC derivation from GPS observation. Recently, the
ionospheric peak height model was studied (Zhang et al.
2009; Hoque & Jakowski 2012). Deviation of TEC from
GPS observation would be improved by implementing the
peak height model with the assumption of a thin shell iono-
sphere.

5 CONCLUSIONS

This paper studies the influence of the height of the thin
shell model of the ionosphere on retrieval of TEC with a
grid-based algorithm and GPS observations from a small
scale network in a low latitude region. TEC and instrumen-
tal bias are derived by applying the algorithm to four geo-
magnetically quiet days selected from four seasons of 2006
in a low phase of solar activity. Comparisons of TEC and
instrumental bias are made among assumed heights from
250 to 700 km with an interval of 10 km. The TEC varia-
tions with time follow the same trend. The times at which
the TEC reaches its peak or valley do not vary significantly
with assumed height. TEC tends to increase with height of
the thin shell. At TEC maximum, it tends to increase ~ 1.8
TECU with a 100 km increase in assumed height. The dif-
ference in TEC at heights between 250 and 700 km can
be as large as ~ 8 TECU at both daytime and night. At
heights larger than 500 km, unreasonable values of TEC
occur occasionally on day 175 in summer. The instrumen-
tal bias, especially the satellite bias, can change irregularly
with height. Several satellites show large deviation of ~ 3
ns for heights larger than 550 km.

The goodness of fit to the GPS data is also examined
for different heights. It has a large deviation at heights
lower than 350 km because data tend to be more noisy
when converting the vertical TEC from slant TEC due to
lower elevation. The goodness of fit worsens monotoni-
cally in the range 250 — 280 km. The fitting is generally
good when the height is taken as 350 — 700 km, though it
varies randomly with height. Assumed height in the range
350 — 500 km can be a reasonable compromise between
data fitting and peak ionosphere height. A thin shell height
model is necessary for accurate derivation of TEC from
GPS observation.
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