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Abstract The burst of radio emission by an extensive air shower provides a promising
alternative for detecting ultra-high energy cosmic rays. We have developed an inde-
pendent numerical program to simulate these radio signals.Our code is based on a
microscopic treatment, with both the geosynchrotron radiation and charge included.
Here we give the first presentation of our basic program and its results. When the
time-domain signals for different polarizations are computed, we find that the pulses
take on a bipolar pattern and the spectrum is suppressed towards the lower frequen-
cies. We investigate how showers at different heights in theatmosphere contribute to
the total signal, and examine the signal strength and distribution at sites with different
elevations. We also study the signal from showers with different inclination angles and
azimuth directions. In all these cases we find the charge excess effect is important.
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1 INTRODUCTION

It is well-known that high energy cosmic ray particles can produce a large amount of secondary
particles when they enter the atmosphere through cascadingreactions with air molecules. These
ensuing particles are called anExtensive Air Shower (EAS). In 1965, radio emissions from these
shower particles were detected for the first time (Jelley et al. 1965). This radio signal offers a way
to detect very high energy cosmic rays. Later, more experiments were carried out in order to further
unravel the characteristics of this radio signal. For a review of these early activities, see Allan (1971).
This radio detection technique has several advantages: it can operate round-the-clock with very little
dead time, it is highly cost-effective, hence a very large effective collecting area can be achieved, and
it is sensitive to the atmospheric depth of the shower maximum (Huege & Pierre Auger Collaboration
2010). However, during the 1970s, as other techniques matured and were considered more reliable
at the time, research in this area dwindled.

In the last decade, with fast electronics and high-performance computers appearing, there has
been a revival of interest in radio detection of cosmic rays air-showers. The LOFAR PrototypE
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Station (LOPES) (Falcke et al. 2005; Schröder et al. 2013; Apel et al. 2013) in Germany and the
COsmic ray Detection Array with Logarithmic ElectroMagnetic Antennas (CODALEMA) (Ardouin
et al. 2009) in France projects have experimented with radiodetection of very high energy cosmic
ray particles, and a new generation of radio detectors, called the Auger Engineering Radio Array
(AERA), is currently under construction at the site of the Pierre Auger Observatory in South America
(Huege & Pierre Auger Collaboration 2010; Schoorlemmer & Pierre Auger Collaboration 2012;
Ardouin et al. 2011). In the wake of success of the LOPES project, cosmic ray detection appeared
on the agenda of the LOw Frequency ARray (LOFAR). In Yakutsk,Russia, radio arrays for similar
purposes (Knurenko et al. 2013) have been built. A series of radio experiments (Ardouin et al. 2011;
Martineau-Huynh et al. 2012), called “TREND,” has been launched by a Sino-French team to search
for ultra-high energy neutrinos, on the site of the 21 Centimetre array (21CMA) radio telescope in
Xinjiang, China.

The first prediction of radio emission from an EAS was based onthe idea that the extra elec-
trons in the shower could produce coherent Cérenkov radiation at radio frequencies (Askaryan 1962;
Askar’yan 1965). However, Kahn & Lerche (1966) proposed that the geosynchrotron mechanism–
the synchrotron emission of electrons moving in the geomagnetic field– is the main source of radio
emission. The radio pulses produced by the coherent geosynchrotron radiation mechanism exhibit
an intense polarization effect, which has been confirmed by recent experiments (Ardouin et al. 2009;
Apel et al. 2010).

In recent years, a number of different programs have been developed to calculate the radio signal
emitted by a given cosmic ray shower. In one approach, the radiation was calculated by assuming
a “macroscopic” model for the charge and current distribution in the shower (Scholten et al. 2008;
Werner & Scholten 2008). The numerical computing programMGMR (de Vries et al. 2010) and
EVA (Werner et al. 2012) have been developed. In another “microscopic” approach, the radio sig-
nal was computed by sampling the shower particles, and summing a coherent superposition that
represents the synchrotron emission field of these particles. The numerical programREAS1 was de-
veloped along this line (Huege & Falcke 2003, 2005a,b; Ludwig & Huege 2011). Other models
have also been proposed, for exampleSELFAS (Marin & Revenu 2012; Marin 2013) andZHAireS
(Alvarez-Muñiz et al. 2012). The computations have been fairly complicated, and there were very
large differences in the predictions of these programs, with the amplitude differing by as large as a
factor of 20, and also qualitatively in both the time domain (unipolar or bipolar pulse) and frequency
domain (flat or suppressed low frequency spectrum). Only recently, after the charge excess effect
has been included in the computation with “endpoint formalism” (James et al. 2011), the numerical
predictions of the various codes began to converge (Huege etal. 2012).

We have developed an independent numerical program to compute the radio signals from an
EAS. It is based on a microscopic model of the radio emission,and both the geosynchrotron and
charge excess effect have been included. Although the basicapproach is to some extent similar to
theREAS program, it has been independently developed and many details of the implementation are
different, hence it can furnish an independent check on the microscopic approach. In this paper, we
give an introduction to our formalism and simulation program. We apply our program to study the
characteristic distribution of radio pulses and their dependencies on different incident conditions,
including the signal at different altitudes. This approachwill be the basis for further investigation on
radio emission from cosmic ray air showers.

This paper is organized as follows: in Section 2 we derive theelectric field from shower par-
ticles, where both geosynchrotron radiation and that from the charge excess effect can be clearly
distinguished. In Section 3 we describe our scheme for numerical simulation. In Section 4, the sim-
ulated results are presented, where both the time-domain signal and frequency spectra are shown.
We also study the contribution from the shower at different heights, and give the result for observers

1 http://www.timhuege.de/reas/
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at different elevations. In addition, we also consider inclined showers and showers coming from
different azimuth directions. Finally we summarize our results in Section 5.

2 RADIATION FORMALISM

The canonical derivation of the electric field of a moving charged particle can be found in stan-
dard textbooks on electrodynamics (Jackson 1998; Greiner 1998; Melrose & McPhedran 2005). The
retarded potentials produced by arbitrarily distributed sources are given by

φ(r, t) =
1

4πε0

∫

dt′d3r′ρ(r′, t′)
δ(t − t′ − |r − r′|/c)

|r − r′|
,

A(r, t) =
µ0

4π

∫

dt′d3r′j(r′, t′)
δ(t − t′ − |r − r′|/c)

|r − r′|
, (1)

whereε0 andµ0 are respectively the permittivity and permeability in freespace, andc is the speed
of light in free space. Here we neglect the deviation of the refractive index from its vacuum value
(unity), and thus thěCerenkov effect is neglected for the present.δ(t − t′ − |r − r′|/c)/|r − r′|
is the Green function of the corresponding wave equation (Jackson 1998),ρ(r′, t′) andj(r′, t′) are
respectively the charge and current density of sources, and|r − r′| gives the distance from source
positionr′ to the observer positionr.

Charged particles are produced by pair creation or ionization at the shower front, and then move
with the shower, contributing to the total radiation. Aftermoving some distance, they may lose their
energy suddenly by major collisions, and leave the shower. The contribution to the radiation at both
ends may be important and should be taken into account. The source term of a suddenly-created and
destroyed moving charge can be written as

ρ(r, t) = eδ3(r − x(t))θ(t − ts)θ(te − t) ,

j(r, t) = evδ3(r − x(t))θ(t − ts)θ(te − t) , (2)

wheree is the unit charge andx(t) is the particle’s trajectory in the geomagnetic field.θ(t) is a
Heaviside step function, andts andte respectively denote the starting and ending time of the motion
of a charged particle (Marin & Revenu 2012). In order to integrate theδ function in Equation (1),
we introduce a new variableu = t′ + |r −x(t′)|/c− t, and being aware ofdu/dt′ = 1−n ·β, the
corresponding Lienard-Wiechert potentials can be obtained,

φ =

[

e

4πε0KR
θ(t − ts)θ(te − t)

]

ret

, A =
[ µ0ev

4πKR
θ(t − ts)θ(te − t)

]

ret
, (3)

whereK = 1−n ·β andR = |r−x(t′)|. The quantities on the right hand side have to be evaluated
at the retarded timet′, which is determined by the retarded relationshipt = t′+R(t′)/c. The electric
field is evaluated in terms of the potentials byE = −∇φ − ∂A

∂t , then we have

E =

{

−∇

[

e

4πε0KR

]

ret

−
∂

∂t

[ µ0ev

4πKR

]

ret

}

[θ(t − ts)θ(te − t)]ret

+

{

−

[

e

4πε0KR

]

ret

∇t′ −
[ µ0ev

4πKR

]

ret

∂t′

∂t

}

∂

∂t′
[θ(t − ts)θ(te − t)]ret .

(4)

Here the first term is due to the continuous motion of charged particles, while the second term
accounts for the sudden creation and destruction. Noting that (Griffiths & College 1999),

∂t

∂t′
= 1 − n · β , ∇t′ = −

n

c · (1 − n · β)
, (5)
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we have

E(x, t) =
e

4πǫ0

{

[

(n − β)

γ2K3R2

]

ret

+

[

n × {(n − β) × β̇}

cK3R

]

ret

}

[θ(t − ts)θ(te − t)]ret

+

[

e(n − β)

4πε0K2Rc

]

ret

∂

∂t′
[θ(t − ts)θ(te − t)]ret . (6)

In the braces, the first term is called the generalized Coulomb field and the second term is the well-
known radiation field, or acceleration field. The third term indicates the radiation from the particle’s
creation and destruction. So in a neutral shower, as both positive and negative charges (electrons and
positrons) move toward the ground, the net contribution from the third term is nearly zero. However,
because electrons from air molecules are knocked out by the cosmic ray and join the shower, a real
shower is negatively charged (Askaryan 1962; Askar’yan 1965; Alvarez-Muñiz et al. 2012). This
radiation from the excess electrons has a significant contribution to the radiation, as we shall see
below, and following others, we will call it the charge excess effect.

When a particle moves in the geomagnetic field, it will continuously undergo Lorentz force and
radiate. The radiation formula is

E(x, t) =
e

4πǫ0

{

[

(n − β)

γ2K3R2

]

ret

+

[

n × {(n − β) × β̇}

cK3R

]

ret

}

, (7)

whereε0 andµ0 are respectively the permittivity and permeability of freespace, andc is the speed
of light in free space.γ is the Lorentz factor,β = v/c andβ̇ = v̇/c are respectively the velocity
and acceleration of the particle in units of speed of light,n = (r − r′)/|r − r′| is the unit vector
from the source to the observer andK = 1 − n · β. In Equation (7), the first term is called the gen-
eralized Coulomb field and the second term is the well-known radiation field or acceleration field.
The quantities within the square brackets have to be evaluated according to the retardation relation-
shipt = tr + R(tr)/c. Here we neglect the deviation of the refractive index from its vacuum value
(unity), and thus thěCerenkov effect is neglected for the present. However, in the evolution of an air
shower, particles are continuously generated and annihilated and undergo a transient acceleration or
deceleration. However, although we do not know exactly the course of acceleration (deceleration),
we can still obtain the total radiation field.

∫ t2

t1

E(x, t)dt =

∫ t2

t1

e

4πǫ0

[

n × {(n − β) × β̇}

cK3R

]

ret

dt ,

=
e

4πǫ0c

∫ t′
r2

t′
r1

n × {(n − β) × β̇}

K2R
dtr ,

=
e

4πǫ0cR

∫ t′
r2

t′
r1

d

dtr

{

n × (n × β)

K

}

dtr ,

=
e

4πǫ0cR

[

n × (n × β)

K

]

∣

∣

∣

∣

∣

tr2

tr1

. (8)

Here we assume that the particle is far from the observer and apply the relationshipdt/dtr =
1 − n · β.
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3 ALGORITHMS

3.1 Properties of an Extensive Air Shower

The development of the air shower can be simulated with MonteCarlo programs, such as CORSIKA
(Heck et al. 1998), AIRES (Sciutto 1999) and COSMOS (Roh et al. 2013). As a first step, in this pa-
per we apply parameterized functions to describe the distribution of shower electrons and positrons,
focusing on the relation between the radio signal and properties of the shower, and leave the detailed
modeling of the air showers to future work. Here we briefly recall the salient features of these pa-
rameterized distribution functions used in the present simulation, which were also used by Huege &
Falcke (2003, 2005a).

The “shower age”s is often used as a measure of shower evolution, and a good approximation
of it is

s(X) =
3X

X + 2Xm
, (9)

wheres varies between0 and3. X is the atmospheric depth, which is defined as an integral of air
density along the shower path,

X(h) =

∫ H

h

ρ(h)

cos θ
dh , (10)

whereρ is the atmospheric density,H the initial height of shower development andθ is the zenith
angle of the shower.Xm signifies the atmospheric depth where the shower reaches itsmaximum,
viz. s = 1, with

Xm = X0 ln(Ep/Ec) , (11)

whereX0 = 36.7 g cm2 is the radiation length of an electron in the air, which is about 300 m at
sea level andEc = 86 MeV is the critical energy where the ionization loss of the electron equals
the radiative loss. Below, as an illustration of the typicalcase, we shall consider a cosmic-ray proton
with primary energyEp = 1017 eV. The atmosphere densityρ(h) is parameterized according to
the US Standard Atmosphere from 1977, where the atmosphere of the Earth is separated into four
layers. At layeri

ρ(h) =
bi

ci
exp

(

−
h

ci

)

, (12)

where the parametersbi andci for different layers are listed in Table 1.

Table 1 Parameters for the Parametrization of Atmospheric Layers
(taken from Huege & Falcke 2005a)

Layer Height (km) bi (g cm−2) ci (cm)

1 0 – 4 1222.66 994186.38
2 4 – 10 1144.91 878153.55
3 10 – 40 1305.59 636143.04
4 40 – 100 540.18 772170.16

The profile of shower size, i.e. the total number of electromagnetic componentsN(s) (including
both electrons and positrons) at given shower ages, is parameterized as (Greisen 1960)

N(s) =
0.31

√

Xm/X0

exp

[

Xm

X0

2 − 3 ln s

3/s − 1

]

. (13)

The number of particles injected per unit of atmospheric depth dX is then

I(X) =
dN(s)

dX
+

N(s)

λ
, (14)
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whereλ ≈ 40 g cm2 is the mean free path of an electron in the air. The atmospheric depth of a
single particle follows an exponential distributionp(X) ∼ exp(−X/λ), andN(s)

λ is the number of
annihilated particles per unit radiation length.

The lateral spread of shower particles comes mainly from Coulomb scattering of electrons off
atoms in the air. A favorite expression for the radial distribution of electromagnetic components
within the shower is the Nishimura-Kamata-Greisen (NGK) parameterization (Kamata & Nishimura
1958; Greisen 1960)

̺NKG(r) =
1

r2
M

·
Γ(4.5 − s)

2πΓ(s)Γ(4.5 − 2s)

(

r

rM

)s−2 (

1 +
r

rM

)s−4.5

, (15)

whererM is the Moliere radius, which characterizes transverse spreading of the shower disk and is
a function of atmospheric depthX(Dova et al. 2003)

rM =
9.6

(X − ai)
ci . (16)

Showers that develop at higher altitudes usually have a wider lateral spread.
The thickness of the shower disk can be probed by measuring the arrival time distribution. A

useful fitting formula is from Agnetta et al. (1997), which contains both the curvature of the disk and
the longitudinal distribution within it

f(t) = AtB exp (−Ct) , (17)

wheret is the particle’s arrival time at the detector relative to the shower front. ParameterA is
a normalization, whereasB andC are functions of the mean arrival time〈t〉 and corresponding
standard deviationσt, both of which are related to radial distance to the center ofthe shower,

B =

(

〈t〉

σt

)2

− 1 , C =
〈t〉

σ2
t

,

〈t〉(r), σt(r) = F + G
( r

r0

)H

,

where

Ft = (8.039 ± 0.068)ns , Fσ = (5.386± 0.025)ns ,

Gt = (5.508 ± 0.095)ns , Gσ = (5.307 ± 0.032)ns ,

Ht = 1.710± 0.059 , Hσ = 1.586 ± 0.020 .

The average energy of the electrons and positrons in the air shower is about 30 MeV, where
γ ∼ 60 (Allan 1971). Following Huege & Falcke (2003), we parameterize the energy distribution of
the cascading electrons as a broken power law, i.e.

p(γ) =
γ

74.2

(

1 − e−(γ/74.2)−3
)

, (18)

whereγ denotes the Lorentz factor, which varies from5 to 1000. In this distribution, its maximum
is atγ = 60.

A typical air shower is not neutral but has more electrons, whose fraction usually varies with
atmospheric depthX but has a mean of 23%. Here as a first approximation, we adopt a constant
value of25%.
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3.2 Strategy of Numerical Simulation

We use the Monte Carlo technique to simulate the radio emission. Electrons and positrons are gen-
erated randomly according to the shower distribution functions in a frame moving with the center
of the shower, then their positions in the ground reference frame are obtained by a coordinate trans-
formation (see Appendix A for details). The direction of initial velocity is assumed to be along the
radius of the spherical shower surface, and the subsequent motion of the charged particles in the
geomagnetic field is calculated according to the Lorentz formula (See Appendix B), where we have
neglected the energy loss due to radiation or small angle scattering. We also use the Monte Carlo
method to determine the free path of each particle in order todetermine where the destruction takes
place. To take the radiation from the creation/destructionof the charged particles into account, we
need to estimate the number of particles created and destroyed at each atmospheric depth. These are
given by the injection rateI(X) as shown in Equation (14) and destruction rate|N(X)/λ|.

In Figure 1, we plot the number of particlesN(X), number of injected particlesI(X) and
number of annihilated particlesB(X) at different atmospheric depths in a vertical shower (coming
from the zenith). The shower begins its development high in the atmosphere, the number of particles
increases as it moves downward, reaching a maximum at631 g cm−2 for a 1017eV cosmic ray
proton, i.e. about 4000 m high, then the number of particles begins to decrease. The number of
injected particlesI(X) reaches a maximum slightly earlier than the total number itself.

The time of emission and time of observation of the signal arerelated by a nonlinear retardation
relation. Along the particle trajectory, a series of pointsare uniformly sampled and their contribution
to the electric field at the corresponding observing time is computed. We approximate the electric
field to beĒ(t1) = 1

∆t

∫ t1+∆t

t1
E(t)dt. Here∆t is the predefined time resolution, and for each seg-

ment a linear approximation is made. At both endpoints of thetrajectory, there are extra contributions
from the creation or destruction of the particle. In Equation (6), the third term reduces to

[

e(n − β)

4πε0K2Rc
{δ(t − ts)θ(te − t) − θ(t − ts)δ(te − t)}

]

ret

. (19)

To get rid of theδ-function, we can integrate for a very short interval,
∫ ts+ǫ

ts−ǫ [...]retdt, and the end

point terms reduce to±
[

e (n−β)
4πε0KRc

]

ret
.
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For simplification, in our simulation we only generate electrons and positrons which acquire
velocity∼ c, but neglect the contribution from positively charged ions, which move with very low
speed. AsK = 1 − n · β, and the radiation term is proportional toK−1, this approximation is
generally good. However, this omission could result in a longitudinal component of polarization
when calculating the end point radiation when the electron is “created” by ionization, or “destroyed”
by recombination, because it violates charge conservationat the creation and destruction point. This
can be avoided by considering the contribution from the ions, which are created or destroyed at the
same point. The velocity of such an ion is nearly zero, and thecorresponding end point radiation is
[

e n
4πε0Rc

]

ret
, with the sign just opposite to the electron being created/destroyed. So, the sum of the

radiation along the direction of observation is

±

[

e (n − β)

4πε0KRc
−

e n

4πε0Rc

]

ret

= ±

[

e (n − β − (K = 1 − n · β)n)

4πε0KRc

]

ret

,

= ±

[

e ((n · β)n − β)

4πε0KRc

]

ret

,

= ±

[

e n × (n × β)

4πε0KRc

]

ret

. (20)

Then radiation from the charge excess effect only contains the part whose direction of electric field
is perpendicular to the direction of observation. We will use Equation (20) to calculate the end point
radiation.

An actual shower of a1017eV proton primary has about108 shower particles, but in the Monte
Carlo simulation only a small fraction of these, usually a few million particles, are sufficient. We
estimate the electric field as

Ê =
N

n

n
∑

i

Ei , (21)

whereN andn are the expected total particle number and the sampled particle number respectively.
We use an adaptive control to reach the required precision insampling: in each iteration a batch of
105 particles is added to the sample, and estimates of the electric field at all the required locations
and time grid points are updated, and compared with the values of the previous iteration. The number
of location-time points where the relative change exceeds the required precision (10−3) is recorded.
Once such points are less than a predefined number, say 10 in 5000, the result is considered to
be stable and the simulation is terminated. Our numerical program is implemented using the C
programming language with the aid of the Gnu Scientific Library2.

4 RESULTS

4.1 The Contribution from Different Radiation Mechanisms

To understand how the different radiation mechanisms work,we calculate the electric field signal
from the pure geosynchrotron, the pure charge excess effect, and their combined sum. First we
consider a1017 eV vertical shower and a 0.5 G magnetic field pointing due north horizontally. The
shower is assumed to have an electron excess of 25%.

The electric field signal at the impact center on the ground isshown in Figure 2, with polar-
izations in the East-West (EW) direction, North-South (NS)direction and vertical direction, as well
as the frequency spectrum for the signal. Under the Lorentz force from the geomagnetic field, the
charged particles in the vertical shower are deflected toward east and west. As a result, we expect

2 http://www.gnu.org/software/gsl/
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Fig. 2 The three polarization signals (upper left: EW, upper right: NS, lower left: vertical) and the
frequency spectrum of the EW polarization (lower right) as observed at the center of the shower on
the ground, with the pure geosynchrotron (green dash-dotted curve), the pure charge excess effect
(blue dashed curve) and both (red solid curve).

a linear polarization in the geosynchrotron radiation in the EW direction, while the NS polarization
is expected to be small, and the vertical polarization is expected to vanish as it is along the line of
sight. These expectations are confirmed in Figure 2 where a strong pulse in the EW polarization due
to the pure geosynchrotron mechanism is shown as the green dash-dotted line in the negative (west),
which peaks at8 ns, with a strength of almost2000 µVm. The NS polarization oscillates with a small
amplitude, but the vertical polarization vanishes.

However, when the charge excess effect is included, we see that it makes a prominent and op-
posite contribution to the total electric field, shown as theblue-dashed curve. As a result, it cancels
a large part of the field generated by the geosynchrotron mechanism, especially for the primary EW
polarization. The net effect, shown as the red solid curve, is a much reduced pulse, that is only about
400 µVm at its peak, and even has a bipolar character where the signal at the later time is reversed
in sign with respect to the earlier one, which is different from the unipolar pattern with pure geosyn-
chrotron radiation. Whether the pulse is unipolar or bipolar has been debated and it was only recently
resolved that the difference is due to the inclusion of the charge excess effect (Huege et al. 2012).
There is also a slight vertical component at the level of∼ 2 × 10−2 in the total signal, probably due
to the finite size of the shower disk, and also due to the asymmetry in charge.

Next we consider the signal at off-center locations. In Figure 3, we plot the signals at a site
100 m due north of the ground center (top four panels), and a site 100 m west of the ground center
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Fig. 3 The same as Fig. 2, except at an off-center site.Top four panels: 100 m north of the center of
the shower on the ground.Bottom four panels: 100 m west of the center of the shower on the ground.



Numerical Simulation of Radio Signal from Extended Air Showers 633

-400 -200  0  200  400

distance EW [m]

-400

-200

 0

 200

 400

d
is

ta
n
ce

 N
S

 [
m

]

Fig. 4 The contours around the maximum in the electric field in the EWpolarization from a vertical
shower. The contour levels are25 µV m−1 apart.

(bottom four panels). Again, many of the basic features are similar to the case at the ground center,
with the EW polarization still being dominant, though the amplitude is smaller than at the ground
center. In the off-center case, the NS polarization may be present. Interestingly, in the case of 100 m
north, both the pure synchrotron and the charge excess effect alone could produce a relatively large
peak, but they nearly cancel each other and the net effect is arelatively small peak.

The whole pattern of the shower signal is shown in Figure 4. The signal is highly beamed, and
we can see there is a slight asymmetry in the EW direction. Theshower is nearly vertical, but the
Lorentz force deflects the motion of particles, and there is anet charge excess in the shower; in the
end it produced the pattern as shown in Figure 4.

4.2 Fitting the Frequency Spectra

In Figures 2 and 3, we have also plotted the frequency spectrum of the radiation for different mecha-
nisms (bottom right panels in each of the four-plot combinations). The major component of the radio
emission lies in the frequency range of about tens of MHz, in agreement with observations.

At the high frequency end, we see from these figures that for both the geosynchrotron and the
charge excess effect, the spectra fall off exponentially above∼ 100 MHz, though the charge excess
radiation decays slightly earlier than the geosynchrotronradiation. As a result, the total spectrum
also declines. This spectral drop off is due to the loss of coherence, because at such high frequencies
the wavelength is far less than the thickness of the shower, and the contributions to the field strength
from different parts of the shower no longer simply add up. Asa result, the radiation is insignificant
at such high frequencies.

At the low frequency end, we can see from these figures that forboth the geosynchrotron and
charge excess effect, the spectra are nearly flat. However, as the two are oriented in opposite direc-
tions, they cancel each other out, and the total signal has a slowly decreasing spectrum at the lower
frequencies. This cut off at the lower frequency due to the cancelation effect has been noted in recent
literature (Werner & Scholten 2008; Ludwig & Huege 2011; Marin & Revenu 2012; Alvarez-Muñiz
et al. 2012).

Experimentally, analyses of a few strong events by the CODALEMA (Ardouin et al. 2006) and
LOPES (Nigl et al. 2008; Haungs et al. 2009) projects have shown that in the range30 − 70 MHz,
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Fig. 5 The frequency spectra at different radial distances to the east of the center of the shower
on the ground. From top to bottom, the distances are respectively 0, 50, 100, 150 and 200 m. Short
dashed lines: only geosynchrotron radiation; solid lines:with both geosyhchrotron and the charge
excess effect.

the frequency spectrum can be well fitted with a single power law ǫν = K · ν−α with spectral
indexa = −1 ± 0.2, or alternatively by an exponential functionǫν = K · exp(ν/MHz/β), where
β spans the range from−0.021 to −0.013. This is slightly steeper than the slope predicted by the
pure geosynchrotron case. In these experiments, they foundno significant dependence of the spectral
slope on the distance to the shower axis, the zenith angle or the azimuth angle.

In Figure 5 we plot the simulated spectra at different distances from the center on the ground
for a vertical shower. Short dashed lines are the spectra forthe pure geosynchrotron, while solid
lines are those including charge excess effect. From top to bottom, the distances to the center of the
shower at impact are respectively0, 50, 100, 150 and 200 m. We also fit these spectra with a single
power lawǫν = E0 · ν

−α in the range40 − 70 MHz.
The fitting values ofE0 andα are reproduced in Table 2 for distances measured to both the

east and west of the ground center, as there is a slight asymmetry as we noted before. It is apparent
that within 150 meters, the single power law is a good fit to thespectrum. With the radial distances
increasing, the slope becomes steeper. Near the center part(within 50 m), the slope of the spec-

Table 2 The fitted parameters of the frequency spectrum at differentradial distances along the east
and west directions. We fit with a single power lawǫν = K · ν

−α between40 − 70 MHz.

Distance (m) Orientation E0 (pure) α (pure) E0 (both) α (both)

0 center 1114.72 1.442 96.37 1.114

east 1114.72 1.442 161.56 1.301
50

west 1403.90 1.565 132.16 1.268

east 573.62 1.680 520.54 1.714
100

west 2836.44 1.893 410.51 1.681

east 2425.63 2.233 3846.32 2.383
150

west 10454.02 2.405 3152.25 2.375

east 17889.64 2.952 110199.9 3.453
200

west 50671.17 3.012 93022.37 3.464
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trum including both geosyhchrotron and the charge excess effect is−1 ± 0.2, consistent with the
experimental result. On the other hand, for the pure geosynchrotron radiation, the slopeα conflicts
with experimental results, and the difference is larger than the margin of error. This shows that the
inclusion of the charge excess effect is very important.

However, far away from the center, both the pure geosynchrotron model and the model with the
charge excess effect predict a steepening of the spectra, but observations so far have not found such
a change. Part of this may be due to experimental error, because far from the center of the shower on
the ground, the signal strength falls off exponentially, and the resulting measurement error is large.
Another possibility is that thěCerenkov radiation may have a visible effect at intermediate distances
(de Vries et al. 2012) and may modify the corresponding frequency spectrum.

4.3 Contribution from Different Elevations

We now study how the shower at different heights contributesto the total signal at ground level.
If the shower is point-like, there would be a one-to-one relation between the emission time and
arrival time for the radio pulse, with the radiation emittedearlier arriving earlier. The envelope of
the signal would clearly show this trend in the shower at different heights (Alvarez-Muñiz et al.
2012). However, the real case is more complicated due to the spatial extent of the shower disk, for
at any given time, the signal received at a location on the ground (altitude 0) is a superposition of
emissions from different parts of the shower at different times. The problem of contribution from
different heights in the case of pure geosynchrotron was investigated by Huege et al. (2007); here,
we consider the case with the charge excess effect.

We compute contributions to the radio signal at different heights. The results are shown in
Figure 6. For illustration, we have chosen two observing sites, one at the center of the shower on the
ground and one at100m-west from the center.

Starting from the ground, we divide the whole atmosphere into seven layers. Each layer occupies
an interval of1200 m, except for the highest one, where we combine all contributions from above
7200 m. We plot the contribution of each layer as well as the total signal. A general impression is
that each layer can contribute both to the first, strong (negative) peak as well as the second, weak
(positive) peak, though the higher layers contribute more to the first while the lower ones contribute
more to the second. The3600−4800m and2400−3600m layers contribute the largest signal. These
two are also the layers which contain the maximum number of particles. The contributions from the
higher elevations are smaller but still significant. The contributions of the lower layers (0 − 1200m
and1200 − 2400m) are also sizeable. They are closer to the observer, but thenumber of particles
has decreased. In particular, the contribution of0 − 1200m is sizeable at the center on the ground,
but away from this point it is much less, due to relativistic beaming.

We further compute the contribution from different lateraldistances, see Figure 7. The observa-
tion site is chosen to be the center of the shower. We make concentric rings around the shower axis,
with the first ring within5 m, then5−10m,10−20m,20−30m,30−50 m, and beyond50 m, and
estimate the contribution from each. The main contributioncomes from the distance within50 m,
especially within5 m. This is because most of the shower particles are located inthe inner rings near
the center of the shower, as the horizontal motion caused by the geomagnetic field is small compared
with the shower velocity.

4.4 Signals from Observing at Different Elevations

Particle based cosmic ray detectors are often placed at highaltitude locations, because the shower
maximum is high in the atmosphere, and radio detectors can also be located on the same sites, so it is
important to consider the altitude effect on the radio signal. As we get closer to the shower maximum,
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Fig. 6 Contributions from different layers.Left: the observation site is at the shower impact center.
Right: the observation site is100 m west from it.
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Fig. 7 Contributions at different lateral distances to the showeraxis. The intervals are within5 m,
5 − 10 m, 10 − 20 m, 20 − 30 m, 30 − 50 m and beyond50 m.

we may receive stronger emission from this stage. On the other hand, at the higher elevation, the
signals from the later stage of the shower are missed.

Figure 8 shows how the peak field strength of the radio pulse varies with elevation of the ob-
servation site for a vertical shower at several offset differences from the center on the ground. In
all cases, the variation is apparent but not very rapid. In the case of the center of the shower at
the ground, the signal strength gradually rises at the beginning and reaches its maximum value at
around 4000 m high, where the shower develops to its maximum for a1017 eV cosmic ray. At a still
higher altitude, the signal begins to attenuate. In the off center cases, the peak strength drops off with
increasing altitude, and for the three off-center distances we computed, the variations have similar
dependencies on height. This result shows that if the radio detector array is primarily designed to
detect the signal in the area around the center, then there isa little advantage to choosing a site at
a high altitude, though it is far less significant than in the case of particle detectors. On the other
hand, if the radio array is sensitive enough to detect showers outside the area around the center, then
perhaps there is not much advantage to placing the detector at high altitudes.

In Figure 9 we plot the lateral distribution of the radio signal at different elevations for a vertical
air shower. There is a slight asymmetry in the lateral distribution along the EW direction about the
shower axis, where the signal in the east is stronger. This iscaused by the excess of electrons in
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Fig. 9 The peak field strength of the pulse as a function of off-center distance in the EW (top) and
NS (bottom) directions.

the shower, but this does not affect the NS distribution. Close to the shower axis, the peak electric
field strength rises with the increase of elevation until about 4000m, where the shower reaches
the maximum for a1017 eV cosmic ray primary. Away from the shower axis, the strength always
decreases with height. The turning point between thecenter andoff-center is around50 m. The radial
dependence of the electric field signal is usually parameterized by an exponential function

ε(r) = ε100 exp(−(r − 100m)/R0) , (22)

whereε100 is the amplitude at 100 m and scale parameterR0 is usually about 100 to 250 m, except for
some events which have a very largeR0 (Haungs et al. 2009; Apel et al. 2010). We use Equation (22)
to fit the lateral distribution in the range200 − 500m at different elevations, and show the variation
of R0 with height in Figure 10. We can see thatR0 does not change significantly with height.

4.5 Inclined Showers: Dependence on Zenith Angle and Azimuth Angle

So far, we have only considered vertical showers, but inclined showers are of course more com-
mon. The inclined showers share some general characteristics with the vertical ones, and now we
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will investigate how the behavior of the shower changes as the inclination angle varies. The zenith
dependence of the radial distribution is shown in Figure 11.At the shower impact center, the field
strength decreases with zenith angle, so the vertical shower has the largest peak strength. However,
inclined showers have a broader distribution, so some distance away from the center they may actu-
ally have greater field strength.

In Figure 12, we show the contours of the radio emission field strength with different zenith
angles, where the shower axis is assumed to be inclined from the direction of east at different angles.
Such a spatial distribution could be detected with a phalanxof radio receivers, and we show the
distribution for the total strength as well as the polarizedelectric field along the EW, NS and vertical
directions.

For a vertical shower (zenith angle0◦), the total field strength and the dominant EW polarization
components have a distribution that follows concentric ellipses. The NS and vertical polarizations,
on the other hand, exhibit asymmetric bimodal structures inthis case. This asymmetry is due to the
effect of the magnetic field, which breaks the otherwise totally symmetric arrangement in the vertical
shower.

With increasing zenith angles, the total field strength and the dominant EW polarization de-
crease slightly and their elliptical contours become more prolate along the EW direction. The axis
of the elliptical contours also becomes longer. At the same time, the bimodal structures in the NS
and vertical components change to concentric ellipses and now these components have greater mag-
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Fig. 12 The contours of unfiltered radio emission under different zenith angles. Columns from left
to right: total field strength, the EW polarization, the NS polarization and the vertical polarization.
Lines from top to bottom show zenith angles of0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 35◦ and45◦ respectively.
Contour levels are25 µV m−1 apart.

nitudes than the vertical case. Their magnitudes graduallygrow. These changes are consistent with
our expectation for a cross section oriented at a slant with respect to the shower axis.

The contour maps from different incident azimuth directions in the case of pure geosynchrotron
were studied in Huege & Falcke (2005b). Besides elongation of the field strength pattern, they found
that the total field strength pattern rotates with the azimuth angle. The measurements of the individual
polarization components can be used to directly verify the geosynchrotron origin of the signal in the
radio emission.
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Fig. 13 The contours of unfiltered radio emission for a20◦-inclined shower coming from different
incident azimuthal directions. Columns from left to right are respectively the total field strength, the
EW polarization, the NS polarization and the vertical polarization. Lines from top to bottom show
azimuth angles of0◦, 45◦, 90◦, 135◦, 180◦, 225◦, 270◦ and315◦ respectively. Contour levels are
25 µV m−1 apart.
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With the inclusion of the charge excess and creation/destruction effects, the situation becomes
more complicated. As shown in Figure 13, the contours of the total field strength show concentric
ellipses, but there are some slight changes in the orientation of these ellipses which are not very
obvious. This is not surprising, because with both the geosynchrotron and creation/destruction emis-
sion at work, the geometric relation is more complicated. Again, the NS and vertical polarizations
show more irregularity, in some cases with a bimodal pattern.

5 CONCLUSIONS

In this paper, we describe our new Monte Carlo simulation of the radio signal emitted by a cosmic
ray extensive air shower. Our basic approach is similar toREAS2, using the Monte Carlo method
to generate a sample of particles and calculate the field produced by them, but we included the
charge excess effects in addition to geosynchrotron radiation. We use step functions in the retarded
potentials to represent the creation and destruction of particles. At low frequency, the radiation field
can be derived classically. The algorithm of our numerical program is presented which has passed
preliminary checks and gives results which are consistent with the ones obtained by others.

We find that when the charge excess effect is included, the radio signal is significantly mod-
ified: the magnitude of the signal is substantially reduced,and in the time domain, the pulse EW
polarization exhibits a bimodal pattern. This is the most important distinction compared to the pre-
vious pure geosynchrotron radiation. The charge excess effect on the frequency spectrum is also
considered. The geosynchrotron and charge excess effect, when computed individually, have similar
spectra which drop at∼ 100 MHz due to the loss of coherence. At low frequencies, both have a flat
spectrum, but when added the two tend to cancel each other andthe spectrum also drops at the lower
end. These findings are in good agreement with recent resultsreported in the literature (Huege et al.
2012). We also computed the spectra at different locations.Near the center, the charge excess effect
alters the steep spectrum predicted by the pure geosynchrotron mechanism, and the combined spec-
trum is in agreement with observations. Off the center, the theoretical spectrum is steeper than the
observation. This may be due to experimental error or another kind of radiation, such ašCerenkov
radiation.

We further apply our program to study the features of the signals. For a vertical shower and near
the shower axis, we find that the signal can at any time come from a wide span of different heights,
and indeed the layers from different heights could all give sizeable contributions to the total signal,
though the shower maximum contributed most. Far off the center, the contribution from the shower
maximum dominates, but near the center, layers in the lower altitude could also contribute a large
share.

We study the elevation dependence of the signal. At the center of the shower, as the altitude
rises, the peak magnitude increases slightly, then drops off if the altitude reaches beyond that of the
shower maximum. Off center, it always decreases with increasing altitude. This means that there is
a slight advantage to placing the radio array detector at high altitude sites, if the array is designed
to detect the radio signal at the center. On the other hand, ifthe array is sufficiently sensitive to be
able to detect the radio emission at a large off-center distance, then there is not much advantage to
placing it at high altitudes. Indeed, even in the former case, the advantage is far less obvious than a
particle-based detector. We use an exponential function tofit the radial distributions and findR0 is
about 100 m, which is consistent with experimental results.

We then consider inclined showers with different zenith andazimuth angles, and compute the
spatial distribution of the signal. We find that the contour lines of signal strength are basically con-
centric ellipses, but due to the asymmetry of charges, thereis an azimuthal asymmetry in the EW
polarization even for a vertically-downward air shower. The total field strength and the dominant
EW polarization gradually decrease as the zenith angle increases, and the ellipses are elongated.
However, the addition of the charge excess effect obscures the signature of the geosynchrotron ef-
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fect, so the azimuthal dependence of the total field strengthis not apparent. In the NS polarization,
the shape is also changed from a unimodal to a bimodal pattern. Our results could act as a useful
tool for studying the detection of incoming radio signals.

This paper presents a very basic model of radio emission froma cosmic ray air shower, and some
similar results have been obtained previously. Nevertheless, it is useful to verify these results with
an independent computation as we did, and to examine how the signal varies with elevation, shower
inclination, azimuth angle, etc. Moreover, this is a first step toward an independent, comprehensive
numerical study of the problem of air shower radio emission.We are working to improve our model
by incorporating more physical effects and implementing more realistic models. We plan to use
a shower model generated by a modern Monte Carlo code (e.g. CORSIKA). The effect from the
variation of atmospheric refractive index and the corresponding Čerenkov radiation will also be
investigated in our subsequent works. We can then investigate showers with different energies and
compositions, which will be useful to radio detection experiments.
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Appendix A: COORDINATE TRANSFORMATION

In this part, the position and velocity of a charged particlein the reference frame of Earth are related
to its relative position in the shower disk. In an incident shower with zenith angleΘ, the center of
the disk plane is set to be the originO′ of the (moving) shower coordinates. TheX ′ axis is in the
plane of incidence, pointing horizontally outwards, and the Y ′ axis is in the disk plane and normal
to theX ′ axis on the right hand side. TheZ ′ points upward (see the right panel of Fig. A.1). The
relative position of the particleP can be written as

R′

r =











r cosϕ cosΘ ,

r sin ϕ ,

−r cosϕ sin Θ ,

(A.1)

wherer is the distance from the originO′ andϕ is the azimuthal angle around the disk plane, which
rotates counterclockwisely from the lower part of the shower disk.

The coordinateRr of P can be transformed fromX ′O′Y ′ to the systemXO′Y ,

x = x′ cosΦ − y′ sinΦ , (A.2)

y = y′ cosΦ + x′ sinΦ . (A.3)

Here in theXO′Y plane, theX andY axis respectively point to the east and north (see the left figure
of Fig. A.1).Φ is the azimuthal angle in the systemXOY .

The position ofO′ in the XY Z system, where the impact centerO is set to be the origin, is
given by

RO′ = Rsf × (Rsf + d)/Rsf , (A.4)

whereRsf is the position of the center of the shower front in theXY Z system, which is equal
to R′

sf − H êz , if the impact center isH meters above sea level. PositionR′

sf could be evaluated
according to the relation between height and atmospheric depth X which is produced by a random
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Fig. A.1 Left: a sketch of the shower disk in Earth’s coordinate systemXY Z, with X and Y

respectively pointing to the east and north.Right: the shower disk in the local systemX ′
O

′
Y

′.

number generator in the Monte Carlo code (see Sect. 3.1), andd is the distance from the shower
front. The position in systemXY Z can be further obtained from the vector relationship

Rp = RO′ + Rr . (A.5)

Finally, the absolute position is
R

′

p = Rp + H êz . (A.6)

Secondary particles are assumed to be distributed within the spherical shell, with radiusK equal
to 2300 m. Therefore, the direction of their initial velocity is assumed to be radial, i.e.

V̂ p =
Rp − Rs

|Rp − Rs|
, (A.7)

where
Rs = RO′ × (RO′ + K)/RO′ . (A.8)

Appendix B: THE MOTION OF A CHARGED PARTICLE IN A MAGNETIC FIELD

The motion of a single charged particle in a static uniform magnetic field is determined by the
Lorentz equation

γm
dV

dt
= −qV × B , (B.1)

whereγ is the Lorentz factor. By applying a cross product withB on both sides, differentiating
it, using Equation (B.1) and the vector identifyB × (V × B) = V B2 − B(V · B), we get a
second-order differential vector equation

d2V

dt2
+

(

qB

γm

)2

V −

(

q

γm

)2

B(V · B) = 0 . (B.2)

By applying a dot-product toB on both sides of the Lorentz equation,

d(V · B)

dt
= 0 , (B.3)
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i.e.V · B = const, so the solution of Equation (B.2) is

V (t) = a1 cosωBt + b1 sin ωBt +
B(V 0 · B)

B2
, (B.4)

whereω2
B = (qB/γm)

2 is the gyration frequency of the circular motion andV 0 is the initial
velocity. The constantsa1 andb1 can be determined from the initial conditions,

a1 = V 0 −
B(V 0 · B)

B2
, b1 =

q(a1 × B)

γmωB
. (B.5)

The trajectory of the particle can then be integrated, whichis given by

X(t) =
a1

ωB
sinωBt −

b1

ωB
(cos ωBt − 1) +

B(V 0 · B)

B2
t + X0 , (B.6)

whereX0 is the initial position.
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