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Abstract Local mixing-length theory is incapable of describing rawal phenom-
ena in stellar convection, such as overshooting. Therestarelard solar models con-
structed with local mixing-length theory significantly date from the Sun at the
boundaries of the convection zone, where convection bestess efficient and nonlo-
cal effects are important. The differences between obdand computed frequencies
mainly come from the region near the surface, while the Ieedldifference in sound
speed is just below the convective envelope. We computaaasavelope model using
Xiong'’s nonlocal convection theory, and carry out helissgt analysis. The nonlocal
model has a smooth transition at the base of the convectiug zs revealed by helio-
seismology. It reproduces solar frequencies more acdyrate reduces the localized
difference in sound speed between the Sun and standardsodesis.
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1 INTRODUCTION

Stellar convection is generally expected to penetrate fgyioe convectively unstable boundaries
defined by the Schwarzschild criterion. This phenomenobwknas overshooting, has been ob-
served at the surface of the Sun. Overshooting at the botfcanconvective envelope or from a
convective core can have crucial influences on the struetodesvolution of stars. In the Sun, it is
thought to be closely related to the solar tachocline anargbhtnamo. Although a lot of effort has
been made to model the solar overshooting zone, there dmnajdr disagreements among these
models regarding the extent and importance of overshaoting

In stellar modeling, mixing-length theory (MLT; Bohm-¥itse 1958) is usually used to describe
convection. It works quite well deep inside the convectionebecause the transport of convective
energy is very efficient there, and the stratification of temagure is nearly adiabatic regardless of the
details of the convection theory. However, its local chegamakes MLT inadequate for the treatment
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of overshooting. In MLT, convective motions stop suddertliha boundaries of the convection zone;
the nonlocal diffusion of convection, turbulent pressune éurbulent kinetic energy are ignored.
Therefore the standard solar model (SSM) constructed withi Bhows clear differences from the
Sun at both boundaries of the convection zone.

Convection becomes inefficient near the upper boundaryeo$titar convection zone, and the
temperature gradiet significantly deviates from its adiabatic val§&,4. The nonlocal transport
of convective energy and momentum has important effectherttermal and dynamic structure
of this region, but MLT fails to predict the behavior in thisgion due to its local approximation.
Helioseismology has shown that the frequency differeneeséen the Sun and SSM predominantly
arise from improper modeling of the near-surface layerdief$un (Christensen-Dalsgaard et al.
1996). Similar systematic offsets have been found for dikarstars. Therefore a more realistic
description of convection is required in order to improve thodeling of the near-surface region and
match the observed frequencies.

At the lower boundary of the solar convection zone, MLT pecesla sudden switch from the
adiabatic temperature gradievt, to the radiative temperature gradiént, . Because convection
stops abruptly at the boundary, gravitational settling @fum and heavy elements causes a steep
composition gradient, which leads to a localized sharpifeah the sound-speed difference between
the Sun and SSM, as revealed by helioseismic inversionsi(Baal. 1997). Overshooting would
cause chemical mixing outside the convection zone andhlgmmove the composition gradient,
but it cannot be incorporated within the framework of locdlV

To solve the problem of modeling overshooting, a series aflogal MLTs has been devel-
oped (Shaviv & Salpeter 1973; Maeder 1975; Bressan et afl;l9%hger 1986). However, their
conclusions differ widely. Some models predicted extemeivershooting (Shaviv & Salpeter 1973;
Maeder 1975; Bressan et al. 1981), while others found owetslg to be negligibly small (Saslaw
& Schwarzschild 1965; Langer 1986). This was caused by tfierent built-in assumptions. As
pointed out by Renzini (1987), all these theories of theigtaltype had physical inconsistencies
introduced by a confusion between local and nonlocal gtiestitherefore, their results on over-
shooting were preordained instead of calculated withirtlieery. Moreover, the simple overshoot-
ing models constructed with nonlocal MLTs have been dispdoby helioseismic investigations
because they cannot give the smooth stratification as stmbathe case in the Sun (Monteiro et al.
1994; Basu et al. 1994; Roxburgh & Vorontsov 1994).

Another theoretical approach toward solving this problsrine Reynolds Stress Model (RSM;
Xiong 1979, 1981, 1989; Xiong et al. 1997; Canuto 1993; CarduDubovikov 1997, 1998; Li
& Yang 2007). It starts from the basic hydrodynamic equatiby dividing the physical variables,
such as velocity, temperature and density, into averagkesand turbulent fluctuations. As the
Navier-Stokes equations are non-linear, Reynolds avegagélds an unclosed hierarchy of moment
equations, and the third-order moments represent the calnfiansport of turbulent energy and
momentum. Therefore, to form a working nonlocal formulaficlosure approximations must be
made at the third or higher order. Different approximatiteed to different nonlocal convection
theories. Most of the approximations introduce free patarselLike thex parameter in MLT, they
have to be adjusted to meet observational constraints.

Theories of the RSM type, although usually complicated @irthpplications, are more physi-
cally grounded than MLT, and are capable of dealing with acal phenomena like overshooting.
In the working equations of Xiong'’s theory, the moment epret of auto- and cross-correlations
of turbulent velocity and temperature are closed at thel thider with a gradient-type diffusion ap-
proximation, in which the third-order moments are exprdssethe gradients of the corresponding
second-order moments. These equations have two dimeesgophrameters; andc,, related to
turbulent dissipation and diffusion, respectively. Xitpeory has been successfully used in mod-
eling stellar structure, evolution and oscillation (Xiohg86; Xiong & Chen 1992; Xiong & Deng
2007, 2009).
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In this paper, we use Xiong’s theory to construct a solar rhadth updated input physics to
study the structure and properties of solar convection aedsbooting with helioseismic methods.
To avoid extra complications, such as nuclear reactionshathical evolution in the core, our cal-
culations have been limited to envelope models with thedpottr = 0.3 R, wherer is the distance
from the center and is the photospheric radius of the Sun. Section 2 presentdetagls of the
envelope model and its differences from SSM. In Section 3caleulate the oscillation frequencies
of the nonlocal model and perform the seismic analysis. Araany and discussion are presented in
Section 4.

2 THE SOLAR ENVELOPE MODEL
2.1 Model Construction

Xiong & Deng (2001) computed a static solar model using the#qgns of radiation-hydrodynamics
(Xiong 1989). They used this model to discuss the propesfisslar convection and overshooting.
To further study solar convection with helioseismology,n@eompute a solar envelope model with
updated input physics. The computation uses the OPAL emuafistate (Rogers et al. 1996) and
opacities (Iglesias & Rogers 1996). For temperatures lokar6000 K, opacity tables of Ferguson
et al. (2005) are taken. Diffusion of helium and heavy eletsé&nnot included, thus our envelope
model is chemically uniform. We use Model S (Christensets@aard et al. 1996) as the reference
SSM. Our nonlocal model, in the following Model NL, has beeatilirated to the same basic prop-
erties of Model S, including the photospheric radigis= 6.9599 x 10'° cm, surface luminosity
L = 3.846 x 1033 erg s~! and a mass ratio between heavy elements and hydBg&n= 0.0245
(Grevesse & Noels 1993).

In order to compare with Model S and the Sun, Model NL shouicklmparable depth for the
convection zone. In the local description, the convedjiueistable region can be defined according
to many equivalent criteria, such 8> V.q, Viaq > Vagq Of F. > 0, whereF, is the convective
(enthalpy) flux. However, in nonlocal theories, the bouretadefined by these criteria do not gener-
ally coincide (Canuto 1997; Xiong & Deng 2001; Baturin & Mirava 2010). Deng & Xiong (2008)
argued that a proper definition of the boundaries of the ot zone should be the place where
F. (or equivalently, the correlation of turbulent velocitycatemperature) changes sign, so that the
local and nonlocal models with the same depth for the corveazbne would have similar struc-
ture, and the overshooting zone could be consistently db&isghe region with negativé.. In the
nonlocal theory, it ig, = 0, instead of the Schwarzschild criterion, that defines thietfgd neutral
buoyancy. Convective motions are driven by the buoyanoyefam the convection zond > 0),
and dissipate in the overshooting zot « 0). By this criterion, the lower boundary of the convec-
tion zone in Model NL has been calibratedt@123 R, which is consistent with helioseismic results
(Christensen-Dalsgaard et al. 1991; Basu & Antia 1997).

2.2 The Superadiabatic L ayer

Most of the solar convection zone is nearly adiabatic Witklightly greater thaiV ,q due to the high
efficiency of convection. However, the near-surface reggosubstantially superadiabatic, where
V — V.q is of the order unity. As a transition between the adiabagian and the radiative at-
mosphere, this thin superadiabatic layer (SAL) is impdriarsolar modeling. In one-dimensional
(1-D) models, the overall structure of the convection zoggethds on the integrated properties of the
SAL (Gough & Weiss 1976). The entropy jump across the SAL asely related to the efficiency
of convection, which in MLT is controlled by the mixing letgtAn increase of the mixing length
renders convective transport more efficient. This méans V.4 in the SAL becomes smaller, and
therefore the entropy jump is reduced, which leads to a sm@tlius of the model.
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Fig.1 Temperaturd (Ieft ordinate) and superadiabaticity — V.4 (right ordinate) vs. fractional
radiusr/R in the SAL. Solid lineI" in Model NL; dotted lineI" in Model S; dashed lineV — V.q
in Model NL; and dash-dotted lin&7 — V.4 in Model S.

Figure 1 compares the temperatdfeand the superadiabatic temperature gradiént V.q
between Model NL and Model S. Model NL shows a steeper tenypergradient in the SAL, which
is consistent with the empirical solar atmosphere (Girdpegt al. 1971) and numerical simulations
(Kupka 2009; Beeck et al. 2012). The large temperature gragiroduces a high peakW — V.4,
indicating inefficient convection in terms of energy trampMLT overestimates the efficiency of
convection in the SAL, hence the peakiin— V4 is lower in Model S.

The structure of the SAL is also affected by the dynamicaaff of convection. However, in
MLT the turbulent pressur@’; is neglected. Figure 2 shows the ratio between turbulergspre
P, and gas pressutg, in the near-surface part of Model NIE; increases from almost zero to a
maximum of14 percent near the peak of the SAL. Therefore it has a signifmamribution to the
total pressure support against gravity.

The turbulent kinetic energy flu¥y, in units of the total energy flux’, is also plotted in
Figure 2.F/ F is less tharl .5%, thus its influence on the energy transport is very limiteowilver,

a part of [y, runs into the overshooting region due to the nonlocal teiudliffusion, therefore the
convective energy flu¥, and the convective velocity. in the SAL are lower than what MLT pre-
dicts, as shown in Figure 3. In Model NL, velocity fluctuatsomccur outside the convection zone
because of overshooting, but in Modek§ s set to zero above the boundary.

Solar near-surface convection has also been studied bysrda®D numerical simulations
(Abbett et al. 1997; Kim & Chan 1998; Stein & Nordlund 1998e¥iag et al. 2012). Their results
on the temperature profile, turbulent pressure and ovetsigoare in good general agreement with
ours as shown in Figures 1-3. However, some simulationsigireery large Fi, (Kim & Chan
1998; Stein & Nordlund 1998), usually a magnitude largentiva have shown here. Therefarg
contributes significantly to the total energy transportiese models. Whether such a difference
comes from the approximations adopted in the simulatiorieoon the closure scheme in the RSM
requires further investigation. We should also note thatenical simulations still show some distinct
differences from each other (Kupka 2009; Tanner et al. 28%2) result of the different resolutions
and approximations in use.
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Fig.2 Ratio of turbulent pressure to gas pressbygP, (solid line, left ordinate) and fractional tur-
bulent kinetic energy flu¥ /F’ (dashed line, right ordinate) vs. fractional radius /R in Model NL.
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Fig. 3 Fractional convective flu¥./F (left ordinate) and convective velocities. (right ordinate)
vs. fractional radiug /R in the SAL. Solid line:F. /F in Model NL; dotted line: F./F in Model S;
dashed line: v. in Model NL; anddash-dotted line: v. in Model S.

2.3 Solar Lower Overshooting Zone

1131

The transition at the bottom of the solar convection zone ifT Mhodels is rather simplé” changes
abruptly fromV .4 in the convective envelope 1,4 in the radiative interior, and this switch defines
the lower boundary of the convection zone. If overshootirigcorporated using nonlocal MLT with

a nearly adiabatic extension from the convection zone, ltihepdness of the transition becomes even
more serious and causes discontinuity in the derivative@sbund speed However, in Model NL,
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Fig.4 Temperature gradients (solid line), V..a (dashed line) and V.q (dash-dotted line) in
Model NL. For comparison, the dotted line showsn Model S.
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Fig.5 Derivative of the sound speed vs. acoustic depih Model NL (solid line) and Model S
(dotted line).

V is already subadiabatic before reaching the boundary afdgheection zone, thus the transition is
smooth, as shown in Figure 4. The lower overshooting zon&jli€characterized by a subadiabatic
but superradiative temperature gradievif{; < V < V,q). As a result of the smooth stratification,
the derivative of the sound speed in the LOZ in Model NL is egwmus. This is illustrated in
Figure 5, where the derivative of the sound speed is plotjathat the acoustic depth

. "
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Fig.6 Superadiabaticity and fractional energy fluxes vs. fraticadiusr/R in the LOZ. Left
ordinate: superadiabatic temperature gradi®ht V.4 in Model NL (solid line) and Model S §otted
line). Right ordinate: convective energy flux¥, (dashed line) and turbulent kinetic energy fluki,

(dash-dotted line) in Model NL, in units of the total fluxz".

Figure 6 shows the superadiabatic temperature gradientfi@otional energy fluxes in
Model NL. As in the SAL,Fj is very small (abou2% of the total energy flux). The convective
boundary defined by, = 0 in Model NL is similar to that defined by the Schwarzschildemion
in Model S. In the LOZ, the convective energy flik is negative, and the radiative energy flix
is larger than the total flux of the Sun. As a result, the terafpee in the overshooting zone will
increase. Therefore the sound speed in this region is htgaarMLT predicts.

In the LOZ, turbulent velocity and temperature penetrateenttzeply compared with the con-
vective flux (Deng & Xiong 2008), therefore convective mixiis very efficient. Overshooting ex-
tends the fully mixed region and may be the dominant mechaaofssolar lithium depletion (Xiong

& Deng 2009).

3 SEISMIC ANALYSIS

3.1 Frequenciesof p-mode Oscillation

Adiabatic oscillation frequencies are calculated for botidels, using the Aarhus adiabatic oscilla-
tion package (Christensen-Dalsgaard 2008). Since ModakNin envelope model, it cannot accu-
rately reproduce the deeply penetrating modes. In ounfdtig analysis, only the modes with lower
turning pointr; > 0.4R are considered. The observed frequencies are from the S@Hc s aft
(Scherrer et al. 1995).

Zhang et al. (2012) compared the frequencies between aigemnand the models. For con-
venience in the following discussion, in Figure 7 we repilthe scaled frequency differences
Qniovn, Where@,, is the inertia ratio (Christensen-Dalsgaard et al. 199@)%ax; is the differ-
ence between observed and computed frequepcwith radial ordem and spherical degréeFor
Model S,Q,.;dv,, is largely a function of frequency, which indicates that tlierences between
the Sun and Model S are dominated by the near-surface e@brs{ensen-Dalsgaard & Thompson
1997). However, Figure 7(a) also shows two distinct brascheggesting a depth dependence for
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Fig.7 Scaled frequency difference&g,;év,; between the Sun and models, in the sense of (Sun)
— (Model). Panel (a) show®,,;dv,; between the Sun and Model S, and Panel (b) shQw® v,
between the Sun and Model NL.

the modes (Christensen-Dalsgaard et al. 1996), which sechly the localized difference in sound
speed as revealed by inversion.

In Figure 7(b),Q..;0v,; between the Sun and Model NL is much reduced compared to
Figure 7(a), especially at the high-frequency end, and #mhddependence is removed. The re-
maining-independent differences in Figure 7(b) suggest that theystll closely related to the
near-surface layers. Further improvement may come froindntg nonadiabatic effects in the cal-
culation of model frequencies (Cheng & Xiong 1997; Houdek@GGrigahcéne et al. 2012) because
the interaction between convection and oscillations imgbar-surface region also has important ef-
fects on the frequencies.

In Figure 8,Q.,;0v,,; is plotted against/L (with L = [ 4+ 1/2), and the upper abscissa shows
the location of the lower turning poimt. The near-surface errors are still most obvious here, but we
can notice a step at/ L ~ 100 uHz in Figure 8(a); the corresponding shows the location of the
localized difference in sound speed between the Sun and INsode

The effects of turbulence obtained from 3-D simulationsehiagen parameterized and included
in 1-D solar models (Li et al. 2002; Robinson et al. 2003) idesrto explore the effects on solar
oscillation frequencies. Alternatively, a patched soladel, in which the SAL of SSM is replaced



Seismic Study of Solar Convection and Overshooting 1135

r/R
09 0.8 0.7 0.6 0.5 0.4
T T T

0 50 100 150 200
v/ (1+1/2)  (uHz)
r/R
09 0.8 0.7 0.6 0.5 0.4
5 N T T T T T
N
= i
3 ]
3 . .
N - i
© —10 ]
&
15 .
L (b)
—20( - L '
0 50 100 150 200

v/ (1+1/2)  (uHz)
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point. Panel (a) show@,,;dv,,; between the Sun and Model S, and Panel (b) si@ws$v,,; between

the Sun and Model NL.

by simulated SAL, can be used (Rosenthal et al. 1999). Thsirlts showed similar improvements
in Q.;0v,; as shown in Figure 7(b). However, Li et al. (2002) found thatwas more important
than P, but Fi, was neglected by Rosenthal et al. (1999). In our moégljs negligibly small
throughout the convection zone and overshooting regiarit lworks as part of the nonlocal effects
of convection. The influences of nonlocal convection on lteerhal stratification of the SAL mainly
come fromF, andP;.

3.2 Detecting the Smoothness of the Transition

In MLT models, the abrupt transition at the base of the cotiwerzone leaves a signature on solar
acoustic oscillations. Gough (1990) showed that such alreguiiation in solar stratification con-
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Table 1 Seismic Parameters Resulting from the Fit of the Periodic
Signal in Eq. (2) to the Frequencies of the Sun and Both Models

Az s Tdq Yd 0
(nHz) () (uHz)
Sun 0.042 2302 3.80 0.13
Model S 0.068 2287 8.76 0.95
Model NL 0.039 2323 2.21 0.39

tributes a characteristic periodic sigral,, to the frequencies of oscillation. The amplitudesaf,

is proportional to the abruptness of the transition. If eh@oting is modeled with nonlocal MLT,
the amplitude increases because of discontinuity in thieatere of the sound speed. Thus by cali-
brating the amplitude ofw,,, the extent of overshooting can be estimated. However, bypeoing
the observed and model frequencies, it is found that theiandplofdw,, in the Sun is comparable
with or smaller than that in models without overshooting (#ro et al. 1994; Basu et al. 1994;
Roxburgh & Vorontsov 1994), implying that the Sun has a sin@tatification. Therefore a very
strong limit (less than one tenth of a pressure scale heiggg)placed on the extent of the nonlocal
MLT overshooting.

However, as these authors have pointed out, the estimateshased on the assumption that
the overshooting zone was adiabatically stratified, whiels wot justified within the nonlocal MLT.
As we have shown here, the lower part of the convection zoselistantially subadiabatic, and the
transition to the radiative interior is very smooth. Altlghuthe LOZ is quite extended in Model NL,
we do not expeaiw, to be significant.

Following Monteiro et al. (1994), the characteristic pei@signal in solar frequencies caused
by abrupt changes has the form

2
dwp = A(w) cos (2017_71 - '_Yd% + 2¢0) , ()

whereL? = I(l + 1), w = 27v is the circular frequency, ang;, 74 and ¢, are constants. The
amplitudeA(w) consists of two terms

AWw)? =a (5)2 + as (g) , 3)

wherew /27 = 2500 uHz is the reference frequency, and anda, are constants. The parameters
(a1, az, T4, Y4, ¢o) are determined by fitting Equation (2) to the frequenciésraémoving a smooth
component. The numerical procedures were described il dethe appendix of Monteiro et al.
(1994). A reference value of the amplitudezat

Ags = (af +a3)"/? (4)

is used to make comparisons between models and the Sun.

We isolatedw,, from the frequencies of both models and the Sun. We use med@sgdegree
12 <1 < 20 and cyclic frequency between 1700 and 35@0-. The signal of Model NL is shown
in Figure 9 against reduced frequency. The results arellistdable 1. The amplitudes ot in
Model NL and the Sun are comparable, but smaller than thaddedel S. Therefore the stratification
at the base of the solar convection zone must be smooth, doei& not necessarily lead to the
conclusion of limited overshooting.
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the observed frequencies, while the horizontal bars giveasnre of the localization of the solution.

3.3 Sound-speed Inversion

Helioseismology enables us to deduce the internal streciuthe Sun through inverting oscillation
frequencies. Such data inversions are based on a linearlp&tibn analysis of the oscillation equa-
tions around a reference model. The differences in thetstreibetween the Sun and the model are
related to the differences in the frequencies. Inversisalte have shown that the solar structure is
remarkably close to the predictions of SSM (Basu et al. 198tept below the base of the convec-
tion zone, where the sound speed of SSM is too low. In ModeltNé sound speed in the LOZ is
enhanced as a result of the negative convective flux. Theréfe localized difference in the sound
speed between the Sun and SSM is reduced when we use ModeltNé& @ference model (Zhang
etal. 2012), as shown in Figure 10.
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4 CONCLUSIONS

MLT is an over-simplified phenomenological theory, whickedmot account for the nonlocal effects
of stellar convection. Its simple approximation breaks datthe boundaries of the convection zone.

Our nonlocal RSM constructed with Xiong'’s closure formigatgives a consistent solution to
both the SAL and the LOZ. It shows overshooting at both botied®f the convection zone, where
the convective flux becomes negative. In the SAL, the comeéiux decreases due to nonlocal
diffusion, and the turbulent pressure is as high 4% of the gas pressure. These nonlocal effects
result in less efficient convection and a steep temperatadient which helps reduce the frequency
differences between the Sun and the model.

Our nonlocal model has an extended overshooting zone bakwaonvective envelope. It shows
a smooth transition with substantially subadiabatic gication. The amplitude of the periodic signal
arising from this region is comparable to that of the Sun,taedocalized difference in sound speed
between the Sun and SSM has been reduced.

Numerical simulations of overshooting can help us gainlumfale insight into the hydrodynam-
ical properties of solar convection, provided solar-ligeximations are made. 3-D simulations
of the SAL have proven the importance of the turbulent presamd the existence of overshoot-
ing and the steep temperature gradient. Numerical sinomstof the LOZ, on the other hand, are
not conclusive. Early 2-D and 3-D simulations (Roxburgh &8ions 1993; Hurlburt et al. 1994;
Saikia et al. 2000) found both adiabatic and subadiabagcstwoting, depending on their parame-
ters (cf. Rempel 2004). More resolved simulations of Brunheteal. (2002) obtained subadiabatic
overshooting with a smooth transition. The subadiabatatifitation has also been confirmed by
Christensen-Dalsgaard et al. (2011) from the helioseigmiict of view.

Full 3-D simulations of stellar convection are still comatibnally unaffordable, therefore RSM
may be the only feasible approach that can be implementegtaileld structure and evolution codes
without over-simplifying the physical picture (Canuto Z00However, different RSM formulations
tend to give different emphases on turbulent mechanisnpgrakng on the closure approximations
they employ. Zhang & Li (2012) showed a very similar pictuf@eershooting to ours by using the
formulation of Li & Yang (2007), in which third-order closeiwwas achieved with a gradient-type
scheme; while Marik & Petrovay (2002) predicted a very laditovershooting using the formula-
tion of Canuto & Dubovikov (1997, 1998), in which the equasowvere closed at the fourth-order
moments. However, high-order closure does not necesseaitlyto better results in stellar modeling
because it cannot guarantee a good fit of lower-order momé&néssman (1996) made a detailed
comparison between different closure approximations,fandd Xiong’s closure to be successful
because it gave a better representation of the secondeamdelations which were most importantin
constructing stellar models. Nevertheless, more thoratighy of the existing closures under stellar
conditions is still required. Helio- and asteroseismolagyg numerical simulations will help us put
more constraints on these formulations.

Diffusion of helium and heavy elements was not included endalculation since we used enve-
lope models, but its effects on the solar composition prefitay be limited because of the efficient
mixing caused by overshooting. Xiong & Deng (2009) studieel fithium depletion in late-type
dwarfs. They found that for cool stars with mags < 1M, whereM,, is the solar mass, the time
scale of diffusion is too long, and overshooting is the daminmechanism of lithium depletion.
However, more detailed comparisons need to be made in fatmlationary calculations. Together
with the constraints from lithium depletion, we may carryt aunore thorough calibration of over-
shooting.
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