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Abstract N-body simulations predict that dark matter halos with eliéint mass
scales are described by a universal model, the Navarrd<Rrdrite (NFW) den-
sity profiles. As a consequence of baryonic cooling effaébisse halos will become
more concentrated, and similar to an isothermal sphere @aVarge range in radii
(~ 300 A1 kpc). The singular isothermal sphere (SIS) model howevetdae trun-
cated artificially at large radii since it extends to infiniye model a massive galaxy
halo as a combination of an isothermal sphere and an NFW tgtqarsifile. We give
an approximation for the mass concentration at differentdrafractions and present
exact expressions for the weak lensing shear and flexiorufidr a halo. We compare
the lensing properties with the SIS and NFW profiles. We firad the combined pro-
file can generate higher order lensing signals at small eadiis more efficient in
generating strong lensing events. In order to distinguigih @ halo profile from the
SIS or NFW profiles, one needs to combine strong and weakngtsinstraints for
small and large radii.
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1 INTRODUCTION

The model with cold dark matter and a cosmological constAGI{M) provides a successful de-
scription of many properties associated with observatafrithe universe. N-body simulations of
ACDM models predict dark matter halos with a universal dgnmivfile (e.g. Navarro et al. 1997).
The Navarro-Frenk-White (NFW) profile appears to be a gogu@pmation for dark halo profiles
over a wide range of masses. On the other hand, the NFW hasitglprofile can also be generalized
with an arbitrary power law central cusp, and outer regitias tall off asr—3 (Jing & Suto 2000).

It has also been found that, for smaller mass halos, the slbfiee inner regions steepens. More
importantly, baryonic cooling will be significantly obsed (Koopmans et al. 2009). The baryon
effect is more significant in the galaxy halo since it condaitore baryons. A composite model with
an NFW dark matter halo and a de Vaucouleurs stellar compdsmsaggested for massive galaxies
by Gavazzi et al. (2007). The total density profile is closestwhermal over a large range in radius
(~ 300 h~! kpc). Therefore, we model the entire halo mass profile as@hdsmal-NFW (INFW)

profile, which is the combination of an NFW dark halo plus dlat&component at the inner radii,
i.e.p oc r—2 for a small radius.
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Gravitational lensing provides a direct way to study theswhstribution of large scale structures
in the universe as well as galaxy and cluster halos. It pridfemass distribution independent of the
nature of matter or its dynamical state (e.g. Bartelmann &ngaer 2001; Treu 2010). Lensing is
widely used for cluster mass reconstruction (e.g. Bradat €006), and galaxy halo measurement
(e.g. Cacciato et al. 2009). Weak lensing is a physical pimemon causing the weak image distor-
tion of background galaxies. By comparing the image digtostwith non-lensed image shapes, one
can infer the mass distribution of the foreground lens. Imkviensing, most studies consider the
shear effect, which transforms a round source into an igllipbne. Higher order effects, flexions,
are gradually coming within reach. Flexions can be intr@duas derivatives of either the surface
mass density or the shear. They respond to smaller-scaéivas in the projected mass distribution
than the shear (Bacon et al. 2006). The convergence gradadietd the first flexior#, introduces a
centroid shift in the lensed image and has a spin-1 symmelrile the second flexiog is the gradi-
ent of shear and is spin-3. Flexion provides a measure of stalke variations of mass distribution
as well as the halo ellipticity (Er & Schneider 2011; Er et2dl12).

The lensing properties of different halo profiles have begfely studied, e.g. the NFW profile
(Bartelmann 1996) and the Einasto profile (Retana-Montenegal. 2012). Wyithe et al. (2001)
and Keeton & Madau (2001) have studied a generalized NFWpygide for lensing. Therefore, it
is interesting to use the INFW profile as a galaxy halo, ansliitatural to extend its applications to
the gravitational lensing characteristics of dark mattdos. For the first time, we apply analytical
and numerical methods to the gravitational lensing studWN&W halo profiles. In Section 2, we
present the basic halo properties of the INFW profile. In i8ac8, the analytical formula of an
INFW lens halo is given. We compare the INFW profile with otherdels in Section 4 and finally
give a summary.

The cosmology that we adopt in this paper ia@DM model with parameters based on the
results of the Wilkinson Microwave Anisotropy Probe withtal@overing seven years (Komatsu
etal. 2011)Q, = 0.734, Q,, = 0.266, Hubble constanil, = 100h km s~' Mpc~! andh = 0.71.

2 INFW HALO PROPERTIES
In analogy to the NFW model, the density profile of INFW is gigy
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p(r) =
wherep. = 3H(z)?/(87G) is the critical density of the universé](z) is the Hubble parameter,
andG is Newton’s constant. The dimensionless characteristisitieis given by
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(see, e.g., Wyithe et al. 2001). We will use the same defimfiio the concentration; = rago/7s,
wherer, is the scale radius. The virial radiugy, is defined as the radius inside which the mass
density of the halo is equal 200p. (Navarro et al. 1997). The mass of a halo contained within a

radius ofragg is thus

8007
Msgg = Tpcrioo . 3

There is no specific study or simulation of the relationshépeen mass and concentration
for generalized NFW profiles. We assume that dark matter angons initially follow the same
NFW profile. Due to the cooling effect, baryons collapse talthe center of the dark matter halo,
and steepen the inner density profile. We assume the colldmmgons compose a fractigiy of
the total mass. The outer density of the INFW profile will beeolower by a factor ofI( — f3):
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Fig. 1 The approximate relationship between the concentratfonthe NFW profile and:; for the
INFW profile. The points are the numerical results from swvEquation (4) for different baryon
fractions: f, = 0.16 (circles), f, = 0.08 (squares) and f, = 0.06 (triangles). The lines are the
approximate relationship using Equation (5).

pinEw (200) = (1 — fu) pnew (T200). We takef, as the universal baryon fraction, although a lower
number does not significantly change the scaling. A relatigmbetweer: and¢; can be obtained

from
2

C1 C
=(1— /o) : (4)
In(l +er) (1 +er) [ln(l +c)— 1@} (1+4¢)?
This relationship can be solved numerically. It can alsofifreximated by
B c 3—06fp
T=3765, c ®)

In Figure 1, one can see that our approximation mainly agstesthe numerical results. A smaller
baryon fraction will lead to a lower concentration of the MWFhalo. When the concentratian
becomed), r; — oo, and the INFW profile reduces to an SIS. Thus in general theANINiFofile
is more concentrated than the SIS profile at a small radiusvl/see in the next section that the
INFW profile can produce higher lensing signals and is mdiieieft in generating strong lensing
than other profiles. The small variation of the baryon fi@ttidoes not strongly affect the matter
density profile (right panel of Fig. 2). With a higher baryeadtion, the density at the inner radius is
larger. In the rest of the paper, we will uge= 0.16 and Equation (5) to estimate the concentration
of the INFW halo.

In the left panel of Figure 2, we shop(r) for three different halo profiles using the same
halo massM,g. One can see that the INFW profile has the same slope as SISadit reuwfi
(< 30 h~! kpc) and approaches NFW at large radii.

3 LENSING PROPERTIES OF THE INFW HALO

3.1 Basic Lensing Formula

The fundamentals of gravitational lensing can be found intd@ann & Schneider (2001). For
its elegance and brevity, we shall use complex notation. tlilrelens approximation is adopted,



520 X.Z. Er

1e-19 ——rrrrrr —————
: NFW —— ]
- INFW ------- . -
1e-20 i\\ SIS —mmm E
& le-21 i B 0 |
£ [ 9 i
g 1e22} _ <
i 2 i
= I z
3 1e-23 | - e i
le-24 | ]
leps bein L
10 100
r ("} kpc) r (" kpc)

Fig.2 Left panel: halo mass densiy(r) for three different profiles: NFWslid line), INFW
(dashed line) and SIS @ot-dashed ling). The same mass\{z00 = 10'? A~ M) is used for dif-
ferent profiles (also for the right panel). The concentrai®dc = 6.95 (c1 = 3.11, f, = 0.16)
for the NFW (INFW) halo. Right paneh(r)inew /p(r)sts with different f,: 0.16 (olid line), 0.08
(dashed line) and 0.06 dot-dashed line).

implying that the lensing mass distribution can be projgasto the lens plane perpendicular to

the line-of-sight. We introduce angular coordinafiem the lens plane with respect to the line-of-

sight. The lensing convergence, which is the dimensiorgesiected surface-mass density, can be

written as e p

TG D.D ©
™ d/ds

is the critical surface mass density depending on the anglidaeter distanceds, Dq and Dy
from the observer to the source, the observer to the lensthenkkns to the source, respectively.
3(0) is the projected surface-mass density of the lens. All lenguantities can be derived from the
effective lensing potential,

K’(O) = 2(0)/Zcr, Where Ecr =

Y(0) = l/ d*0'k(6') In|6 — 6] . (7)
T JR2
The lens equation is given by

B=0-a()), (8)

wheref is the source position andis the deflection angle
a = Vc¢7 (9)

and the complex differential operators are defined as
0 0 0 0

ci= — F+i—; = i 10
Ve o0, Vae Ve o0, lons (10)

To the lowest order, image distortions caused by gravitatiensing are described by the complex
shear and convergence (which equals the dimensionlesgsurfass density)

1 1 1 1
v=5 (09— 030) +i0n0pt = SV m= (070 +050) = SV Vip,  (11)



Lensing of an INFW Halo 521

where the subscriptsdenote partial derivatives with respectéip The magnification for a point
source is thus given by

1
SN (2

The shear transforms a hypothetical round source into gotiedll image. TheF andg flexions can
be introduced as the complex derivatives

F = Vcli; g = VC'Y . (13)

The flexions are thus combinations of third-order derivegtiof the effective lensing potential
We shall denote their real and imaginary part5yG); and(F, G)2, respectively. In terms of the
lensing potential, we have

F=F +iF = = (0% + 0:10%0) + % (02001 + D)) (14)

1
2
and

G =01 +iGs = = (30 — 30,039) + 5 (30301) — B30) . (15)

1
2
3.2 Lensing of the INFW Halo

We derive the analytical expression for the lensing propedf the INFW halo. The surface mass
density of a spherically symmetric lens is obtained by iraégg along the line of sight of the three-

dimensional density profile,
2©= [ a/ETz, (16)

— 00

where¢ is the distance from the center of the lens in the projectesidane = 6 Ds. It implies the
following form for the dimensionless surface mass density

K(x) = 2K (% — f(a:)) , a7
wherex = 0/0, (05 = rs/Dq), andf(z) is given by

arcsechx

Vi1 (x < 1);

flz) =141 (x =1); (18)
arcsecr
Va1 7Y

In the spherical case, the deflection angle is given by

T

0
() = ;/O 0d0k(0) = 4“;95 (7 +(1—a:2)f(x)+ln§) . (19)

The analytical form of the shear can be calculated frdf) = [7(0) — x(6)] exp[2i¢], whered is
the polar anglex(0) is the mean surface mass density within a circle of radiusfodm the lens
center (see e.g. Bartelmann & Schneider 2001). The expre&si shear due to the INFW is

. { m 2n(z/2)

2z 2

— 22

+2 5 f(x)} e (20)

v(z) = =
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wheref(x) is defined in Equation (18). The analytical form of the two ikes can also be given

2k [af(x) T 1 ;
(@) = 3. Lc?—l_ﬁ_m}e(ﬁ’ (1)
2k, 3rm  8ln(z/2) 1 8 3 1 ;
g<x>—a—s<‘@‘ # Ta@on @ E‘ﬁm])ew(zz)

Properties of the elliptical INFW lensing process can bewated numerically (Keeton 2001).
Furthermore, as pointed out by Schneider & Seitz (1995)n8icler & Er (2008), due to the
mass-sheet degeneracy, the directly measurable praparéi¢he reduced shear and reduced flexion

_ 0. Glzf—i—g]:*_ G+9G

1—&’ 1—k ' 1—k
The weak lensing properties of the INFW profile are also axiprated as a combination of two
power-law profiles. At small radii, the asymptotic behavian be approximated by an SIS, i.e.
k, v < 7L andF, G o« §~2. At large radii, it behaves like the power-lgwo 7—3. Thus the
lensing signal rapidly fades out, v o< §=2, and.F, G oc 673,

9 (23)

4 PROFILE COMPARISONS

We compare the weak lensing properties for INFW, NFW, and@tfiles. We use an approximate
relationship to calculate the mass concentration of the NiFdfile (Neto et al. 2007)

- Maoo —0.1
c=15.26 (1014h1 M@) ; (24)

and use Equation (5) to obtain The velocity dispersion of the SIS profitg is calculated through
ol = \%G H(z) Maoo (Mo et al. 1998). The lensing properties of the SIS or NFW fesftan be
found in e.g. Wright & Brainerd (2000); Schneider et al. (BD0Ve use a lens halo mas#,,g =
10'2 =1 M, which is a galactic sized halo. The lens is placed at retishif- 0.2 and the sources
are at redshift, = 1.0, which are accessible redshifts for a galaxy survey, e.g5Sbr LSST.
The concentration parameter for the NFW (INFW) profile in tast isc = 6.95 (¢; = 3.11). The
Einstein radius of the SIS profile fs; ~ 0.3".

Figure 3 shows the predicted convergence, reduced shedfirstrand second reduced flexions
as a function of the angular separation from the lens center.mass profile of the mock galaxy
halo is assumed to be the SIS (dotted line), NFW (dot-dasheidiénd INFW (solid line) models.
One can see that the overall behaviors of the three profiles@nparable. The asymptotic lensing
behavior of the INFW profile is proportional to that of the SI®file at small radii and approaches
the NFW profile at large radii. The signal magnitudes of atisiag properties for the INFW halo
are stronger than the other two at small radii, but drop feeste eventually below that of the other
two profiles. The differences between the magnitudes ofthgihg signal are stronger at small radii
than that at large radii. In particular, the shear and sefleribn show a great dissimilarity. At large
radii, the difference between the three profiles is not $icpamt.

In particular, the weak lensing properties of the NFW halsigmificantly different from the
other two profiles at a small radius (10”). The lensing signal of NFW is shallower than the others.
On the other hand, the signal magnitude of the INFW halo isuabwo times higher than that of
the SIS halo. The lensing signals of the INFW drop faster witheasing radius, as one can clearly
see from the first flexion (the convergencés not an observable quantity). Moreover, the angular
separation at which the INFW halo’s first flexion is exceedgdather profiles is around0”, and
it is larger for shear and second flexion. In principle one stanly the weak lensing signal, i.e. the
shear and flexion, to constrain the halo density profile. Hanghe weak lensing signal at a large
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Fig.3 Convergence, reduced shear and reduced flexions of thifeeedif profiles: INFW golid
line), SIS {dashed line) and NFW (lot-dashed line). The mass of the lens halo &2y =
102 h=! M. The lens and source redshifts are assumed te;be 0.2 andz; = 1.0 respec-
tively.

radius is small and hard to detect. On the other hand, it & difficult to measure a weak lensing
signal when the background image is close to the lens galaixg.can perform a stacking method
for galaxy-galaxy lensing studies. A large volume survaydsessary.

Moreover, the significant difference in lensing properées: small radius will cause different
strong lensing signals. In order to simply see the strongitgnproperties, we compare the magni-
fication cross sections for the three profiles. The crossmsefr a given magnification threshold is

defined as )
0 (Jimin) = / 423 — / L 29,
|l"|>l"min ‘H‘>,umin |H’|

In Figure 4, the magnification cross section is shown in tlite(feght) panel for a halo with
massl10'? b~ M, (different halo masses). We can see from both panels thaeé/ profile can
generate larger cross sections than the other two profilestalthe high mass concentration of the
INFW profile (top left panel in Fig. 3). The cross section af thFW halo increases faster with mass
than other profiles, but decreases faster witithe curves of the INFW and SIS profiles again have
similar shapes, but the cross section of the INFW halo is etvautimes larger than that of the SIS
halo for a halo mass af0' L= M.

(25)
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Fig.4 The cross section of lensing magnificatiefy.) (in units of arcset) for three halo profiles:
INFW (solid line), SIS dashed line) and NFW (lot-dashed ling). The left panel shows the cross
section as a function of lensing magnification for a lens ldth massisoo = 10 h™' M. The
right panel shows the cross section of a given magnificagios: (2) for different lens halo masses.
The same redshift conditions as in Fig.z3 & 0.2, zs = 1.0) are used.

In additional tests, we also study the cross section of pialimages. The probability of this
being generated by an INFW halo can be several times higlaer tthat for an NFW halo, and
they will be easy to distinguish from each other. On the ottard, the INFW model generates a
multiple image cross section at a rate about three timesehigifan does the SIS model with halo
mass~ 10'2 =1 M., and approaches that of the SIS model for a massive haltO{® h=* M,).
The concentratiom; becomes small for a massive halo, thus the INFW nearly rediccan SIS
profile. The multiple image separation generated by the INEWE can reach” for a halo mass of
10'3 =1 M, which is abouti0 percent larger than that generated by the SIS lens. Therefor
galaxy-galaxy strong lensing statistics can be a potetatidito distinguish INFW from SIS profiles.

5 SUMMARY

We have studied the lensing properties of the INFW mass prdfile INFW profile is motivated by
the combination of cold dark matter simulations and a stellenponent in the inner region of the
dark matter halo, together with some evidence from obsenai{Gavazzi et al. 2007). The inner
profile of INFW is isothermal, i.ep o< 2, and the outer profile is NFW-like with oc 3. An
approximate mass concentration due to different baryanifnas is given for the INFW profile, as a
direct consequence of baryon collapse toward the centéedidlo.

The analytical expressions for deflection angle, convergeshear and flexions of an INFW
halo lens are given. We have compared the lensing propeitige INFW profile with NFW and
SIS halo profiles. We find that the INFW profile is more efficiivan the others at generating lensing
magnification, and the weak lensing signals of the INFW hadostronger at small radii than those
of other profiles for the same halo mass. Strong lensingsttatican be used to constrain the lens
profile, e.g. the image separation. However, the image agparstatistics are only sensitive to the
inner profile of the lens halo. There is a degeneracy betweemiassive SIS lens and the highly
concentrated INFW lens. Therefore, using weak lensingudysa large radial profile is essentially
necessary.
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