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Abstract Ground-based and space-borne observatories used foirgjueioplanet
transits now and in the future will considerably increase tlumber of exoplanets
known from transit data and the precision of the measuredgiof transit minima.
Variations in the transit times can not only be used to irfergresence of additional
planets, but might also provide opportunities to test theegal theory of relativity in
these systems. To build a framework for these possible t@stextend previous stud-
ies on the observability of the general relativistic pret@ss of periastron in transiting
exoplanets to variations in secular transit timing undeapetrized post-Newtonian
formalism. We find that if one can measure the difference betwobserved and pre-
dicted variations of general relativistic secular tratigiing to 1 s yr—! in a transiting
exoplanet system with a Sun-like mass, a period-of day and a relatively small
eccentricity of~ 0.1, general relativity will be tested to the level f6%.
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1 INTRODUCTION

Currently, more than 880 exoplanets have been discoverdlaout 300 of them are in transiting
systems. Now and in the future, ground-based and space-borne diteeias used for studying exo-
planet transits will considerably increase the number kmgis discovered through transit data and
the precision of observed times of transit minfm#ihe measured transit timing variations (TTVSs)
can be used to infer the presence of additional planetsHelgan & Murray 2005; Agol et al. 2005;
Heyl & Gladman 2007; Nesvorny et al. 2012) and study the dying of multiple planet systems
(e.g. Holman et al. 2010; Lissauer et al. 2011; Fabrycky .€2@l12; Steffen et al. 2012; Nesvorny

x Supported by the National Natural Science Foundation ofi&hi
1 http://exoplanet.eu/catal og/
2 As mentioned in appendix A of Kipping (2011), the so-calledid-transit time” in the exoplanet literature is highly
ambiguous. Following the terminology used by Kipping (20 1de will use “transit minimum” and “time of transit minimum
in this paper. Because, for a limb-darkened star, the tramisimum occurs when the apparent sky-projected separatio
between the exoplanet and the star reaches a minimum hasphetelyn unambiguous definition, “transit timing variat&in
also refers to “changes of times of transit minimum.”
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et al. 2013). Recently, theepler mission (Basri et al. 2005) released a catalog of transihtirmea-
surements for the first twelve quarters, which identifiedtbpler objects of interest with significant
TTVs (Mazeh et al. 2013).

Theoretically, the contribution due to general relati(i@R), especially the general relativistic
periastron advance (GRPA), is among the causes of secul&s. Tt observability in exoplanets has
been investigated in several works (e.g. Miralda-Escu22Adams & Laughlin 2006a,b,c; lorio
2006a; Heyl & Gladman 2007; Jordan & Bakos 2008; Pal & Ke@&)08; Li 2010; lorio 2011a,b;
Li 2012b). It is found that GRPA can be detectable on timescaf less than about 10 years with
current observational capabilities by observing the tiofesansits in exoplanets (Jordan & Bakos
2008).

This means that, like the well-known phenomenon in the S8iemtem of the anomaly in the
perihelion shift of Mercury (Nobili & Will 1986) that gave arit at new physics about GR and the
dynamics of planets could be used to test fundamental laybysics (e.g. lorio 2005a,b; Folkner
2010; Pitjeva 2010; Fienga et al. 2011; lorio et al. 2011ipl@012a; Pitjeva 2012; Pitjev & Pitjeva
2013; Pitjeva & Pitjev 2013), the observation of secular BT¥n also serve as a test-bed for GR with
the help of high-precision measurements which might bdaaiin the not-so-distant future. It will
also provide opportunities to test the fundamental theasfegravity, such as modified theories of
gravity and alternative relativistic theories of gravity,quite a large number of different locations
beyond the Solar System. This will make transiting exopswery similar to binary pulsars in
testing physical laws describing gravity (e.g. Bell et @9&; Damour & Esposito-Farése 1996;
Kramer et al. 2006; lorio 2007b; Deng et al. 2009; Li 2010; 2011, Li 2011; De Laurentis et al.
2012; Ragos et al. 2013; Xie 2013). Therefore, this inspie® extend previous works within GR
and to build a framework under the parametrized post-Newain{PPN) formalism (see Will 1993,
2006, for reviews) for modeling and evaluating these tests&cular TTVs. In this formalism, the
values of its PPN parameters represent deviations caughedries of gravity that are alternative to
GR. For example, two Eddington-Robertson-Schiff paramseteand3, are both equal td in GR,
but might have different values in other cases (see Will 12986, for details). Our goal is to set up
a PPN theory for measuring= v — 1 and$ = 8 — 1 and testing fundamental laws of gravity in
transiting exoplanets.

The rest of the paper is organized as follows. Section 2 istdevto describing TTVs under
PPN formalism. In Section 3, we present an analysis abouitibervability ofy and 3 via secular
TTVs. Finally, in Section 4, we summarize our results.

2 TTVSUNDER PPN FORMALISM

To describe the dynamics of a transiting exoplanetary systederstand its transit light curve and
represent the observables, we adopt the coordinate sydefined and applied in Kipping (2011).
The plane ofX-Y is defined as the plane of the sky, where the star is at thenofigand the
observer is located dtX,Y, Z) = (0,0, +0c0). Then, in theX-Y-Z system, the inclination of a
transiting exoplanetis close t090°3. The normalized apparent (sky-projected) separation dstw
the planet and the star is defined as (Kipping 2011)

1
S = i X2+Y
= Rig(f)\/l—siHQ(w—i—f)sinQi, 1)

3 We take widely used notations in celestial mechanids:the semi-major axis; is the eccentricity; is the inclination,
Q is the longitude of the ascending nodeis the argument of periastron/ is the mean anomaly anflis the true anomaly.



PPN Secular TTVs 1233

whereo(f) = (1 —¢e?)/(1+ ecos f) and R, is the radius of the star. For mathematical convenience
in the following parts of this paper, we will also use the egsion fors?

a?

2 _

2(£)[1 = sin*(w + f)sin?i] . 2

2.1 Transit Minima

For a Kelperian transiting exoplanet, the instants of ftamsnima (and maxima) occur when
dS/dt = 0 (Kipping 2011), which leads to

ds dsdf
dt  df dt 3)
Itis worth mentioning that the condition defined by Equat(®)is a pure geometric criterion without
any ambiguity. Becauséf/dt # 0 for planetary orbital motions, the conditiatt/d¢t = 0 is
equivalent talS/df = 0. An easier way to handle the mathematics is to make ud&dfdf = 0,
and such a condition can be proven to be equivalent&odf = 0 (Kipping 2011). To obtain
the true anomaly at the transit mininfa (the subscript 7" denotes transit), one needs to solve
a quartic equation that involvess f [see eq. (4.5) given by Kipping (2011)]. Although solving
it is mathematically possible, the solutions are prettygtag and impractical. Treatingos?i as a
small quantity which is very close to zero for transiting pbamets and using the Newton-Raphson
iteration method, Kipping (2011) shows the series exparsidution forf can be written as

fT—[——w} pILE (4)
j=1

where, byh = esinw andk = e cosw,

7 = () g
o= - (1 i h) [_6(1 . Ziﬂig;l E2 (cos ). ™

It is demonstrated by Kipping (2011) that using a solutiopanded to first-order can reduce the
error to less than a millisecond for a highly eccentric ptavi¢gh a short period. Solutions expanded
to high order (up to» = 6) can be found in Kipping (2011).

2.2 PPN Secular TTVs

With the same approach used by lorio (2011a) to work out li@ngr time variations of some ob-
servables for transiting exoplanets, for a given obsee/Bhhat is a function of Keplerian orbital
elements, i.el’ = T'({c}), where{o} = {a, ¢, i, Q, w, M}, if perturbations on the Keperlian orbital
motion are taken into account, we can calculate its secaldation by averaging

ar\ 1 ar ds
<5>:f/0 _d__/ Z@ndt ’ ®)
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whereP is the Keplerian period of the orbit. Applying this approaalf;, we can obtain its secular

changes as
dfr\ = /dw "L /dnf
o) (&)%) ©

7j=1
If a PPN two-body problem is considered, we can find that

dpf\  h+er 5 Jdw
<W> R TE AL (10)
dpg \ K +h+e?  , /dw
(8) = () .
<%> 1 (20K + 20k 4+ R2K® — 2k* — 2% — ThA® — 4h® — 6k — 2h) <dw>
dat /2 (1+ h)? cos’ T
(12)

where only(dw/dt) contributes in the above expression because the seculatioas ofa, ¢, i and
Q are zero (see Appendix A for details).

However, the secular variation ¢f- is not practically observable so that, for realistic measur
ments, it needs to be converted to the secular variatiomrd 6f transit minimuntr, i.e. secular

TTV,
dtT - dtT dfT o 1 dfT
<dt>_<dfT dt >_n\/1—62g%< dt >’ 49

whereor = o(fr) andn = 2x/P. If we consider the PPN 2-body problem, by substituting
Equations (9), (4) and (A.19) into Equation (13), we canwetine PPN secular TTV as

dt B vV1—e2Gm
<d_tT> =—B+2- 5)(1+h)2 2q

whered is the gravitational constant,is the speed of light andh is the total mass of the transiting
exoplanet system. For a time duratiamn, the PPN secular TT\A¢ is

%:-3?—?(1—%) (27 —ﬁ) (1—2h)+(9<00S uej) (15)

+ O(cos?i) , (14)

It is obvious thatAt¢r /At has two parts: a contribution caused by GR and one due to thatide
from GR. They respectively are, in more convenient expoessi

Aty 4775\ [ m \*27 P \"¥? 2
At - — 1-2h - 16
At g < Lyr ><m@) <1day) ( )+(9<cos 2 2> (16)
and
Atr 159s\ . - (m\*/ P\ .2
Ew—_< 1yr)(27_m<m_@) <1day) (1_2h)+O<COb %—2> (17)

Equation (16) shows that, in a transiting exoplanet syst@imaSun-like mass, a period 6f 1 day
and a relatively small eccentricity of 0.1, the variation in times of transit minima can reacht0
seconds in a year.

For future observation on relativistic secular TTVs, if wefide the difference between the
measured TTVs and its prediction by GR as

Aty

Aty
5AtT/At At

- (18)
bs At GR
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then2y — (3 via TTVs can be determined to be

i m\ 23 P\ O3ty /At ¢
27 — B =—6.28 x 102<—) (—) (1+ 2h)( r/ ) + (9<Cos i, —> (19)
m® 1day 1Sy

According to the above equatiof andg cannot be separately constrained by only using TTVs, but
their combinationl; = 25 — 3 is accessible. Sincg and 3 have been measured to be very close
to zero in various experiments and observations (Will 12986),( is expected to also be nearly
zero in well-determined systems with transiting exoplanBguation (19) tells us that if one can
measure the difference between observed and predictedagesiativistic secular TTVs tdsyr—!

in a transiting system with a Sun-like mass, a period-of day and a relatively small eccentricity
of ~ 0.1, then GR will be tested to the level ef 6%.

3 OBSERVABILITY OF {r VIATTVS

This section will be dedicated to an important issue: theeolability of (7 via TTVs. Based on
the catalog of confirmed transiting exoplarfetse will focus on the space of parameters describing
transiting exoplanets and associated measurements,agven

D= {(m,P, h,éggm) ’ 0.1me < m < 5me, 10~ day < P < 10° day,
0<h<04, 10_2s,yr_1 < 52{;/& < IOsyr_l} . (20)

According to Equation (19), the spa@® can generaté(r| ranging from~ 10=* to ~ 102
(see color indexed Figs. 1 and 2 with identical logarithnuitoc bars). Figure 1(a) shows the color
indexed (r| whenh = 0.1 anddgtR /ar =1 0syr—!. It suggests that, under this specific condition,

only the transiting systems wit? < 10 days can determingr| down to~ 1071, If 6At /At

can be determined to the level 6fl syr—!, the transiting systems can be used to extend those
cases with? < 10? days as shown in Figure 1(b). Figure 2(a) represents the oudexed|(r |
whenm = 1.0mg andh = 0.1. It can be seen that, for a system with periods even as long as
10 < P < 10° days, improvement of 3 /a Will make it available for detecting(r|. Finally,

Figure 2(b) indicates that determination|of:| is not sensitive td:. All of these figures show that,
even msg}} /At might not be determined very precisely, short-period ftangssystems can serve as
good test-beds.

However, like in the Solar System, the story of testing GRransiting exoplanets is not so
simple. Many other sources might cause secular TTVs, sual@itional planets or tidal deforma-
tions (e.g. Holman & Murray 2005; Agol et al. 2005; Heyl & Ghadn 2007; Jordan & Bakos 2008;
lorio 2012b; Nesvorny et al. 2012; lorio 2013). For exampladan & Bakos (2008) show that the
precession caused by tidal deformations may dominate takgrecession in cases where GRPA
is detectable. Thus, theoretically and numerically madgthe full dynamics and observables of
transiting exoplanets up to a level compatible with obsional datasets will be an important step
to separate and extract information.

4 CONCLUSIONSAND DISCUSSION

In the context of a potential, considerable increase in tiraber of exoplanets discovered through
transiting and the precision of measured times of trangiimma by both ground-based and space-
borne observatories used for studying exoplanet transitsand in the future, we investigate the

4 http://exoplanet.eu/catal og/
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Fig.1 Panel (a) shows the color indexgg-| according to Eq. (19) wheh = 0.1 andégf‘ﬂm =
1.0syr~'. Panel (b) is similar to (a) except th}’  ,, = 0.1syr "
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Fig.2 Panel (a) shows the color indegkf&| according to Eq. (19) whem = 0.1mq andh = 0.1
and Panel (b) shows the color indexgd| whenm = 0.1me anddgy. /o, = 1.0syr™ .

PPN secular TTVs to test fundamental laws of gravity in titarg systems. We find that if one can
measure the difference between observed and predictedadegiativistic secular TTVs td s yr—*

in a transiting system with a Sun-like mass, a period-of day and a relatively small eccentricity
of ~ 0.1, GR will be tested to the level of 6%.

However, exoplanetary systems are full of complexity, s;mynsources can trigger secular
TTVs, such as additional planets and tidal deformationpa&aing and discriminating them need
theoretical and numerical models of dynamics and obsezsalp to a level compatible with astro-
nomical observations. Other important timings, like vawias in transit duration, transit to occulta-
tion time and transit to occultation duration ratio, willgr next goal for studying their possibilities
to test GR. Another interesting and promising directiortiiég line of research is to combine various
observational datasets from astrometry, radial veloaity @mansit timing, which will be analogous
to constructing ephemerides of the Solar System and userg th test GR (Pitjeva 2005; Folkner
2010; Fienga et al. 2011).

Furthermore, transiting exoplanets might also be usedtaxtiether non-standard effects which
may show up through TTVs and other observables. These stiegefeatures are the effect of a
steady mass loss in the host star (or of a change)ife.g. lorio 2010a,c; Li 2012a,c, 2013; Pitjeva
& Pitjev 2012), dark matter in exoplanetary systems (e.gola006b, 2010b,d; Griest et al. 2011,
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Hooper & Steffen 2012; lorio 2013) and fifth force-like Yukawype effects (e.g. lorio 2002, 2007a,;
Haranas et al. 2011; Deng & Xie 2013).
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Appendix A: PPN 2-BODY PROBLEM

Under the conditions of weak gravitational fields and lowoegles, the two-body problem in the
PPN formalism can be treated as Keplerian motion with PPlug®ations. The Gaussian perturba-
tion equations read as

da 2

— = ———|[Sesinf +T(1+ ecos f)], A.l
det nm[ ! ( il A
d V1—e?
e c [Ssin f 4+ T'(cos f + cos E)], (A.2)
dt na
di 7 COSU
—_— = 7‘% A-3
dt na?y/1 — e? "9
dQ rsinu
— = W, A4
dt na2y/1 — e2sin1 A9
T — 2
do _ vi-—e —Scosf+T 1+ sin f —cosi@, (A.5)
dt nae P dt
dM :n_\/l—eQd—w—\/l—eQCOSi@—iST, (A.6)
dt dt dt  na?

in whichu = f +w,p = a(l — ¢?) andS, T andW are the radial, transverse and out-of-plane
components of the perturbing acceleration respectivelff¢bet al. 1987).

. Gm Gm 5 1 H
S = 23 [2(5 +v+v) . (v + 3v)v* + (27 +2 2I/>T‘ ] : (A7)
Gm n2ad
T = W(27+2—2I/) esin f, (A.8)
W =0, (A.9)

whereg is the gravitational constant,is the speed of lightyn = m; + mg andv = myma/m?.
With the help of Keplerian relations

v? = m(2 - 1), (A.10)

2 m(% N 1) - (A.11)
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we can have

2 2
S = —(W—Zu+2)1Gm2 (28 4 4y — 50+ ) E

2 a c2r c2r3
1\ Gm?p
G 3
T =2y+1- V)—;anea—g sin f, (A.13)
c r
W = 0. (A.14)

After averaging over a period, we obtain the secular evaiudif the orbital elements as

da
de

<E =0, (A.16)
di

<E =0, (A.17)

Gmn

T
2[5

)
)
> =0, (A.18)
)
)

dw
SN 2y 2o g 2L A.19
" (2y+2-0) 25 (A.19)
dM
<E :n—(35+67—9u+6)\/1—6261T"
Gmn
B 9
+(2y—Tv+4)(1 —€%) 2 (A.20)

which identically match those given by Soffel et al. (1987).
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