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Abstract 20 years after the discovery of the first planets outside our solar system,
the current exoplanetary population includes more than 700confirmed planets around
main sequence stars. Approximately 50% belong to multiple-planet systems in very
diverse dynamical configurations, from two-planet hierarchical systems to multiple
resonances that could only have been attained as the consequence of a smooth large-
scale orbital migration. The first part of this paper reviewsthe main detection tech-
niques employed for the detection and orbital characterization of multiple-planet sys-
tems, from the (now) classical radial velocity (RV) method to the use of transit time
variations (TTV) for the identification of additional planetary bodies orbiting the same
star. In the second part we discuss the dynamical evolution of multi-planet systems due
to their mutual gravitational interactions. We analyze possible modes of motion for hi-
erarchical, secular or resonant configurations, and what stability criteria can be defined
in each case. In some cases, the dynamics can be well approximated by simple ana-
lytical expressions for the Hamiltonian function, while other configurations can only
be studied with semi-analytical or numerical tools. In particular, we show how mean-
motion resonances can generate complex structures in the phase space where different
libration islands and circulation domains are separated bychaotic layers. In all cases
we use real exoplanetary systems as working examples.
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1 INTRODUCTION

The discovery of planets around main-sequence stars was oneof the most spectacular achieve-
ments of astronomy in the final years of the past century. Thispaper deals with extrasolar
systems of planets. About 100 of them are currently known, but their number is quickly in-
creasing. Weekly updated information may be found in The Extrasolar Planets Encyclopaedia
(http://exoplanet.eu/catalog.php). Multiplanet systems have been detected using all techniques in-
volved in exoplanet searches: radial velocities, transits, images, microlensing, and pulse timing.
Curiously, the first discovered system was not found around amain-sequence star, but rather around
the pulsar PSR B1257+12 (Wolszczan & Frail 1992). Even today, we do not know how this system
could have been formed; it seems to be an exceptional event and only two other pulsar planets are
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Fig. 1 Four planets orbit star HR 8799. The curved arrows representthe coming 10 years of orbital
motions for the planets (from the UCLA Newsroom 2012 May 15. Credit: NRC-HIA, C. Marois,
and Keck Observatory).

known in addition to the three orbiting PSR B1257+12. The planets around PSR B1257+12 are much
smaller than the planets known around main-sequence stars.While most planets around normal stars
have masses generally between 0.1 and 10 Jupiter masses, themass of the largest planet around PSR
B1257+12 is only 4.3 Earth masses.

Planets are billions of times less luminous than the stars around which they move. Only recently
it was possible to detect some of them by direct imaging. One of them is a 4-planet system around
the young (age< 70 Myr) metal-poor A5V/F0V star HR 8799 (Fig. 1). In the images of it taken
by the Keck and Gemini telescopes, four giant planets appear, at distances between 14.5 and 68 AU
(periods between 50 and 450 years) from the star (Marois et al. 2008; Soummer et al. 2011; Sudol
& Haghighipour 2012).

In the case described above, it was possible to see the planets. This is still an infrequent situation:
the only planets we can currently see are large and very distant from their central star. Besides, they
are generally young and bloated, which increases their brightness. For the more general cases, we
are still tied to techniques that detect the effects of the presence of a planet indirectly, such as the
measurement of radial velocities and transit photometry (see e.g. Ferraz-Mello et al. 2005a; Dvorak
2008; Perryman 2011; Haghighipour 2011). Peculiarities related to the use of these techniques to
detect multiple planet systems are discussed in the first part of this paper.

This review aims at presenting one selection of problems related to the detection and dynamics
of multi-planet systems. First of all, it must be said that given the huge amount of papers published in
recent times, a complete review would require much more timeand space than allowed for this text.
The first half of the review concerns detection. As already emphasized in the introduction, direct
observation is still exceptional and most of the discoveries are done via measurements of the radial
velocity and observation of transits of the planet in front of the disk of its star. Here, we choose to
gather some methodological details and some information found only sparsely in the literature which
are directly related to the discovery of multiple planets. Section 2 presents some problems related to
the treatment of velocimetry data and Section 3 describes those related to transit observations.
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The second half of the paper is related to dynamics of the planets. In Section 4 we give a general
introduction to the Hamiltonian function and canonical variables employed in dynamical studies,
plus a brief overview of the distribution of the exoplanetary population according to mass and orbital
period ratio. Section 5 deals with hierarchical systems, inwhich the separation between two planets
is sufficiently large such that gravitational interactionsrarely lead to dynamical instabilities. More
compact but non-resonant (i.e. secular systems) are discussed in Section 6, while adjacent planets in
mean-motion resonances (MMR) are studied in Section 7.

2 THE RADIAL VELOCITY (RV) OF THE CENTRAL STARS

If one star hosts a planetary system around it, it will move around the common barycenter of the
system. This motion, a counterpart of the motion of the planets themselves, is small. It is still possible
to observe, however, for more than 500 stars. Generally it has been observed with high-precision
spectrographs mounted on large telescopes, and resulted inmeasurements of the velocity of the star.
In a few cases, using the Hubble Space Telescope, it was also possible to obtain astrometric measures
of the angular displacement of the star. Doppler measurements give the value of the projection on
the line of sight of the velocity of the observed star with respect to the observer1, and observations
need to be reduced to the barycenter of the solar system before being used. (For a description of the
routines used for this reduction, see Ferraz-Mello et al. 2005a). The observation times also need to
be reduced to the barycenter of the solar system.

The definition of barycenter of the star-exoplanets system allows us to convert the astrocentric
position vectorr and velocityv of the planet into the barycentric position vectorR and velocityV
of the star. For example, the velocity of the star with respect to the barycenter in a system formed by
the star and one planet is given by

V =
m

IM

2πa

T
√

1 − e2
[sin f i − (e + cos f) j], (1)

wherem is the mass of the planet,M is the mass of the star,IM = M + m is the total mass of
the system,a is the astrocentric semi-major axis,T is the orbital period,e is the eccentricity,f is
the true anomaly andi, j are two unit vectors in the plane of the motion:i is in the direction of the
periastron andj is orthogonal to it. To convert to the observed star’s RV, it is enough to project this
velocity onto the line of sight and to add the radial velocityof the system barycenter, that is

Vz = V0 + K [cos(f + ω) + e cosω], (2)

where

K =
m

IM

2πa

T

sin i√
1 − e2

. (3)

K is the half-amplitude of the RV variation andi is the inclination of the plane of motion with re-
spect to the tangent plane to the celestial sphere. The RV is considered positive if the star is moving
away from the Sun and negative if the star is approaching it. This convention corresponds to mea-
suring the (astrocentric) planet longitudes from the intersection of the orbit with the tangent plane to
the celestial sphere where the planet is moving towards the observer (the star is receding from the
observer and its RV is near its maximum).

Typical values ofK may be obtained using data from our own planetary system. Forinstance,
for a Jupiter-like planet in a Jupiter-like orbit around a Sun-like star (andi ≈ 90◦), K = 12.7 m s−1

1 The motion of both ends of the light path need to be taken into account. Therefore, the rotation of the Earth, the motion
of the Earth around the barycenter of the Earth-Moon system and that around the barycenter of the solar system are all
considered.
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Fig. 2 RV measurements of the star HD 60532 showing variations due to Jupiter-sized planets (Data
taken from Desort et al. 2008, 2009).

while for a Jupiter-like planet in an Earth-like orbit,K = 29 m s−1. The difficulty in finding Earth-
like planets in the habitable zone stems from the fact that the RV is too small; for an Earth-like planet
in an Earth-like orbit, it is onlyK = 9.2 cm s−1.

Figure 2 shows the heliocentric RV measurements of the star HD 605322. It is clear that one
planet is not enough to fit the measured points.

2.1 Best-fit Estimators

Several techniques were developed some 100 years ago to determine the orbital elements of binary
stars from the curve of radial velocity (see Plummer 1918), however, thanks to the efficiency of mod-
ern computing tools, it is now easy to use one of the well-known best-fit procedures including steep-
est descent, genetic algorithms, downhill simplex, etc., to estimate the parameters of Equation (2),
corresponding to the best fit of the data to the model. We thus obtain an estimation ofV0, K, T ,
e, ω and the time of periastron (which enters in the model throughf ). Once these parameters are
known, we may obtain others. However, the parameters involved in the definition ofK: a, m, M
andi, cannot be known separately. This indetermination is partially overcome using astrophysical
models to obtain an estimate ofM . It then becomes possible to determine the semi-major axisa, but
the remaining quantities are still entangled in the productm sin i (for details see Ferraz-Mello et al.
2005a). The value of the inclination is only determined if complementary observations of a different
nature are done. The most frequent case is when the inclination is close to 90 degrees (orbital plane
seen edge-on) and the planet transits in front of the star allowing the inclination to be determined
from the light curve (see Sect. 3). This is also the case when astrometric observations showing the
motion of the star with respect to an inertial frame are available. However, this motion cannot be
easily observed and was done for only a few stars (see Benedict et al. 2010; McArthur et al. 2010;
Martioli et al. 2010).

In all cases, the aim is to minimize the least-squares estimator

χ2(S) =
N∑

1

(Ok − Ck)2

σ2
k

, (4)

whereN is the number of observations,S is the set of parameters entering in the model and which
we intend to estimate,(Ok−Ck) are the observed minus calculated residuals andσk are the standard

2 The system of planets around HD 60532 is chosen as the case study to illustrate the techniques reviewed in this section
because of the large number of HARPS high-quality RV measurements available for that star (Desort et al. 2008, 2009) and
the large mass of its two known planets allowing their gravitational interaction to be detected (Laskar & Correia 2009).
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errors of the given individual data sets. It is called a chi-square estimator and denotedχ2 because
it is akin to aχ2-variate (see Linnik 1963; Press et al. 1986). The use of the same symbol for the
estimator and a classical statistical distribution may be asource of confusion, but we follow this
usage. However,χ2(S) is a χ2-variate only if theσ2

k are the variances of the statistical variables
(Ok − Ck). The givenσk are usually internal errors of the measurements that disregard possible
jitters (white or red) and deviations arising from possiblemodel incompleteness (which affectCk).
Detailed analyses show that the noise in the data series appears auto-correlated and, in some cases,
as for Gliese 876, the contribution of the correlated noise is about 2 m s−1 (Baluev 2011). Therefore,
the necessary conditions to consider this estimator as aχ2-variate are not satisfied and the results
of the applications indeed show values which are not those ofa chi-square distribution. This can be
circumvented by introducing in the statistical analysis ofthe results the factorχ2(S0)/(N − M)
whereS0 is the set of parameters corresponding to the best-fit solution. We are reminded that the
expected value ofχ2(S0) is equal to(N − M) whenσ2

k are the actual variances of(Ok − Ck).
The other estimator often used is the weighted root-mean-square (w.r.m.s.) of the residuals,

which is related toχ2(S) through

w.r.m.s. =

√

σ2
(1)

N − 1
χ2(S) = σ(1)

√

χ2
red(S), (5)

whereσ(1) is the standard error of a unit-weight observation andχ2
red is the so-called reduced chi-

square.1/σ2
(1) is equal to the average of the1/σ2

k.

2.2 Osculating and Apparent Elements

In the case of several planets, we have to substitute the 1-planet model above by an N-planet model.
If the mutual interaction of the planets can be neglected, this is done by simply addingN terms
similar to the one corresponding to one planet. Even if we adopt one Keplerian model for fitting
the radial velocities, we have to take into account the fact that mutual perturbations affect the mean
values of osculating elements. In the 1-planet kinematicalmodel the motion is Keplerian and occurs
on an apparent ellipse. When two (or more) planets are involved, the apparent ellipses are no longer
osculating and their semi-major axes and periodsTk are given by the first-order equations

ak = ak(osc)(1 − 1

2
ξk), Tk = Tk(osc)(1 − ξk), (6)

where, assuming thata1 < a2, we have the “constant perturbation” factors

ξ1 =
m2

M + m1
α2

db0
1/2

dα
, ξ2 = − m1

M + m2
(α

db0
1/2

dα
+ b0

1/2); (7)

α = a1

a2

andb0
1/2(α) is the lowest order Laplace coefficient (see Tisserand 1889;see also Ferraz-

Mello 1979). Typical values are shown in the example given inTable 1. They show that these cor-
rections can be neglected in the chosen example since the periods are not well determined (mainly
because the observations cover less than two periods of the outer planet). However, in systems for
which available observations span a large number of orbits,the periods are well determined and
the corrections introduced by the mutual perturbations canbe larger than the errors in the determi-
nation of these quantities. Periods are often critical quantities in the dynamical study of planetary
systems and in some cases, near resonances, the differencesbetween apparent and osculating values
are important.

We also have to consider that the use of Kepler’s third law with the apparent elements is not
correct and that we have to use the corrected law

a3
k

T 2
k

=
G(M + mk)

4π2

(

1 − 5

2
ξk

)

(8)
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Table 1 Some of the Parameters Determined from the Observed Radial
Velocities of HD 60532. Epoch= HJD 2 454 000 (cf. Desort et al.2008, 2009).

Parameter Planet HD 60532 b Planet HD 60532 c

K (m s−1) 29.3± 1.4 46.4± 1.7
Apparent Period (d) 201.3± 0.6 604± 9
Eccentricity 0.28± 0.03 0.02± 0.02
w.r.m.s. (m s−1) 4.4p

χ2
red 4.4

m sin i (MJup) 1.03± 0.05 2.46± 0.09
m sin i (10−3Mstar) 0.686± 0.034 1.63± 0.06
ξ sin i –0.00024 0.00168
a (AU) 0.759± 0.001 1.58± 0.02

(see Ferraz-Mello 1979, Sect. 4.6).
The first block of Table 1 shows the primary parameters determined from the fit of the radial

velocities of the star HD 60532 (shown in Fig. 2) to a 2-planetKeplerian model. The second block
shows the secondary parameters deduced from them.

In the determination of the actual period of the planet, we also sometimes need to account for
the planetary aberration; because of the star’s motion, thetime scale measured with a clock moving
with the star is not the same as that resulting from measurements made from the Earth. It is easy to
see that a phenomenon whose duration measured with a clock moving with the star is∆ts has the
duration

∆t⊕ = ∆ts

(

1 +
Vr

c

)

, (9)

when measured by a clock on Earth. Thus if the star is recedingwith a high velocity, say 100 km s−1,
the period of motion measured from Earth will be larger than the actual one by 0.03 percent, thus
affecting the fourth digit of the period. This correction has to be considered when the accuracy of the
determined periods reaches this level. As the precision in the period determination increases with a
longer time span of observation, the time scale correction may become important even for stars with
moderate radial velocities.

Aberration time may also influence studies using both RV measurements and transit timings
(see Fabrycky 2010). In some extreme cases, like Kepler-34(AB)b, the large semi-major axes may
account for∼ 9 minutes of light-propagation time between the star and the planet transiting over the
disk.

2.3 N-body Fits

In a system with multiple planets, the members interact gravitationally and their motions deviate
from Keplerian orbits. Since the interaction is proportional to the planetary masses, its detection
can allow us an independent mass determination to overcome the inclination indetermination in the
masses determined only from radial velocities. In reality,however, this has been possible in only
one case: the pulsar PSR B1257+123. That pulsar has two main terrestrial planets with 4.3 and
3.9 Earth masses and periods 66.54 and 98.21 days. The proximity of the periods to the ratio 2/3
produces, in the longitudes of the two planets, one high-amplitude long-period perturbation like the
great inequality observed in the motions of Jupiter and Saturn (whose periods are close to the ratio
2/5) (see Rasio et al. 1992; Ferraz-Mello 1997; Fabrycky 2010). The relative variation of the periods

3 The analysis of the periods of signals coming from a pulsar orfrom a variable star is akin to that of RV measure-
ments;issues related to determination of the orbit are the same. However, in the case of pulsars, the high accuracy of these
measurements is equivalent to cm s−1 on the RV scale and the conversion of the raw data to ephemerides of the planets using
barycentric data needs to take into account all classical and relativistic effects (see Chandler 1996).
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(2.5× 10−4 and3.3× 10−4), with a period of 5.6 years, is larger than the10−5 relative precision of
the determination of the periods, and could be observed. Thefinal analysis of the data showed that
the values mentioned above and allowed the inclinations of 53 and 47 degrees to be determined (see
Konacki & Wolszczan 2003).

To take into account the gravitational interaction of the planets, we have to substitute the radial
velocities given by the Keplerian Equation (2), by radial velocities resulting from a numerical inte-
gration of the equations of the motion. One first point to be considered is the incertitude in the value
of the star’s mass and its influence on other quantities. In order to avoid this uncertainty, it is conve-
nient to use units in which the star’s mass is equal to 1 and thedistance unit is such that the value
of G does not change (this is necessary to avoid transferring theinaccuracy inM to the gravitational
constantG). We may adopt one of the usual time units and fix the value ofG. For instance, we may
adopt the year as a time unit and assign toG the standard valueG = 4π2. The corresponding length
unit is a modified astronomical unit

1 AU × 3

√

Mstar

M⊙

.

The only external parameters in the equations are now the ratios of the masses of the planets to the
star’s mass. The other external parameters are only introduced when a solution of the normalized
problem is compared to the radial velocity measurements. For that sake they are first projected on
the line of sight and then the units are converted to standardunits.

In the case of HD 60532, Laskar & Correia (2009) have done a Newtonian N-body fit and found
i ∼ 20 degrees. The two planets are assumed to be in the same plane. With this inclination, the
planet masses become∼ 3.0 and∼ 7.2 Jupiter masses, respectively. The constantsξi grow in the
same proportion and the osculating period of HD 60532 c is 3 days longer than the apparent period,
even if effects of the 3:1 resonance are not taken into account.

2.4 Confidence Sets

It is very important to know the degree of confidence that can be assigned to the results of the
best-fit procedure. When a linear least-squares approach isused and the covariance matrix is known
and non-singular, the classical theories tell how to compute them (see Linnik 1963). Unfortunately,
the size of the samples is generally not large enough to well separate all variables and correlation
coefficients close to one are almost always found. In addition, some efficient modern techniques,
such as genetic algorithms or a downhill simplex, for example, give the least squares solution but not
the covariance matrix. In those cases, in order to assess theerror bars, we may use some techniques
from statistics. Theoretically, to obtain the errors bars,we should have many samples and analyze
the results obtained from them. When the amount of data is exceptionally large, we may divide them
into sub-samples and treat each of them as independent. Unfortunately RV data are expensive to
obtain and samples are never large enough to allow us to proceed in that way. We may then use
re-sampling procedures to synthetically multiply the number of samples (see Efron & Gong 1983)
or Monte-Carlo analyses.

2.4.1 Resampling

The most popular resampling technique is the bootstrap. There are many bootstrap recipes in litera-
ture. The most adequate in regression problems is to separate in the data, for each observation time,
into two parts: the value calculated with the best-fit model for the radial velocity and the residual
of the best-fit procedure (schematically, it means splitting the data in the formO = C + (O − C),
whereO andC mean observed and calculated respectively). We then construct synthetic series by
adding residuals taken randomly in the set of all (O − C) with repetitions to the calculated values.
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This procedure can be repeated many times to generate a significant quantity of synthetic samples.
The best-fit solutions corresponding to these samples can then be statistically analyzed to give the
mean value and variance of the parameters. The major difficulty here comes from the fact that in
systems with multiple planets, the number of unknown parameters is large and the determination of
best-fit solutions is costly in terms of computation time. This limits the number of pseudo-samples
that can be solved. The main criticism is however that the synthetic samples, assumed to be real, are
actually fictitious.

Another popular technique is the jackknife. It consists of forming random sub-samples of the
given series, which are then considered as independent and statistically analyzed. The sub-sample
sizes are obviously smaller than the size of the given series. They cannot be much smaller than
the given series, to avoid a loss in the precision of the results, but they have to be small enough to
allow a significant number of sub-samples to be obtained. The“leave-one-out” variant allows one to
correct the bias of an estimation (see Baluev 2009). One interesting strategy is to construct a series
of sub-samples each using a reduced data set obtained from the previous one by eliminating the last
datum (Beaugé et al. 2008). After the orbital fits, the variation of the parameters of each sub-sample
is studied as a function of the number of data points. If the current solution is robust, only small and
smooth changes in the parameters are expected. We may also thus assess information on the gain to
be expected from the future incorporation of additional observations of the system.

2.4.2 Monte Carlo

A different approach is to work with only one sample - the actual set of observed data - and to
study the parameter space around the best fit solution. Thesetechniques have the merit of relying
only on the observations that were actually made. A larger number of unknowns is also a problem
in this case and the number of knots in any representative grid of values is large, generally exceed-
ing the available computing capabilities. We then have to use Monte Carlo sampling methods. A
very popular method is the Markov Chain Monte Carlo (MCMC). It is based on Bayes’ theorem:
The joint probability of two variates (the parameters and the data) can be expressed as the product
of the probability of the data given the model and a prior probability distribution function of the
parameters. Bayes’ theorem allows one to compute a posterior probability density function of the
parameters incorporating the knowledge gained by the observations (see Ford 2006). This scheme
can be inserted in a self-consistent procedure and run up to convergence. However, as the number
of parameters to be estimated grows, the number of steps required to reach a stationary distribution
also grows and the convergence may become problematic, making necessary the use of elaborate
trial rejection algorithms.

A simpler technique, the biased Monte Carlo (BMC), has been successfully used in the study
of the radial velocity observations of HD 82943 (Ferraz-Mello et al. 2005b) and GJ 581 (Tadeu
dos Santos et al. 2012). It is not as elaborate as the MCMC, butbeing founded on a very simple
idea, it can be easily coded, enabling the user to control allsteps in its usage. The BMC consists
of applying incomplete least square fits to initial random guesses in a given domain of the space
of parameters. These guesses are then propagated with the best-fit algorithm for a pre-determined
number of iterations. The results farther from the minimum than a given amount are discarded and
the code is tuned to give a reasonable amount of sampled points near the least squares solution. The
chi-square (or w.r.m.s.) values are then mapped to the neighborhood of the minimum.

The next step is to select the points that correspond to ‘good-fits,’ that is, to solutions that are
not as good as the best-fit, but which belong to the confidence domain of the best fit. This is done
using the association of the results to aχ2-variate. If theχ2(S) areχ2-variates, they have to follow
a χ2

N -distribution while the best-fit valueχ2(S0) follows aχ2
N−M distribution. Then, the quantity

∆χ2 = χ2(S) − χ2(S0) follows aχ2
M distribution (see Press et al. 1986, Sect. 14.5, Theorem C).

The standard confidence interval for the chi-square estimator will then be defined by the valueXσ of
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Fig. 3 Distribution of the results obtained with a biased Monte-Carlo method for the radial velocity
measurements of the star HD 60532. The red line indicates theupper boundary of the standard
confidence interval for the w.r.m.s.

the variate∆χ2 such thatProb(∆χ2 < Xσ) = 0.683. The value 0.683 is chosen here because it is
the probability of having a Gaussian variable in the interval (mean± standard error), but more strict
confidence levels may also be used. In actual applications, the givenσk differ from the variances of
the(Ok − Ck) and we have to apply the correctionχ2(S0)/(N − M). The width of the confidence
interval for the chi-square estimators is then

χ2(S0)Xσ

N − M
. (10)

Let us compute the confidence interval for the case of planetsin the HD 60532 system. In this
case, we haveN = 147, M = 11, w.r.m.s.best fit = 4.4 m s−1, andχ2(S0) = 2680. With the help
of a chi-square calculator4, we obtainXσ = 12.7 and the width of the standard confidence interval
for χ2(S) is 250. The upper boundary is thenχ2(S) = 2930. We may translate these results in terms
of w.r.m.s. to obtain the upper boundary of the standard confidence interval: w.r.m.s. = 4.63 m s−1.
This level is marked in the maps obtained with the BMC (red lines of Fig. 3) for the parameters of
the planets HD 60532 b,c.

These maps serve a double purpose: on one hand, they serve to define the confidence interval
for the parameters, and, on the other hand, they serve to check if the minimum found by the best-fit
procedure is not just one among many. In the given example, because of the large error bars for the
period, very large initial sets were used, but no other minima appeared besides those of the Desort
et al. (2008, 2009) solution.

If we compare the confidence intervals resulting from Figure3 with the error bars of the elements
determined by Desort et al. (2008, 2009), we see that the results obtained with the BMC are generally
asymmetric, with respect to the best-fit, and less optimistic, but with the exception of the period
Pc, there is reasonable agreement. It is worth emphasizing that every point in the plots shown in

4 A table forM ≤ 6 is given in Press et al. (1986).
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Fig. 4 Distribution of the eccentricities of the exoplanets considered in Ferraz-Mello et al. (2005a),
shown in increasing order (pluses) compared to their values in 2008 catalogs (open circles).

Figure 3 corresponds to one orbit that fits the observations with an error which is inside the standard
confidence interval and this does not depend at all on the way in which that point was found.

One result to be stressed is the broad confidence interval in the eccentricity in both determina-
tions. The estimation of eccentricities from the radial velocities of one planet relies on the shape
of the radial velocity curve, a feature not determined with great accuracy. A curious phenomenon
(Fig. 4) was unraveled when a catalog of multi-planet systems, dated 2005, was updated three years
later. A notorious decrease of several of the 2005 values wasfound. This phenomenon was inves-
tigated by several authors, by comparing values resulting from synthetic samples, with all of them
confirming a decrease in eccentricity when a more extended set of observations is used (Shen &
Turner 2008; Giuppone et al. 2009; Zakamska et al. 2011).

2.5 The Search for Additional Planets. False-alarm Probability (FAP)

Once a solution with one or more planets is found, the question to answer is whether the observa-
tional data allow one more planet to be detected or not. One simple initial step is to investigate the
presence of other periodicities in the data, for which the residuals (O − C) are Fourier analyzed.
Two main periodogram models exist which may be roughly described as best-fits of the residuals to
a sinusoid (Lomb-Scargle), or to a constant-plus-sinusoid(DCDFT) model. If the data are abundant
and of good quality, the two models lead to very similar results. However, allowing the mean to
float is crucial if there is a period comparable to the duration of the observations or longer, when the
number of observations is small (Cumming et al. 1999). Allowing the mean to float is also crucial
when the S/N is small and this is generally the case when we aredealing with small residuals.

Figure 5 shows the normalized date-compensated discrete Fourier transform (DCDFT; Ferraz-
Mello 1981) of the residuals of the two-planet solution for HD 60532 given in Table 1 (red line).

One peak reaches 0.3 and others close to this value are seen. Only periods less than 20 days
are shown, since no important peak appears beyond this limit. In order to determine whether the
peaks are significant or not, we may use estimators of the levels of confidence of individual peaks
in a spectrum. We may, for instance, use Quast’s formulas (Ferraz-Mello & Quast 1987). Because
of the large number of observations, we obtain, for the levelof confidence of the highest peaks, a
value very close to 100%. The same formulas allow us to calculate the 95% confidence level, which
corresponds to a spectral power of∼0.1. One independent check is provided by the analyses of series
of shuffled data obtained by keeping the dates unaltered and randomly scrambling the residuals.
These series of synthetic data allow us to see how random datawith the same distribution function
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Table 2 Parameters Determined for the Putative Interior Planet of HD 60532

Parameter Solution 1 Solution 2

K (m s−1) 3.4± 0.2 3.8± 0.2
Apparent Period (d) 7.00± 0.005 (∗) 1.22± 0.001
a (AU) 0.081± 0.002 0.025± 0.001
mass× sin i (Earth masses) 13.2± 0.8 8.1± 0.4
w.r.m.s. (m s−1) 3.66 3.60p

χ2
red 3.53 3.47

Eccentricity 0 (fixed) 0 (fixed)

(∗) With a secondary minimum at∼ 7.8 d.
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Fig. 5 Power spectrum of the residuals (O − C) of the radial velocity measurements of the star HD
60532 with respect to the two-planet solution given in Table1.

as the residuals and with the same time distribution behave.Three independent synthetic samples
thus constructed were Fourier analyzed. Their power spectra, shown by black lines in Figure 5, do
not show any peak significantly higher than 0.1, corroborating the estimates obtained with Quast’s
formulas.

One may continue and include a third planet in the best-fit procedures. The result depends on
the period range adopted for that extra planet. The two solutions are shown in Table 2.

The solution shown in Table 2 deserves several comments.

(a) Statistical significance. F-test
The first point to test is whether this solution is statistically significant or not. This can be
done using Fisher-Snedecor’s F-test (see Seber & Lee 2003).Given two models 1 and 2 with,
respectively,ν1 andν2 degrees of freedom (ν1 > ν2) with model 1 nested within model 2, we
may expect that the fitting with the second model is better. The model with a lesser number of
degrees of freedom is expected to fit the data at least as well as the other model. In order to
determine whether model 2 gives a significantly better fit to the data, we construct the statistic

F =

χ2(S1)−χ2(S2)
ν1−ν2

χ2(S2)
ν2

=
ν2

ν1 − ν2

(
χ2(S1)

χ2(S2)
− 1

)

=
ν2

ν1 − ν2

(
[w.r.m.s.]21
[w.r.m.s.]22

− 1

)

. (11)

Under the null hypothesis that model 2 does not provide a significantly better fit than model 1,F
will have an F-distribution, with (ν1−ν2, ν2) degrees of freedom. The null hypothesis is rejected
if the F value calculated from the data is smaller than the critical value of the F distribution
corresponding to some desired level of confidence (e.g. 0.95; that isFAP = 0.05). It is worth
stressing that at variance with the chi-square statistic,F does not depend on the given standard
errors of the individual observations.
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Fig. 6 Activity of CoRoT 7 (line) resulting from a 4-harmonic hi-pass filter applied to the observed
radial velocity (dots) (Adapted from Ferraz-Mello et al. 2011).

In the case used as an example, we haveν1 = 147 − 11 = 136, ν2 = 147 − 14 = 133,
[w.r.m.s.]1 = 4.43 m s−1 and, thus, we obtainF ∼ 20. We may comment that if a limit FAP
of 5% is set, an F-test calculator givesFlimit= 2.68, which corresponds to a w.r.m.s. only 3%
smaller than [w.r.m.s.]1. This means that because of the excellent quality of the observations
(σ(1) = 1.033 m s−1) and their large number, almost no significant improvement in the w.r.m.s.
can occur just by chance in the chosen example. The conclusion is that the new 3-planet model
is statistically significant.

(b) Planet or star activity?
One result may be statistically significant but does not necessarily represent a new planet. In

order to illustrate this fact, in Figure 6 we show the RV variation estimated for the activity (spots)
of the star CoRoT 7 by Ferraz-Mello et al. (2011). The half-amplitude is close to 20 m s−1

and this signal can easily mimic one planet. In order to make adecision, other observations
are necessary. The high correlation of the RV measurements with the bisector velocity spans
(velocity difference in the bisector at two flux levels) and the rotation period (23.64 d) confirmed
that the signal shown in Figure 6 is due to the activity of the star and not to a planet. In the case of
HD 60532, no correlation was found (see Desort et al. 2008, 2009, fig. 5), but the signal is small
and a deeper analysis is necessary. In addition, the measured v sin i = 8 km s−1 is consistent
with a rotation period close to the period of solution 1 (see Desort et al. 2008, 2009), but the
estimation of the actual period is complicated by the uncertainties in the radius of the star and
in the anglei. Additional information is necessary before reaching a definite conclusion on the
nature of this periodic signal.

(c) Aliasing
The two dominant frequencies in Figure 5 are almost symmetric with respect to∼ 0.5 c/d (the

Nyquist frequency). This is a well-known phenomenon which has no mathematical or statistical
solution. It happens when observations are done near the meridian, to improve their accuracy,
and when all observations are made at the same observatory. In such case, all observation times
are close to the same sidereal hour and the sampling can represent more than one periodic
function. The only way of solving this kind of indetermination is to have observations done at
different sidereal times, or, equivalently, at various observatory sites well separated in longitude.
There are many examples of the same kind among known exoplanets. One good example is
GJ 581 d (see Tadeu dos Santos et al. 2012), in which case the separation between the periods
1.0124d and 66.8 d could only be solved by combining observations collected at ESO and Lick
observatories, whose longitudes differ by 3 h. In the past, the period of 83 d was also attributed
to this planet. It was related to another Nyquist frequency of 0.5 c/yr, which appears when the
observations are concentrated in the same short season in consecutive years, but which was
solved when more extended observation seasons were adopted(Mayor et al. 2009). Another
important example is 55 Cnc e, whose aliasing problem (0.7365d vs. 2.817 d) was solved by
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Dawson & Fabrycky (2010) thanks to observations performed at three different observatories:
HET, Lick and Keck. The adoption of the right period, less than 1 day, allowed transits of this
planet to be observed with the MOST space telescope (Winn et al. 2011). The chosen case study,
HD 60532, seems to be more complex with several peaks appearing, making it impossible to
exclude the possibility that Figure 5 is showing more than one significant frequency and their
aliases.

3 TRANSITS

The number of known multi-planet systems has recently increased rapidly thanks to the detection of
systems of small planets by transit observations. Transit photometry shows great sensitivity to plan-
ets in close-in orbits and around low-mass stars. Since the first successful exoplanet discovery using
transit, that of OGLE-TR-56 b, by the photometric survey OGLE (Optical Gravitational Lensing
Experiment) (Udalski et al. 2002), several ground-based surveys have also been successful in in-
creasing the number of known exoplanets. This technique is suitable for replication in space, and
two space telescopes, CoRoT and Kepler, were designed for continuous surveys of selected areas
in the sky. The CoRoT space mission, launched on 2006 December 27, made its first discoveries in
2007. It has been developed and operated by CNES (France), incooperation with Austria, Belgium,
Brazil, ESA, Germany and Spain.

Figure 7 shows the phase-folded light curve of the 34 best transits of the first planet discovered
by CoRoT (Barge et al. 2008). This planet is a hot Jupiter. Notwithstanding the small size of CoRoT’s
telescope, the sharpness of the light-curve shows a precision much better than ground observations,
and the possibility of observing much fainter light dips. The limiting performance of the instrument
was indeed soon achieved, when CoRoT-7b, the first super-Earth ever discovered, was observed
(Léger et al. 2009). In this case the relative dimming of light was of only 3/10000. This planet
marked, in some sense, the limit of sensitivity of CoRoT. Newsignificant advances became possible
when on 2009 March 7, the space mission Kepler was launched byNASA. Equipped with a telescope
12 times larger and equipped with 42 CCD units, Kepler was able to spot many CoRoT-7b-like
planets, and even some planets smaller than Earth! Moreover, many of the planets discovered by
Kepler were parts of planetary systems with up to six planets. We can complete this introduction
by noting that other space telescopes not only assigned to observe small sections of the sky have
occasionally been used for photometric observations of stars known to have planets. As already
discussed in a previous section, the Canadian space telescope MOST succeeded in observing transits
of the planet 55 Cnc e, thus allowing the discovery that the planet has a small radius (Winn et al.
2011).

The combination of radial velocities and transit observations of one exoplanet allows us to deter-
mine the inclination of the orbit and thus to overcome thesin i-indetermination in the mass obtained
from radial velocities and also to determine the radius of the planet. Although mass and radius do
not uniquely determine the planetary composition, they constrain the models that can be adopted to
represent it. In the mentioned case of 55 Cnc e, the most recent determination, that combined obser-
vations done by MOST and byWarm Spitzer, indicated a density ofρ = 4.0+0.5

−0.34 g cm−3 (Gillon
et al. 2012), which corresponds to∼ 73% of Earth’s value.

Another parameter whose determination is significantly improved when both radial velocity and
transits are observed is the eccentricity. This comes from the fact that when the distance of the
planet’s disk to the center of the star disk is at the minimum,the true longitude of the planet is 90
degrees. We note that longitudes are measured from the pointwhere the planet’s orbit crosses the
plane of the sky moving towards the observer (the maximum of the star’s RV). On the other hand,
the minima and maxima of the RV curve occur at instants in which the true anomaly is equal to 0 and
180 degrees respectively. If these instants can be accurately determined and the period of the motion
is known, the equations describing the 2-body problem reduce to two equations in the variables
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Fig. 7 Phase-folded light curve of the 34 best transits of the planet CoRoT 1b (Reproduced from
Barge et al. 2008).

e cosω ande sin ω, whose linear approximation has a nonsingular matrix. Thus, the best-fit solution
gives the parameters related to the orbital eccentricity with no ambiguities. At variance, when only
radial velocities are available, we only have one of these equations and the additional information
necessary to determine these parameters comes from the shape of the curve between its extremals,
whose determination is more susceptible to observation errors.

3.1 Transit Timing Variations (TTV)

In the case of one isolated (or unperturbed) planet, transits occur at uniform intervals: the (appar-
ent) period of the planet and the light-curve will present dips that repeat periodically. In the case
of a multi-planet system, in the favorable case where several planets are transiting in front of the
star, several families of dips may be superposed. The most illustrative example presently known is
Kepler 11 whose light curve shows the superposition of six different families of dips with periods of
approximately 10, 13, 22, 32, 46 and 118 days (Fig. 8). As the innermost planets are densely packed
in the vicinity of the star, their motions are perturbed by their closest neighbors and are affected by
short and long period inequalities. These inequalities areresponsible for variations in the instants
in which transits occur. If the transit times are compared toa uniform fit, the so-called TTV will
become apparent. Figure 9 shows the variations in the timings of Kepler 11c transits with respect
to a linear model. The dots are the observed values and the diamonds the values calculated with an
N-body fit with initial circular orbits. One may see the good agreement between the two sets of val-
ues, allowing us to confirm that the observed variations are due to the perturbations of neighboring
planets, in particular Kepler 11b. The TTV in this system aredominated by the mutual perturbations
in two sub-systems b-c and d-e-f.

In cases where the gravitational interaction is not large enough to allow the fitting of a model to
the data, the TTV may show anti-correlation due to a simultaneous change in the orbital period of
two adjacent planets, with opposite signs. Indeed, becauseof energy conservation, in two interacting
planets, semi-major axes (or, equivalently, periods) may vary in opposite directions (see Sect. 7).
Anti-correlated TTV were found in the two-planet systems Kepler 23 to 28 (Ford et al. 2012; Steffen
et al. 2012). Moreover, orbital stability provides upper limits for the planetary masses.

Besides the variation in the transit timings, in some cases transit duration variations (TDV) are
expected. This phenomenon has been detected in some Kepler objects. For instance, the analysis
of the light curve of KOI-13 near the transit time suggests a long-period variation of the impact
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parameter with a gradual increase in the duration of the transit, with a rate of(1.14 ± 0.30) × 10−6

day/cycle (Szabó et al. 2012).

3.2 Confirmation vs.Validation

To observe periodic dips in the light curve of one star is not enough for guaranteeing that planets
exist around the star. Other phenomena may be responsible for them. The most frequent are binaries
in which the difference of magnitudes of the components, or the geometry of the transit, gives rise
to a small dip, or background eclipsing binaries inside the target mask. Some cases can be easily
identified and excluded, but many of them can only be decided after several ground-based follow-up
observations (for a complete discussion of the possible contaminants, see Bordé et al. 2010; Rauer
& Erikson 2008). For instance in the second of the CoRoT long runs, 37 (i.e., 73% of all candidates)
were classed as “good” planetary candidates based on a photometric analysis (which allowed 191
other star candidates to be discarded as obvious binaries),but only five of them were later confirmed
as planets (see Carone et al. 2012).

“Confirmation” refers to the unambiguous detection of the gravitational influence of the planet
on its host star or on other bodies in the system (e.g., regular variations in the radial velocity of
the star or TTV) to establish the planetary nature of the candidates. If the TTV of two planets are
anti-correlated, this can be considered as an indication that they are in the same system and are
interacting. “Validation,” or statistical validation, onthe contrary, means that gravitational influence
was not detected, but a statistical analysis of the various scenarios able to give rise to false positives
was done showing them to have a much smaller likelihood than the planetary scenario.

The published CoRoT planets and the first batches of Kepler planets were all confirmed after a
wide array of follow-up observations, including accurate RV measurements. In the case of Kepler’s
multi-planet systems, many systems for which radial velocities could not be measured have been
confirmed by the analysis of the TTV and their comparison to models. However, given the astounding
amount of planetary candidates and the sensitivity of current instrumentation, such detailed analysis
is not always possible and some of the more recently published Kepler planets were validated after an
estimate of the false alarm probabilities, but not unambiguously confirmed. Many of the candidates
observed by CoRoT and Kepler are too small to be dynamically confirmed.

3.3 “Unseen” and Other Planets

In the previous section we discussed the mutual perturbations of transiting planets and their use to
confirm their detection. However, we also have to mention thecases in which the TTV correspond to

Fig. 8 The first 150 days of the detrended light curve of Kepler 11, sampled at 30-minute intervals,
showing a great number of light dips. The colored spots near the bottom identify the planets to which
each dip corresponds (Adapted from Lissauer et al. 2011).
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Fig. 9 Residuals in transit timings of Kepler 11c with respect to a linear model. Dots: Observed
values. Diamonds: Values calculated with an N-body fit with initial circular orbits (Adapted from
Lissauer et al. 2011).

perturbations due to “unseen” or non-transiting planets. There are several examples among extrasolar
planets observed from the ground: HAT-P-13b, WASP-3b, WASP-5b, and WASP-10b (see Pál et al.
2011). However, the variations are not large (up to 10-20 min) and not precise enough to allow
the determination of a third body responsible for them. Someof them can just be the result of
small number statistics. The better characterized case, HAT-P-13b, seems to be significant and due
to a long period additional planet. The more accurate space observations have shown many TTV
cases, like those discussed above in which the TTV allowed usto confirm some transiting planets
and determine their masses. Recently, Nesvorný et al. (2012) reported a planetary system with two
confirmed planets: KOI-872. In this system, planet b transits the host star with a periodPb = 33.6
days and exhibits large TTV, which is indicative of a perturber. The dynamical analysis allowed an
outer non-transiting planet, KOI-872c, with a mass 0.37 times that of Jupiter and a 57-day period, to
be detected and have its orbit fully characterized.

For the sake of completeness, we also have to mention the detection of a 2-planet system with
microlensing (Gaudi et al. 2008). The two planets thus discovered, OGLE-06-109L b and c, have
masses of 0.73 and 0.27 Jupiter masses and are separated by 2.3 and 4.5 AU from their primary star
respectively.

4 DYNAMICS OF MULTI-PLANETARY SYSTEMS

As of 2012 June 1, there are over 100 known exoplanetary systems with more than one planet
(exoplanets.eu), including two systems with six planets (Kepler-11 and HD 10180) and three with
five planets (Kepler-33, Kepler-20, 55 Cnc). From these dataalone, the impact of Kepler is obvious,
not only in generating a drastic increase in the detection ofnew exoplanets but also in the discovery
of planetary systems. Although the number of Kepler candidates is in excess of 2000, and statistical
arguments seem to indicate that most of the multiple-planetsystems may be real (Lissauer et al.
2012); for the present review we prefer to only discuss confirmed planetary systems.

Figure 10 shows the distribution of consecutive planetary pairs according to the sum of their
masses and ratio of orbital period. A similar plot (althoughgiven as a function of the mass ratio) was
shown in Giuppone et al. (2009) for a much smaller population. It is interesting to compare both,
showing a large increase in systems with strong interactions but outside MMR. These, however, are
characterized by small masses, thus allowing them to exist without disruptive mutual perturbations.
In fact, as shown by Rein et al. (2012), large planetary masses in nearby orbits are only found in or
around MMR, with a large proportion of them clustering around the 2/1 MMR.

For most of this text we will consider only the dynamics of twogravitationally interacting plan-
ets. Consequently, we will assume two planets of massesm1 andm2 orbiting a central star of mass
m0. Let ai, ei, Ii, Mi, ωi andΩi be their semimajor axes, eccentricities, inclinations, mean anoma-
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Fig. 10 Distribution of planetary pairs according to the sum of their masses and orbital period ratio.
Locations of the main MMR are identified by vertical lines.

lies, arguments of pericenter and longitudes of the node respectively. We will suppose that the orbit
of m1 is interior to that ofm2 (i.e.a1 < a2).

If we adopt a Hamiltonian formalism for the planetary three-body problem, it is possible to work
either with Poincaré canonical coordinates (e.g. Michtchenko et al. 2006a) or with Jacobi hierarchi-
cal coordinates (e.g. Harrington 1969; Sessin & Ferraz-Mello 1984; Libert & Tsiganis 2009). For
a detailed discussion on the construction of both canonicalsets, the reader is referred to Beaugé
et al. (2007). Each coordinate system has its own advantagesand disadvantages, and which to adopt
depends on the aims of the study at hand. Jacobi coordinates lead to a simpler expression for the
mutual perturbations between both planets and, thus, to a simpler construction of the Hamiltonian
and variational equations. However, Poincaré coordinates are more general. Since our goal will be
to present a general picture of the planetary dynamics, we will adopt Poincaré variables.

To begin our study, we introduce the HamiltonianF of a generic two-planet system in Poincaré
coordinates (e.g. Laskar 1991; Michtchenko et al. 2006a) as

F =

2∑

i=1

(
p2

1

2m′
i

− µim
′
i

|ri|

)

︸ ︷︷ ︸

Keplerian part

− Gm1m2

∆
︸ ︷︷ ︸

direct part

+
(pi · p2)

m0
︸ ︷︷ ︸

indirect part

(12)

whereri andpi = mi
dρ

i

dt are the planet’s position vectors relative to the star and their conjugate
momenta, respectively (ρi are the position vectors relative to the center of gravity ofthe three-
body system).G is the gravitational constant,µi = G(m0 + mi), m′

i = mim0/(m0 + mi), and
∆ = |r1 · r2|.

Associated with the Keplerian part of the Hamiltonian, a setof mass-weighted Delaunay’s ellip-
tic variables is introduced as:

Li = m′

i

√
µiai ; Mi

Gi = Li

√

1 − e2
i ; ωi (13)

Hi = Gi cos Ii ; Ωi,
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which defines a canonical set with respect toF . In the canonical variables, the Hamiltonian (1) can
be written as

F = −
2∑

i=1

µ2
i m

′3
i

2L2
i

− Gm1m2

a2
R(Li, Gi, Hi, Mi, ωi, Ωi), (14)

where the first term is the Keplerian part andR is the disturbing function.
The strategy to adopt for solving this Hamiltonian system depends on the separation between

the planets. From a dynamical point of view, planetary systems (or planet pairs) can be separated
into three fairly distinct groups. Although different authors employ different nomenclatures, these
can be referred to as (i) hierarchical, (ii) secular and (iii) resonant systems. Each is discussed below.

5 HIERARCHICAL SYSTEMS

Roughly, we may define this group as those planetary pairs forwhich the ratio of orbital periods
is P1/P2 < 0.2. This condition implies that no MMR are expected to be significant, and thus the
dynamical evolution is defined by secular perturbations. Ifthe initial eccentricitiesei and inclinations
Ii are restricted to moderate values, the mutual perturbations will be mild and the system is expected
to be stable for all time. Conservation of orbital energy andangular momentum will guarantee that
both e and I will remain bounded even for large masses, thus allowing thesurvival of massive
planetary systems (see Fig. 10).

The complete problem contains six degrees of freedom, one for each angular variable in the
Delaunay set. However, if the planets are sufficiently far apart so that the short-period perturbations
are negligible and, additionally, no MMR are in the vicinityof the initial conditions, we can average
the Hamiltonian with respect to both mean anomalies. The resulting secular problem has only four
degrees of freedom, and the two momentaL1 andL2 are now integrals of motion. In other words,
the semimajor axes of the planets do not have secular variations, at least up to second order in the
masses.

Since we consider systems with small values ofα = a1/a2, it is convenient to expandR in
Legendre polynomials (e.g. Kaula 1962). The expression ofF truncated to second order inα (i.e.
the first perturbing term) is usually referred to as thequadrupoleexpansion, but if we also retain the
third-order term, this is called theoctupoleHamiltonian.

5.1 Coplanar Orbits

In the case of zero mutual inclination, bothω andΩ are no longer defined and the Delaunay variables
(12) must be modified accordingly. Following Lee & Peale (2003), we can adopt a new canonical set
(Li, Gi, Mi, ̟i), where̟i are the longitudes of the pericenter. For direct orbits, they are defined as
̟i = ωi + Ωi.

From the expressions deduced in Laskar & Boué (2010), and retaining only non-constant terms,
we can write the truncated secular Hamiltonian as

F =
Gm1m2

a2

(
1

8
α2 2 + 3e2

1

(1 − e2
2)

3/2
− 15

64
α3 4 + 3e2

1

(1 − e2
2)

5/2
e1e2 cos (̟1 − ̟2)

)

. (15)

Up to first order inm1/m0 andm2/m0, this expression is the same as that found for Jacobi co-
ordinates (see Lee & Peale 2003). The first term, proportional to α2, is the quadrupole term, while
the second is the octupole contribution. From this expression it is clear that the quadrupole approx-
imation is not correct for coplanar orbits. Since it is not dependent on the angles, bothe1 ande2

are constants and the system predicts no orbital changes in semimajor axes or eccentricities due
to the mutual perturbations. Thus, for coplanar motion, thesimplest non-trivial expression for the
Hamiltonian is given by the octupole model.
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Fig. 11 Left: Level curves of the constant secular Hamiltonian (15) in the plane(e1, ̟1 − ̟2) for
initial conditions corresponding to HD 169830 (see text forsystem parameters). The current position
of the system in this plane is shown as a filled circle. The orbital variation, obtained from a direct
N-body simulation, is shown with a broad orange curve.Right: Locus of fixed points (Modes I and
II) for the same planetary system. Solutions obtained with the analytical octupole Hamiltonian are
shown in black, while those calculated with a semi-analytical expression (Michtchenko & Malhotra
2004) are shown in orange. The shaded triangle in the top leftcorner shows orbital values leading to
collisions between the planets.

This Hamiltonian function has been extensively studied by anumber of authors (e.g. Marchal
1990; Krymolowski & Mazeh 1999; Ford et al. 2000; Lee & Peale 2003), who applied the results
to explain the secular dynamics of some exoplanetary systems such as HD168433, HD12661, etc.
As shown by Lee & Peale (2003), for moderate eccentricities,the Hamiltonian (15) provides a good
qualitative and even quantitative approximation for the real dynamics even for systems withα as
high as0.3. So, for hierarchical systems, the secular planar dynamicsare fairly simple, at least for
small to moderate eccentricities.

In the Hamiltonian (15), the secular angles only appear as the difference between the longitudes
of the pericenter. After a canonical transformation(G1, G2, ̟1, ̟2) −→ (1

2 (G1 − G2),
1
2 (G1 +

G2), ̟1 − ̟2, ̟1 + ̟2), sinceF is cyclic in (̟1 + ̟2), the associated momentum is an integral
of motion. This is not surprising and implies that the total angular momentum of the system

C = G1 + G2 = L1

√

1 − e2
1 + L2

√

1 − e2
2 (16)

is constant. SinceLi are constant in the averaged problem, this implies that the eccentricities of
both planets are coupled and vary in anti-phase; whene1 increases thene2 decreases maintainingC
as a constant. More importantly, expression (16) shows thatat any given instant of time, only one
eccentricity is an independent variable of the system; the other can be obtained directly from the
invariance ofC.

Since the Hamiltonian is a system with one-degree of freedom, it is completely integrable and
only shows regular motion. Moreover, for a given value ofC (as determined by the initial condi-
tions), the topology of the system can be seen clearly in a plane defined by the set(e1, ̟1 − ̟2) as
level curves of constantF .

Figure 11 shows such a plot, for the exoplanetary system HD 169830. According to the latest
orbital fit (Mayor et al. 2004), this system is characterizedby two Jovian planets withm1 sin I1 =
2.88 andm2 sin I2 = 4.04 (both in Jupiter masses),a1 = 0.81 anda2 = 3.6 (both in AU), and
e1 = 0.31 ande2 = 0.33. The current location of the system in this plot is shown witha filled black
circle.



Multi-Planet Systems – Detection and Dynamics 1063

Fig. 12 Same as the previous figure, but for HIP 14810. Left frame shows the secular dynamics of
planets c and d, while the right plot corresponds to planets band c.

A direct numerical integration with an N-body code gives thebroad orange curve, which shows
a very good agreement with the phase curves determined with the analytical octupole Hamiltonian.
Thus, even for moderate eccentricities and a semimajor ratio of α ∼ 0.22, the secular Hamiltonian
(Eq. (15)) gives a very precise reproduction of the orbital evolution. Nevertheless, and as already
seen in other papers (e.g. see Krymolowski & Mazeh 1999; Lee &Peale 2003), although the maxima
and minima of both eccentricities are very well modeled by Equation (15), the secular frequencies
predicted by the model are not so good, with errors of the order of ∼ 10%. However, this does not
affect the topology of the phase plane.

Although̟1 − ̟2 circulates for HD 169830, we note the existence of two fixed points around
which the phase curves display oscillations. The one around̟1 − ̟2 = 0 is sometimes referred
to asMode I (Michtchenko & Malhotra 2004) orapsidal alignment. Conversely, the fixed point at
̟1−̟2 = π received the name ofMode IIor apsidal anti-alignmentmotion. Although both appear
like libration islands, they are not true resonances as can be readily seen when plotted in a spherical
representation known as Pauwels’ sphere (Pauwels 1983). There is no separatrix associated with the
zero-frequency trajectories separating oscillations from circulations, so topologically all motions in
the phase plane are the same.

Nonetheless, and as shown for example by Hadjidemetriou (1975), the structure of the phase
plane is still dictated mainly by the number and stability ofthe fixed points of the system. Thus,
a map of the locations of both secular modes as a function of the angular momentum will give a
very general picture of the secular dynamics of hierarchical (and more generally, secular) two-planet
systems. The right plot of Figure 11 shows the location of both fixed points (Mode I and Mode II) as
a function of both eccentricities. Positive values of the abscissa correspond to̟1 − ̟2 = 0 while
negative values to̟ 1 − ̟2 = π. The families of fixed points shown in black were calculated using
our analytical Hamiltonian (Eq. (15)), while the orange curves show the same families, determined
using the exact semi-analytical expression of Michtchenko& Malhotra (2004). The shaded triangle
in the top left corner shows the location of all initial conditions that lead to a collision between the
planets.

Except for eccentricities above∼ 0.6 that correspond to values of the angular momentum close
to the collision region, the octupole approximation shows avery good agreement with the exact secu-
lar solutions. Even considering a 24-th order expansion of the secular Hamiltonian (e.g. Migaszewski
& Goździewski 2008), the picture does not change qualitatively; the analytical models show very
good results for eccentricities below the minimum value ofe2 corresponding to the collision curve,
and fail to yield good results above it.

Consequently, for low to moderate values ofei, the octupole approximation is a very good
model; for larger values only a semi-analytical expressionof the Hamiltonian, following the lines
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of Michtchenko & Malhotra (2004), is reliable. One of the main results of that paper is the discov-
ery of true secular resonances for high eccentricities (usually for one of the eccentricities> 0.6).
Since these do not appear in the linear secular theory of Laplace-Lagrange, they are callednonlinear
secular resonances, or NSR (as dubbed by Migaszewski & Goździewski 2008).

5.2 3D Orbits

In the case where both planets are not coplanar, we must return to our original Delaunay variables
(13). Although the averaged system (over mean anomalies) now appears to have four degrees of
freedom, it is possible to reduce them to two using the invariance of the total angular momentum,
which is now a vector with three components. The most efficient way to use this is the so-called
reduction of the nodes (Jacobi 1842), in which the referenceplane is chosen perpendicular to the
total angular momentum vector. If we adopt this reference system, then it can be shown that

H1 + H2 = C ,

G1 sin I1 − G2 sin I2 = 0 , (17)

Ω1 − Ω2 = π ,

whereC again is the magnitude of the total angular momentum. A detailed construction of these
relations may be found, e.g., in Jefferys & Moser (1966) or Michtchenko et al. (2006a).

The third relation in Equation (17) implies that the longitudes of the nodes of both planets
are always in anti-phase and the intersection of the orbits always lies in the invariant plane. Since
symmetry considerations also imply that the disturbing function is only a function of the nodes
through∆Ω = Ω1 −Ω2 (this is valid for any reference plane), we have, for the present choice of the
invariant plane, the case that the Hamiltonian is not a function of eitherΩi. Moreover, the first two
relations allow us to write

H1 =
C2 + G2

1 − G2
2

2C
; H2 =

C2 − G2
1 + G2

2

2C
(18)

(Jefferys & Moser 1966) and thus writeHi as function ofGi and the total angular momentum. Last
of all, we can also express the mutual inclinationJ between the planets at any time as

cosJ =
C2 − G2

1 − G2
2

2G1G2
, (19)

where, due to the anti-phasing of the longitudes of the node,we have thatJ = I1 + I2.
In conclusion, adopting the invariant plane for the origin of the inclinations has reduced the

system to a problem of two degrees of freedom, and we can thus express the secular Hamiltonian as
F = F (G1, G2, ω1, ω2; L1, L2, C). Thus, of the four orbital elements(e1, e2, I1, I2), only two are
independent, and the others can be determined through equations (18) at any given time for given
values ofLi andC.

5.3 The Quadrupolar 3D Problem

Although a Legendre-type expansion of the HamiltonianF truncated to orderα2 proved inadequate
for the coplanar case, for 3D systems it has proved a surprisingly good approximation for a wide
range of system parameters. The explicit expression for the3D version of the quadrupole model is
(Laskar & Boué 2010)

F = −Gm1m2

a2

α2

(1 − e2)3/2

[

(2 + 3e2
1)(1 − 3 cos2 J ) − 15e2

1(1 − cos2 J ) cos (2ω1)

]

, (20)
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and has been extensively studied by several authors (e.g. Harrington 1969; Lidov & Ziglin 1976;
Farago & Laskar 2010).

SinceF only depends onω1, it is a one-degree-of-freedom system and thus completely inte-
grable. Consequently,G2 is a constant of motion, which implies that the eccentricityof the outer
planet remains fixed throughout the evolution of the system.This is obviously an approximation,
since the octupole term already contains both secular angles. However, this approximation is not
as bad as may be believed at first sight. Recall that we are working with Poincaré variables and
not astrocentric orbital elements. Thus, the invariance ofG2 does not imply that the astrocentric
eccentricity is constant.

A detailed analysis of the dynamical structure of this simplified problem has been presented by
Lidov & Ziglin (1976) and Ferrer & Osacar (1994), although they both employed Hill’s approxi-
mation of the quadrupolar function. Farago & Laskar (2010) also addressed this system, but using
the full quadrupolar expression. Results are very similar in all cases. Here we will summarize their
approach and main results.

Although the Hamiltonian (20) depends one1 andJ , both are not independent but actually re-
lated to the canonical momentumG1. Recalling equations (13) and (19), we can write (20) explicitly
in terms of(G1, ω1) with Li, C, G2 as parameters. However, this route leads to an expression that
is both exceedingly complex and contains a complicated dependence on the planetary masses and
separations between the bodies. In order to circumvent thisissue, Lidov & Ziglin (1976) introduced
two new parameters

γ1 =
C

L1
; γ2 =

G2

L1
. (21)

Both are invariants in the quadrupolar approximation, althoughγ2 will be variable in the octupole
model. In terms of the orbital elements, both quantities canbe expressed as

γ1 =
√

1 − e2
1 cos I1 + γ2 cos I2 ; γ2 =

m′
2

m′
1

√
µ2a2

µ1a1
(1 − e2

2), (22)

whereIi are the individual inclinations with respect to the invariant plane. An additional change in
notation is replacinge1 by ε = 1 − e2

1, which now allows us to write the mutual inclination as

cosJ =
γ2
1 − γ2

2 − ε

2
√

εγ2
. (23)

This is a modified version of expression (19); for given values of the system parameters, it givesJ
as a function ofε for any point in the trajectory.

As a consequence of these new quantities, we can express the Hamiltonian asF (ε, ω1; γ1, γ
2).

Notice that the new dynamical variables(ε, ω1) are no longer a canonical set. However, their equa-
tions of motion are simple to derive, and read:

dε

dt
= −2

√
ε

L1

∂F

∂ω1
;

dω1

dt
=

2
√

ε

L1

∂F

∂ε
. (24)

It is possible to prove that the regionγ1 > γ2 is always associated with direct orbits ofm1,
whatever the initial conditions, while the regionγ1 < γ2 corresponds to retrograde orbits. There
are two important consequences of these relations. First, the dynamical domains of direct/retrograde
orbits are well separated in the parameter space. Second, since bothγi are invariant in the quadrupole
approximation, it is not possible to pass from direct to retrograde orbits in this model (see Naoz et al.
2011 for numerical examples). Thus, the desired dynamical evolution to explain current retrograde
exoplanets will only be possible with a more realistic secular model and/or with additional forces.

We are now in a position to analyze what dynamical regimes (i.e. types of solutions) are possible
in the parameter plane. For each pair of values(γ1, γ2), we search for the equilibrium solutions in
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Fig. 13 Different dynamical regimes forγi > 1. The filled black circle shows the parameters corre-
sponding toυ And c and d.

(ε, ω1) as local extrema of the Hamiltonian. We only consider symmetric fixed points (i.e. those
occurring forω = kπ/2, for k = 0, . . . , 4). An analysis of the set of fixed points (and their stability)
for each pair of parameters allows us to distinguish different types of motion. Results are shown
in Figure 13, where each regime is identified by a different color code. These have been dubbed
non-resonant(gray) andLidov-Kozai(purple). Additional types of solutions are also possible (e.g.
see Ferrer & Osacar 1994), but these are restricted toγi < 1 and thus correspond toa1 ∼ a2. The
dashed horizontal line separates direct orbits (below) from retrograde motion (above).

It is important to stress thatγ1 andγ2 are the only parameters that define the dynamical evo-
lution. They are a function of the planetary masses and orbital separation; thus, given any physical
system, it is possible to derive the corresponding values ofγi and place the system in this plot.
Conversely, if we find a desired dynamical behavior in the parameter plane, and identify the corre-
sponding range ofγi values, we can then backtrack and find which physical systemsmay lead to
such evolution.

Figure 14 shows examples of the topology of the quadrupolar Hamiltonian for four different
values ofγ1 chosen along a lineγ2 = 1.4; the associated values ofJmax are shown on the top
of each frame. The top left plot corresponds to what we call non-resonant motion. In this regime,
all secular angles circulate and the eccentricitye1 only shows small to moderate variations. When
viewed in a plane of regular variables(k1, h1) = (e1 cosω1, e1 sin ω1), the level curves ofF show
that the origin is a stable fixed point, implying that originally circular orbits remain in that vicinity
under the action of the mutual perturbations. In hierarchical systems, all systems in this regime may
be considered dynamically stable.

When the mutual inclination is higher than a certain limit, usually aroundJ ∼ 45◦, the fixed
point at the origin of the(k1, h1) plane turns unstable and bifurcates. Two new stable fixed points
appear fore1 > 0 and forω1 = π/2 andω1 = 3π/2. In the restricted 3-body problem, these libration
islands were first discovered by Lidov (1961), and later alsoanalyzed by Kozai (1962). Today they
are referred to as Lidov-Kozai resonances. In the general 3-body problem, such as that discussed
here, they were first studied by Harrington (1969) in the frame of the quadrupolar approximation.
Since the functional form ofF is analogous to the one derived for the restricted problem, the same
nomenclature is maintained. Consequently, we refer to thisregime as a Lidov-Kozai resonance.
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Fig. 14 Level curves of constant Hamiltonian for four values of(γ1, γ2) chosen along the line
γ2 = 1.4. The top left plot, corresponding toJmax = 25◦, shows the non-resonant regime. All
other plots correspond to Lidov-Kozai. Retrograde motion shows the same topology.

Contrary to Modes I and II in the planar case, the Lidov-Kozaiislands are real resonances
which are separated from the non-resonant orbits by a separatrix with infinite period inω1. Since the
hyperbolic point of the separatrix stems frome1 = 0, all initial quasi-circular orbits display large
magnitude variations in the eccentricity. The maximum value attainable bye1 depends onJmax.

Figure 14 shows three different values of the maximum mutualinclination; forJmax ∼ 50◦, the
eccentricity of the inner planet can only attain moderate values (of the order∼ 0.2), but it can reach
almost parabolic values forJmax ∼ 90◦. Retrograde orbits show the same topology.

Although only a few exoplanetary systems have estimated values for their mutual inclinations,
and even though most of these appear compatible with almost coplanar orbits (e.g. GJ876, 55 Cnc),
there are two examples of systems with large values ofJ . The first is comprised by planetsυ And c
and d which, according to astrometric observations (McArthur et al. 2010) have a mutual inclination
of approximatelyJ ∼ 39◦. From the orbital fit deduced from N-body simulations and shown in
Table 15 of that paper, these two planets define values ofγ1 = 2.36 andγ2 = 1.48. The black filled
circle in Figure 13 shows its location in the plane(γ2,Jmax), which demonstrates that it lies within
the non-resonant domain.

The second example is HD 80606. This system is composed of twosolar-type stars in a very
wide orbit (a2 ∼ 1000 AU) and a single planet with an extremely high-eccentricityorbit (a1 = 0.45
AU, e1 = 0.92) (Naef et al. 2001). Due to its extremely high eccentricity,its pericentric distance
places the planet within the range of significant tidal effects; thus, the body is believed to be currently
undergoing orbital decay and circularization, although ontimescales larger than the age of the system
(e.g. Beaugé & Nesvorný 2012). The mutual inclination between the planet and the secondary star
is considered to beJ ∼ 85.6◦, which would place the system within the Lidov-Kozai regime(Wu
& Murray 2003; Fabrycky & Tremaine 2007; Correia et al. 2011).
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The combined effects of a Lidov-Kozai resonance and tidal effects have been suggested in recent
years as a possible mechanism to explain at least a portion ofthe Hot Jupiter population (Wu 2003;
Wu & Murray 2003; Nagasawa et al. 2008). Since tidal effects cause a secular decrease in both the
semimajor axis and eccentricity while maintaining an approximately constant value of the orbital
angular momentum (at least after spin-orbit synchronization of the planet), a planet trapped in a
quasi-parabolic orbit within the Kozai domain with very small pericentric distance, could end up as
a Hot Jupiter witha < 0.1 AU and low-to-moderate eccentricity. This is sometimes known as the
“Kozai migration” scenario.

Lidov-Kozai resonances have also been proposed to explain the discovery of several exoplanets
in retrograde orbits with respect to the stellar spin (Naoz et al. 2011; Katz et al. 2011). However, its
efficiency has yet to be established, and it seems probable that it cannot, by itself, be able to explain
the fact that almost20% of exoplanets are observed in retrograde motion (Beaugé & Nesvorný 2012).

5.4 Higher-order Hamiltonian Models

When the 3D secular Hamiltonian is extended beyond the quadrupolar term,G2 is no longer an in-
tegral of motion and the orbit of the outer planet can no longer be considered invariant. The system
then has two degrees of freedom and its dynamics are more complex. Analytical expressions for the
Hamiltonian (octupole and even higher orders) have been studied by several authors over the past
ten years (Libert & Henrard 2007; Henrard & Libert 2008; Migaszewski & Goździewski 2008).
Some studies have also been performed using semi-analytical calculations for the Hamiltonian
(Michtchenko et al. 2006a; Migaszewski & Goździewski 2009). These have the advantage of be-
ing valid even for small values ofα, and thus are below the hierarchical limit.

One of the main consequences of the non-integrability of theHamiltonian is the existence of
chaotic motion surrounding the Kozai islands, some of whichcan have significant size (Michtchenko
et al. 2006a; Libert & Henrard 2007; Henrard & Libert 2008). In principle, these chaotic regions
could be possible routes from near-circular to almost-parabolic orbits and increase the effectiveness
of the Kozai migration to explain the retrograde planet population (Katz et al. 2011).

6 SECULAR SYSTEMS

When the ratio of semimajor axes between the planets is not too small (say,α > 0.3), the hierarchical
approximation ceases to be a good representation of the dynamics. Lee & Peale (2003) showed that
the octupolar approximation yields very precise results for systems withα < 0.1 and is reasonably
accurate (at least qualitatively) forα up to0.3. Beyond this point, the Legendre expansion of the dis-
turbing function converges extremely slowly, and a Laplace-type expansion is preferable. However,
since the Laplace expansion has limited convergence in the eccentricity domain (e.g. Ferraz-Mello
1994), it is sometimes preferable to employ semi-analytical methods (Michtchenko et al. 2006a)
which are valid for all points of the phase space.

What we refer to here assecular systemsare then those planet pairs for whichα > 0.2 but which
are not located in the immediate vicinity of MMR.

Qualitatively, the dynamics of secular systems are very similar to those described in the pre-
vious section. Modes I and II (i.e. oscillation of̟1 − ̟2 around0 or π) are still found, while
the Lidov-Kozai regime still exists for mutual inclinations beyond a certain limit (e.g. Michtchenko
et al. 2006a). The limiting value ofJ depends on the system parameters (Michtchenko et al. 2006a;
Libert & Henrard 2007), and is usually between30 and45 degrees for direct orbits. Thus, there is
little change in the global topology for secular systems, except, of course, for an increase in the size
of the chaotic layers due to the greater proximity between the planets.

A second look at Figure 10 shows that all currently known secular planet pairs have small
masses, typicallym1 + m2 < 1mJup. The only exceptions are those close to MMR and to a couple
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Fig. 15 Stability ratioβ/βcrit for exoplanet pairs, as a function of their orbital period ratio P1/P2.
Values below the horizontal dashed line are expected to be unstable, unless additional protection
mechanisms are invoked, such as MMR. See text for details.

of systems with period ratios near0.45. To understand why only small planets are found in this
region, we need some estimation of the stability of non-resonant planets in nearby orbits. Although,
as in the hierarchical case, the conservation of angular momentum helps to stabilize the systems
and specify their dynamical evolution, if the distance between both planets is sufficiently small,
the semimajor axes cannot be considered constant in the secular problem. The magnitude of the
short-period perturbations is similar to their secular counterparts, and the approximationLi = const
ceases to be valid.

Marchal & Bozis (1982) and Gladman (1993) gave relatively simple criteria for the stability of
secular two-planet systems in the coplanar case, employingthe concept of Hill stability. According
to this criterion, two planetsm1 andm2 orbiting a star of massm0 may be considered Hill stable if
their semimajor axes and eccentricities satisfy the condition

β ≥ βcrit (25)

with

β = − 2(m0 + m1 + m2)

G(m1m2 + m0m1 + m0m2)3
CE2 (26)

βcrit = 1 + 34/3 m1m2

m
2/3
0 (m1 + m2)4/3

− m1m2(11 min(m1, m2) + 7 max(m1, m2))

3m0(m1 + m2)2
,

whereC is the total orbital angular momentum andE the orbital energy of the system (e.g., see
Barnes & Greenberg 2006; Raymond et al. 2009). The quantityβ/βcrit then measures the proximity
of a planet pair to the stability limit.

Figure 15 shows the distribution ofβ/βcrit for all known planet pairs according to their period
ratio. The dashed curve shows the stability limit expected from expression (25). All planetary sys-
tems below should be unstable according to this criterion, unless additional protection mechanisms
(such as MMR) are present.

Raymond et al. (2009) showed that most pairs of exoplanets cluster aroundβ/βcrit ≃ 1, and
that there is little room between most known planetary systems for additional massive bodies. The
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observed distribution ofβ/βcrit can be reproduced fairly well from scattering experiments,which
appears to indicate that planetary scattering also leads totightly packed systems. The distribution of
planetary systems with more than two planets is shown in Figure 15 with open squares. Although
numerical experiments seem to indicate that more numerous systems in circular orbits require larger
orbital separation to assure stability (e.g. Chambers et al. 1996; Marzari & Weidenschilling 2002),
the two-planet criterion seems to work very well for observed systems, regardless of their population.

Some exceptions, however, can be seen from Figure 15. Several hierarchical systems have val-
ues significantly larger than unity, implying that additional (undetected) planets may be present in
those systems. On the other hand, there are two significant cases withβ/βcrit < 1. For the first (HD
202206 b and c) the best orbital fit leads to orbital instabilities on short timescales, unless the system
lies within the 5/1 MMR (Couetdic et al. 2010). A similar analysis, performed for HD 181433 by
Campanella (2011), shows that both planets are only stable if they are inside the 5/2 commensura-
bility. However, radial velocity data for the outer planet do not yet cover one orbital period, so its
orbital parameters are still not well estimated.

Over recent years it has become increasingly clear that the observed eccentricity distribution
of exoplanets can only be explained through planetary scattering of originally dynamically unstable
systems. How (and why) planets should form in unstable orbits is not yet well understood (e.g.
Matsumura et al. 2010), but may be related to the loss of the eccentricity damping once the primordial
gas nebula disperses.

Figure 16 shows an example of planetary scattering taken from Beaugé & Nesvorný (2012).
We started with three Jovian-type planets placed near MMR but which were not in resonance lock,
leading to orbital instabilities typically on timescales of the order of105 years. The system was
integrated with an N-body code that included tidal effects and GR effects at the post-Newtonian level.
More or less consistent with this time scale, the outer massm3 is ejected from the system, whilem1

reaches a sufficiently low pericentric distance that tidal effects begin to cause an orbital decay. Close
encounters, particularly prior to the ejection ofm2, caused significant inclination excitation, with
I1 reaching values close to60◦. At this pointm1 is trapped in a Lidov-Kozai regime, seen clearly
in the libration ofω1 around90◦. This resonance lock is maintained as long as the distance from
the star is not too close. After that point, tidal and GR precession rates begin to dominate and the
planet is ejected from the Lidov-Kozai resonance. Tidal effects continue to generate orbital decay
and circularization, andm1 ultimately becomes a member of the Hot Jupiter population.

7 MEAN-MOTION RESONANCES

When the mean motionsni of both planets satisfy a commensurability relation of the type

n2(p + q) − pn1 ≃ 0 (27)

with p, q being positive integers, the system is said to be in the vicinity of a (p + q)/p MMR. The
value ofq is called the order of the resonance; those of low order are the most dynamically significant
and their action extends further in the phase space. Thus, itis not surprising that all exoplanetary
systems are currently believed to lie within resonances that occupy low-order commensurabilities,
particularly the 2/1 case.

For a dynamical study of two planets in resonant motion, the classical mass-weighted Delaunay
variables (13) must be modified to accommodate the fact that all terms of the disturbing function with
linear combinations of the mean longitudesλi proportional toλ2(p + q) − pλ1 will now be long-
period terms and thus not included in any averaging of the Hamiltonian with respect to short-period
perturbations. If we restrict our study to coplanar orbits,we may define a newresonantcanonical set
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Fig. 16 An example of scattering of a three-planet system in initially unstable orbits. The top plot
shows the semimajor axis of all bodies in continuous curves,while pericentric and apocentric dis-
tances are shown in dashed curves. Individual inclinationswith respect to the invariant plane are
shown in the middle plot, and the arguments of the pericenterare shown in the bottom plot. Notice
the capture ofm1 in a Lidov-Kozai resonance aroundt ∼ 105 yr, which was later ejected from the
resonance by tidal and relativistic precession att ∼ 2 × 106 yr.

as:

I1 = L1 − G1 ; σ1 = (1 + s)λ2 − sλ1 − ̟1

I2 = L2 − G2 ; σ2 = (1 + s)λ2 − sλ1 − ̟2 (28)

J1 = L1 + s(I1 + I2) ; λ1

J2 = L2 − (1 + s)(I1 + I2) ; λ2

(e.g. Beaugé & Michtchenko 2003) wheres = p/q. Theσi are usually referred to as theresonant
angles. Since all long-period combinations of the mean longitudesare now included inσi, an elim-
ination of the short period terms from the Hamiltonian will lead to an expression which may be
written as

F = −
2∑

i=1

µ2
i m

′3
i

2L2
i

− Gm1m2 R(I1, I2, σ1, σ2; J1, J2), (29)
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whereR is the resonant disturbing function (averaged over short period terms) and in the Keplerian
contribution we must use the last two equations of (28) to expressLi in terms on the canonical
momenta.

Sinceλi no longer explicitly appear inF , bothJi are constants of motion and the system con-
tains two degrees of freedom. The (from now on) parametersJi may be combined and rearranged
to yield two new expressions for the integrals of motion which, written in terms of the orbital ele-
ments, are

C = m1n1a
2
1

√

1 − e2
1 + m2n2a

2
2

√

1 − e2
2 , (30)

K = (p + q)m1n1a
2
1 + pm2n2a

2
2 .

The first is the total angular momentum of the system and specifies a coupling of both eccentricities,
in which when one grows while the other decreases in such a waythat C remains constant. The
second expression, called theSpacing factor(see Michtchenko et al. 2008a) introduces a similar
coupling, this time in the semimajor axes. Recall that in thesecular case both semimajor axes are
constant in the averaged problem. In the resonant problem this is no longer true, but the invariance
of K guarantees that botha1 anda2 oscillate with opposite phases and with amplitudes that are
inversely proportional to the planetary mass.

A further look at the resonant angles shows thatσ2 − σ1 = ̟1 − ̟2 = ∆̟, so some authors
prefer to adopt the pair(σ1, ∆̟) as angles of the system instead ofσi. This has the advantage of
separating withinF those terms that come from the secular dynamics (dependent on ∆̟ and inde-
pendent ofσ1) from those due to the resonant interactions. For example, sinceLi have no variation in
the secular mode (at least up to second order in the masses), the temporal variation of the semimajor
axes will occur in timescales associated with the resonant angleσ1.

7.1 Resonance as a Protection Mechanism

The existence of massive planetary pairs in close-in MMR is due to the fact that resonant motion
acts as a protective mechanism against disruptive mutual perturbations. To visualize this effect, and
understand what configurations act as protection, in Figure17 (top left frame) we have plotted the
level curves of the disturbing potentialR as a function of(σ1, ∆̟) for a generic planetary system of
two Jovian mass bodies withe1 = e2 = 0.02 in the 2/1 commensurability. Low values ofR, hence
preferable for stable orbits, are identified by light tones of orange and located in the region around
(σ1, ∆̟) = (0, π). Large values of the perturbation are shown in darker tones,and concentrated
near(σ1, ∆̟) = (π, π).

In the vicinity of the 2/1 resonance, the resonant anglesσi can circulate, taking all values be-
tween zero and2π. In such a case, analogous to that of secular (or non-resonant) systems, the orbital
evolution will generally pass through both the regions around min(R) andmax(R). If the plane-
tary masses are small and/or if the orbital eccentricities are sufficiently low, the magnitude of the
perturbation will remain low in all cases, and orbital stability will not be affected by the resonance.
However, if these conditions are not satisfied, then stability can only be preserved if the orbital
motion is such that it avoids the regions nearmax(R).

There are three possible motions that avoid the region of large perturbation. The first, and least
effective, is defined by an oscillation of∆̟ around0 but with a circulation ofσ1. A graphical
scheme is shown in the top right plot of Figure 17 and corresponds to what we call Mode I of secular
dynamics. The region of the phase plane to be avoided by the orbital evolution is masked in grey.
Quasi-resonant systems can be found in these configurations(e.g. PSR B1257+12). A more effective
alternative is shown in the bottom left plot, and shows an orbital evolution in which the secular
angle∆̟ circulates but the resonant angleσ1 librates around0. This type of behavior is sometimes
referred to as aσ1-libration and is the most common resonant motion found in the 3-body problem.
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Fig. 17 Top Left: Level curves of resonant disturbing functionR for a generic system in the 2/1
MMR with e1 = e2 = 0.02. The maximum values ofR are located atσ1 = ∆̟ = π. Top
Right: Representative scheme of an orbital motion in whichδ̟ oscillates around zero andσ1 cir-
culates. Both angles avoid the central grey area, and therefore are the maxima ofR. Bottom Left:
Representation of aσ-libration but with circulation of the secular angle∆̟. Bottom Right: ACR
solution in which bothσ1 and∆̟ oscillate around fixed values. The motion is restricted to a region
near the minimum ofR.

Finally, when the perturbation is very large, even this typeof motion cannot guarantee stability and
the motion remains bounded in a small region nearmin(R). This is known as anApsidal Corotation
Resonance(ACR) and corresponds to a simultaneous libration of bothσ1 and∆̟ (see bottom right
frame). Recalling thatσ2 = ∆̟ + σ1, this implies that bothσi display oscillatory motion around a
fixed point.

The location of these solutions is a function of the planetary masses and the orbital eccentricities,
as well as of the resonance itself. In some cases the stable fixed point associated with ACR is found
at(σ1, ∆̟) = (0, 0) and other cases at values of the angles differing from0 to π. These are referred
to asasymmetric ACR. Some systems display a libration ofσ2 but not ofσ1, and for some initial
conditions the secular motion corresponds to Mode II and notto Mode I. The reader is referred to
Beaugé et al. (2003, 2006) and Michtchenko et al. (2006b) for a detailed discussion and catalog of
resonant solutions for different commensurabilities.

7.2 The 2/1 Resonance

An example of the different dynamical regimes within a resonance was analyzed by Michtchenko
et al. (2008a; 2008b, and, for a review of the results, 2012) for the 2/1 MMR. Here we reproduce
some of the results. Planetary parameters were chosen consistent with the HD 82943 system (Fit B
of Ferraz-Mello et al. 2005b):m1 sin i = 1.71 MJup anda1 = 0.746 AU; the spacing constant of
the family isK = 3.2 × 10−2, in units of the solar mass, astronomical unit and year.

The structure of the phase space can be presented in the form of dynamical maps, for example
in the (n1/n2, e2)–plane. Each point in a dynamical map is the result of a numerical integration
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Fig. 18 Dynamical maps for the 2/1 MMR for a generic two-planet system with m2/m1 = 1.064
anda1 = 0.0764 AU. Each frame shows the structure of the phase space in a representative plane
defined by fixed values ofC andK. Regular regions are shown in light tones while chaotic solutions
in darker shades. The ACR solution is identified by a filled redcircle, and the value ofe1 given at the
top of each frame corresponds to the eccentricity of the inner planet at the ACR. From Michtchenko
et al. (2008a).

of the exact equations of motion, whose output was passed through filtering of the short-period
terms (of order of orbital periods). Initial conditions were chosen in a rectangular grid with spacings
∆(n1/n2) = 0.002 and∆e2 = 0.002. For the given set of constants, the semimajor axis and the
eccentricity of the inner planet may be obtained using equations (30). Finally, the quantity mapped
in the plots is an indicator of the chaoticity of the motion: light tones correspond to regular orbits,
while darker shades to increasingly chaotic motion.

It is worth recalling that the topology of this representative plane is uniquely defined by three
parameters,m2/m1, C andK, referred to as ‘the set of the free constants’ of the problem. Each
dynamical map in Figure 18 corresponds to a predefined value of C, in addition to the mass ratio
equal to1.064. Each frame has been constructed around a different ACR, characterized by a specific
value of the total angular momentum. However, instead of giving the values ofC, we match each
solution with the value of the eccentricity of the inner planet.
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Although many aspects of the dynamical maps change as a function of C, there are also some
general features, which are common to different sets of the constants. Each map contains a center,
which represents the ACR solution; its position is shown by ared circle. Around each center we find
a region of quasi-periodic motion, coded in gray scale on thedynamical maps. The quasi-periodic
behavior is an interaction of two normal modes of motion, associated with the two independent
frequencies of the averaged resonant system. Hereafter we will refer to these modes as the resonant
(with the frequencyfσ) and the secular (with the frequencyf∆̟) modes of motion. The first is
associated with the resonant angleσ1, while the second with the difference in longitudes of the
pericenter. Thus, any regular solution will be given by a linear combination of two periodic terms,
each with a given amplitude and phase angle.

For some initial conditions, the amplitude (not the frequency) of a mode tends to zero, and the
solution changes from quasi-periodic to a periodic orbit. Since we have two independent frequencies,
we can also have two independent families of periodic motioninside the 2/1 resonance, which we
will refer to as theσ-family (the amplitude of the resonant mode is equal to zero) and∆̟–family
(the amplitude of the secular mode is equal to zero). On the dynamical maps, the periodic families
will appear as continuous narrow white strips inside the gray domains of quasi-periodic motion. By
definition, the intersection of two families gives us a position of the central ACR solution.

Generally, both families are well separated in the frequency space, withfσ being much higher
than the secular frequencyf∆̟. However, at small eccentricities, both frequencies may have the
same order, and it is possible to find initial conditions corresponding to low-order commensura-
bilities between them. These give rise to so-calledsecondary resonancesinside the primary 2/1
resonance, which are reminiscent of similar behaviors found in the asteroid belt (e.g., see Moons &
Morbidelli 1993).

Finally, the domains of chaotic motion are always present ondynamical maps of the 2/1 res-
onance. The chaos is associated with the existence of the separatrix between (i) the 2/1 resonance
region and the regions of near-resonant and purely secular motion; (ii ) the regions of the qualitatively
distinct regimes of motion inside the 2/1 MMR, and (iii ) secondary resonances inside the primary
2/1 resonance. The domains of strongly chaotic motion always appear in dark colors on the dynam-
ical maps, while the hatched regions are regions of large-scale instabilities followed by disruption
of the system within the time interval of each simulation (130 000 years). Finally, the domains of
forbidden motion, where there are no solutions of equations(30) for a given set of the constants, are
filled by the checkered red background.

The first map (top left frame of Fig. 18) was calculated for a small initial eccentricity of the inner
planet (e1 = 0.05) and illustrates the transition from the purely secular regime of motion towards
the resonant case. For initial conditions far from the center of the resonance (e.g. any point with
n1/n2 = 2.15), the system is in the purely secular regime. The motion is defined by the composition
of Mode I and Mode II. On the dynamical map, the secular modes appear as light-colored strips,
both decreasing in eccentricity as the mean-motion ratio tends towards exact resonance.

When the initial conditions approximate the system in the 2/1 resonance, the secular motion
passes through the quasi-resonant domains (Michtchenko & Ferraz-Mello 2001) and is transformed.
Mode II bifurcates at approximately(n1/n2, e2) ≃ (2.11,−0.04) and defines an origin for the two
branches of the resonantσ–family of periodic motion. Mode I, on the other hand, definesan origin to
the secular∆̟–family inside the 2/1 resonance (Michtchenko & Ferraz-Mello 2001; Callegari et al.
2004). The bifurcation point in this case is located at the other side of the ACR, at(n1/n2, e2) ≃
(2.02,−0.01), and the newly formed∆̟–family can be seen as an almost horizontal light curve
that crosses the stable ACR.

The entrance of the pair of planets into the 2/1 MMR always seems to occur through Mode II
of the motion with maximal energy. This fact can explain why we detect the small eccentricity ACR
of the (0, π)–type, for any mass ratio. Numerical simulations of planetary migration confirm that
the capture of planets on nearly circular orbits into the 2/1resonance is generally preceded by the
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evolution of the pair into Mode II of secular motion, when thesecular angle∆̟ oscillates around
180◦ (Ferraz-Mello et al. 2003; Kley et al. 2005; Beaugé et al. 2006).

In the dynamical map constructed fore1 = 0.1 (top right plot in Fig. 18) the ACR is now located
on the positive ordinate axis. We note a significant increaseof the resonant domain with respect to
the previous case. Both theσ– and∆̟– families are more pronounced and occupy a larger region
of the phase space. The secular Mode I of motion is no longer present inside the resonant region and
the chaotic layers separating resonant from secular behavior are now significantly more defined. As
a consequence, any solution leading to resonance capture ofa pair of planets, which approaches the
commensurability withe1 ≃ 0.1, will be forced to cross the chaotic region, resulting in large orbital
variations. This helps us to understand why the resonance trapping from initially non-circular orbits
usually leads to resonant configurations with large amplitudes of libration (e.g. Kley et al. 2005).

For higher eccentricities (bottom frames in Fig. 18), the∆̟–family is a dominating feature. It
is worth emphasizing that this family determines the width of the whole resonant region. The initial
conditions in the proximity of the∆̟–families are very stable. By contrast, at initial conditions far
away from the∆̟–family, the secular component starts to circulate and the harmonic motion is
rapidly destroyed, even at small resonant libration amplitudes.

For e1 = 0.2, the width of the chaotic region surrounding the resonant region has increased
drastically with respect to the casee1 = 0.1. Although resonance trapping may still be possible
with initial eccentricities of this order, it now appears much more unlikely since it has become
increasingly difficult for the system to reach the (inner) stable resonant region before being ejected.

The dynamical map constructed around ACR withe1 = 0.4 is of particular interest, because
it displays the phase space near the assumed edge-on configuration of the HD 82943 system. The
non-resonant region is now completely immersed in a chaoticsea, and both secular modes lead to
unstable motion. The consequences are twofold: First, it clearly shows that for orbital eccentricities
of this order only resonant motion is possible for real planetary systems. Second, resonance trapping
with large initial eccentricities appears to be an extremely unlikely phenomenon, at least while a
smooth driving mechanism for planetary migration is assumed.

7.3 Resonant Exoplanetary Systems

Since stable resonant configurations occupy a very small region in the phase space of the 3-body
problem, it appears extremely unlikely that real planetarysystems in MMR could have been formed
in situ. As with the case of regular satellites in our own solar system, current resonant configurations
appear more likely as a consequence ofresonance trappingdue to the action of an exterior non-
conservative force. In the case of satellites, this drivingforce is due to tidal effects; in the case of
exoplanets, there is a general consensus that it was due to disk-planet interactions before the dispersal
of the protoplanetary gaseous disk.

The orbital evolution of planets from their formation sites(in non-resonant configurations) to
their final locations is usually referred to asplanetary migration. If this migration is sufficiently slow
and smooth, as expected in gaseous disks with limited turbulence, then resonance trapping appears
as a natural and highly probable outcome. Numerical simulations, both using hydrodynamical and
N-body codes, clearly show that the 2/1 MMR is the most receptive commensurability, at least for
Jovian mass planets.

The first exoplanetary system found to be in an MMR was the planet pair formed by GJ876b and
c (Laughlin & Chambers 2001). These planets were found to be deep in the 2/1 resonance very close
to an ACR solution, with only small amplitude librations in both resonant anglesσi. Today GJ876
is known to harbor at least four planets, with three of them (planets b, c and e) in a Laplace-type
three-planet resonance (Rivera et al. 2010).

Other planets are also believed to lie within the 2/1 resonance, such as the two-planet systems
around HD 82943 (e.g. Beaugé et al. 2008) and HD 73526 (e.g. Tinney et al. 2006). These are
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characterized by best fits of the radial velocity data leading to unstable motion. Considering the
large chaotic regions surrounding the (sometimes small) resonant domain, this is not surprising, and
will require more observations to provide reliable orbitalcharacterization of these systems.

More recently, exoplanets have been detected in other resonance relations: HD 60532 in the
3/1 MMR (Desort et al. 2008, 2009; Laskar & Correia 2009) and HD 45364 in the 3/2 resonance
(Correia et al. 2009). The planet pair orbiting HD 200964 hasbeen proposed to lie within the 4/3
resonance (Johnson et al. 2011; Rein et al. 2012), although more observational data are needed for
confirmation. Either way, as the exoplanetary population grows, the diversity of resonant systems
also increases, continuously leading to new configurationswhose origin must be explained, either
primordially or through the consequences of planetary migration. Some of them can be understood
in terms of usual migration scenarios. Others, such as HD 200964, fail to fit the accepted picture.

As has always been the case since the discoveries of the planets around PSR B1257+12 in 1992,
and around 51 Peg in 1995, in exoplanetary science we must always expect the unexpected.
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Beaugé, C., Ferraz-Mello, S., & Michtchenko, T. A. 2003, ApJ, 593, 1124
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