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Abstract Major predictions of General Relativity, unforeseen at thebeginning of the
preceding century, are now under investigation. The existence of black holes of any
mass from tens to billions of solar masses is now established, and the physics around
these objects begins to be studied through direct observations in a wide electromag-
netic spectrum from visible light to X-rays. General relativity, however, provides an
extra medium which carries more information on the regions of intense gravitational
field, namely gravitational waves (GWs). Due to their extremely weak coupling to
matter, GWs are precisely generated in those regions of spacetime undergoing strong
curvature, which is very exciting for modern astrophysics.On the other hand, this
weak coupling makes it difficult for GWs to cause appreciableeffects in human made
instruments. This is why technology of GW detectors took such a long time to reach
a sensitivity level consistent with GW amplitudes predicted by theoretical models of
sources. In the present status, apart from resonant solid detectors, two large interfer-
ometric antennas (LIGO in the USA and the French-Italian Virgo) are beginning to
produce data, and a joint ESA-NASA space mission, resultingfrom a wide effort of
European and American groups, is reaching a crucial approval phase. The aim of the
present review is to give the theoretical bases of GW detectors using light.
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1 BIRTH OF GRAVITATIONAL WAVE ASTRONOMY

Direct detection of gravitational waves by physics instruments is an old dream that began in the
sixties after the pioneering experiments of Weber (1960). These experiments soon proved negative,
and realistic estimates of the gravitational wave amplitudes on Earth showed that they were far below
the sensitivity threshold of Weber’s antenna. The momentumwas nevertheless started and a number
of teams undertook developing more sensitive instruments.Forty years later, it appears that these
first experiments have given birth to a new field of research inwhich several areas of expertise come
into close contact, and of which intrinsic interest would beseriously weakened without all others.
These areas of expertise are the theory of gravitation, relativistic astrophysics, numerical relativity,
signal processing, and metrology, which all combine in the field of Gravitational Wave Astronomy
(GWA). Two important phases in the fifty year old history of GWA are the first real concept for a
large scale Michelson laser interferometer by Weiss (1972)at MIT, then the introduction of resonant
cavities into this scheme by Drever (1983) at Glasgow, then at Caltech. This was the seed of the
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LIGO project, and further of the Virgo project, led by Alain Brillet and Adalberto Giazotto. After
a brief recall of gravitational wave emission and the first experiments based on resonant solids, this
review essentially addresses the concept of a ground detector based on the Michelson topology and
on properties of resonant (Fabry-Perot) cavities. During the same four decades, the concept of a space
interferometer was devised and discussed by Peter Bender atJILA and later by Ronald Hellings at
NASA. The second part of this review discusses some of the main features of the space mission
LISA which is the outcome of this long development.

2 EMISSION OF GRAVITATIONAL WAVES

2.1 Theory

Gravitational waves (GW) are a consequence of Einstein’s General Relativity (GR) in the same
way as electromagnetic waves come from Maxwell’s Electrodynamics. In the framework of Special
Relativity, in a system of coordinatesxλ, an electromagnetic wave is described (in vacuum) by
the vector fieldAµ(xλ) (4-potential) obeying the Maxwell equations. The wave, which propagates
at velocityc, is transverse and has two polarization components. In GR, the gravitational state of
spacetime is associated with its geometry through the metric tensorgµν(xλ) obeying the Einstein
equations. In the case of a gravitational wave far from its source, in a freely falling reference system,
one can write

gµν(t,x) = ηµν + hµν(t,x), (1)

whereηµν ≡ diag(1,−1,−1,−1) is the Minkowski tensor of the locally flat background space-
time (freely falling frame), andhµν is a very small dimensionless tensor field representing the GW
amplitude. It can be shown thathµν can eventually be reduced to only two independent functions
h+, h× defining the polarization state of the wave. Gravitational waves are emitted by distributions
of matter/energy having a time dependent quadrupole moment. In the transverse-traceless gauge, at
the first level of the approximation, only the space components are significant and have an expression
analogous to a retarded potential (Tourrenc 1997)

hjk(t, r) =
2G

c4
1

r
∂2

t [Ξjk(t− r/c)]
TT

, (r ≡ x2) (2)

where the symbol TT refers to the projection on the transverse plane of the symmetric traceless
quadrupole tensorΞ(t) defined by the volume integral

Ξjk(t) =

∫

ρ(t,x)

[

xixj − 1

3
δjk x2

]

d3x,

whereρ is the density of matter. Further levels of approximation have been thoroughly investigated
(Blanchet et al. 2005), but the preceding “quadrupole formula” gives an order of magnitude estimate.
One immediately notes the extreme weakness of the coupling coefficientG/c4 which is the cause
of all technological challenges encountered on the way to GWastronomy. Only astrophysical events
involving stars or black holes in a nearly relativistic velocity regime can cause amplitudes of GWs
larger than10−23 in the neighborhood of the Earth. If we denote byh the maximum value of the
hµ,ν tensor, existing instruments have been designed for a sensitivity of about h ∼ 10−22±1 in
the middle of the bandwidth, (around 500 Hz for terrestrial instruments, 1 mHz for space antennas)
which seemed to be the most feasible at the time when the preliminary R&D studies ended.

2.2 GW Signals

The sources of gravitational waves may be classified according to their frequency domain. Roughly
speaking, high frequency waves are emitted by systems of light bodies whereas very massive sys-
tems radiate at low frequency. There is no lower bound, because in principle any couple of objects
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orbiting each other radiate at some level (even the Earth around the Sun). There is a generally ad-
mitted upper bound fixed by the final frequency of the coalescence of a neutron star binary, each
with 1.4 solar masses, namely at a few kHz. From a technological point of view, the low frequency
range is addressed by the bandwidth of LISA: [0.1 mHz, 0.1 Hz], and the high frequency range by
the bandwidth of Virgo/LIGO: [10 Hz, 10 kHz]. There is thus a gap in the possible frequencies which
is a target for a possible future space Japanese project named “DECIGO.”1These ranges are in turn
determined by strong constraints. The lower bound of 10 Hz for terrestrial instruments results from
the level of seismic motions of the ground impossible to filter out. The lower bound of 0.1 mHz for
space instruments results from the performances of space accelerometers used for drag-free opera-
tion. The upper bound of 0.1 Hz for a space-based instrument like LISA results from the Signal to
Noise Ratio (SNR) which involves the quantum noise level andthe transfer function of the instru-
ment for gravitational wave signals. The transfer functioncould be changed for a different size of the
instrument. The bounds could be somewhat modified but not dramatically changed. Thus for those
technological reasons, there are two kinds of sources addressed by the two complementary kinds of
instruments.

2.2.1 High frequency sources

The first type of source foreseen in the seventies, at the timeof the Weber experiments, was the
supernova events, or more precisely, the collapse of a giantstar to a neutron star or to a stellar
black hole. Estimations of the amplitude of gravitational waves on the ground caused by such events
have been intensively performed by numerical simulations (Bonazzola & Marck 1993; Zwerger &
Mueller 1997). A perfectly radial collapse would generate no quadrupolar moment, and therefore no
gravitational wave. However, some degree of asymmetry may be imagined. For instance, according
to Thorne (1987), if we denote by̺ the fraction of the mass of the star converted in gravitational
radiative energy, byfc a characteristic frequency (a time average of the frequencyduring the pulse,
weighted by the instantaneous power of the pulse) and byr the distance to the source, we would
have an average amplitude during the pulse

h = 2.7 × 10−20 ̺1/2

[

1kHz

fc

]1/2 [
10 Mpc

r

]

.

Estimations of̺ have been continuously decreasing, reaching around∼ 10−5. The characteristic
frequency is on the order of∼ 500 Hz. These figures must be taken as guidelines rather than firm
predictions. The details of the internal dynamics of collapses are still poorly understood. The second
type of source is a rotating neutron star having some degree of asymmetry resulting in a quadrupole
moment. Several mechanisms have been invoked for creating such an asymmetry, regarding the inter-
nal motion of the neutron fluid. Examples are the Chandrasekhar-Friedmann-Schutz (Chandrasekhar
1970) instability, or the transition from a neutron star to aquark star. Here also, the estimations of the
quadrupole are rather fuzzy. The third type, which is more promising, is the inspiral and coalescence
of two compact objects like neutron stars or stellar black holes. Compacts objects can have short or-
bits and consequently high velocities. Their gravitational emission is thus significant and so is their
energy loss per orbit. This has been directly observed for the double pulsar 1913+16. The energy
loss results in a decrease of the size of the orbit and an increase of the velocity and consequently
of the gravitational wave emission. This positive feedbackends by the final inspiral and merging
of the two bodies to form a final unique black hole. This scenario has been extensively studied by
analytical methods (post-Newtonian expansions) or numerically. An estimation of the gravitational

1 http://tamago.mtk.nao.ac.jp/spacetime/decigo e.html
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characteristic amplitude is, still following Thorne (1987):

hc = 4 × 10−22

[

µ

M⊙

]1/2 [
M

M⊙

]1/2 [
100 Mpc

r

] [

100 Hz

fc

]

,

where the characteristic frequency is typically 1.44 timesthe lower bound of the detector,µ is the
reduced mass of the system andM is the total mass (i.e.M ≡ m1 +m2 andµ ≡ m1m2/M ).M⊙
refers to the mass of the Sun.

2.2.2 Low frequency sources

In the low frequency domain, we find three types of emissions.
The first type refers to the whole population of galactic white dwarfs having orbital periods of

a few hours or less. These are purely monochromatic sources,with amplitudes given by a simple
model (Tourrenc 1997), at least in the case of two equal massesM with a circular orbit of radius
R/2 :

h+ =
4G2M2

c4rR

1 + cos2 i

2
cos(2Φ),

h× =
4G2M2

c4rR
cos i sin(2Φ),

whereΦ ≡ 2πt/[T = 1 yr] is the orbital phase, andi the inclination of the angular momentum with
respect to the line of sight.

The second type is the capture of compact bodies by a massive or supermassive black hole
(Hughes 2001) after a more or less complex orbital sequence (EMRI = Extreme Mass Ratio Inspiral).
Such events could have occurrence frequencies such that several of them could be detected per year
by LISA (Gair & Jones 2006).

The third type of low frequency source is again the inspiral of comparable mass binaries. In the
case of supermassive black holes, the relativistic regime is such that effects like spin-orbit or spin-
spin couplings could be significant in the signal’s details.A simple example, based on the Effective
One Body approach (Buonanno & Damour 2000) (neglecting spineffects) is shown in Figure 1.

Fig. 1 Generic waveform generated by a binary inspiral followed bythe merging of the two neutron
stars (or black holes), and the final ringdown of the resulting black hole.
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One can see the inspiral part, the merger phase of the two black holes and the ringdown of the
final black hole.

3 SOME PHYSICS IN A WAVY SPACETIME

Being a perturbation of the geometry of spacetime, one can expect GWs to produce some distor-
tions in high precision metrology experiments. We briefly recall the existence of narrow band solid
antennas, then focus on optical experiments.

3.1 Continuous Media

The first experiment, which was proposed by Weber (Weber 1960), rested on the idea that a GW
could induce stresses in solids (tidal effects), and that ona suitably isolated solid resonator, weakly
dissipative in terms of acoustic waves, one could detect with some transducer system, the resonances
occurring when the GW signal overlaps its acoustical bandwidth. This idea is supported by a general
relativistic extension of the linear elasticity theory (Vinet 1979). The result is the modified tensor
elastodynamic equation

ρËij −
1

2
[∂k∂jΘik + ∂k∂iΘjk] = −1

2
ρ ḧij , (3)

whereEij (resp.Θij) is the classical strain (resp. stress) tensor, andρ the density. If we take the
origin of coordinates at the center of mass, and if we assume aGW wavelength much larger than
the size of the resonator, this can be regarded as the derivative of the following generalized Navier-
Cauchy equation:

ρüi − ∂kΘik = −1

2
ρ ḧijxj , (4)

whereu is the displacement vector. The GW amplitude thus appears asa driving internal force,
of tidal type, acting on the resonator. After the controversial but negative results of Weber, sev-
eral groups nevertheless built hugely improved versions ofthe Weber antenna. These instruments,
called “bar antennas,” have been built in several countries(for a generic example of such an an-
tenna, see Fig. 2). The most well-known are ALLEGRO (Louisiana State University, USA, Mauceli
et al. 1996), AURIGA (Legnaro, Istituto di Fisica Nucleare,Italy, Baggio et al. 2005), NAUTILUS,
(Frascati, INFN, Italy, Astone et al. 2006), EXPLORER (RomeUniversity, at CERN, Astone et al.
1993, 2008), and NIOBE (University of Western Australia2). Large resonators like GRAIL with
spherical shapes have been planned (Gottardi 2007) after the development of a small size spherical
resonator MINIGRAIL (de Waard et al. 2005). Because the Brownian thermal noise is the main
limitation to their sensitivity, a common feature of these experiments is their operation at very low
temperature (a few mK), which implies complex circulationsof cryogenic fluids.

As with any resonator, bars have a very short bandwidth (up toa few tens of Hz), so that recon-
structing a waveform after a GW event has been detected is problematic (note that a larger bandwidth
could, however, be achieved in a detector like GRAIL). This explains why “bar physicists” progres-
sively transfer their expertise to interferometers. This is also why we focus on optical experiments
from now on, which are intrinsically wideband.

3.2 Gravitational Waves and Light

A more direct physical effect of GWs is to modulate the light distances between freely falling test
masses. In a vacuum, light is expected to propagate along a null geodesic, which means that the
invariant element of spacetimeds2 ≡ gµνdx

µdxν is identically zero along any optical path. With

2 http://www.gravity.uwa.edu.au/Stageone.html
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Fig. 2 Generic structure of a resonant solid GW antenna: Example ofthe antenna “AURIGA”
(Legnaro, Italy).

the expression (1) of the metric tensor, one can suspect thatthe effective optical paths of photons
will be perturbed.

3.2.1 Arbitrary wavelength

In the case of very long range optical paths (e.g. 5 Mkm in the case of LISA), one must take into
account the action of the GW during light propagation. If a light beam of fixed frequency is emitted
from spacecraft A and detected at spacecraft B, the nominal distance AB beingL andn being the
unit vector from A to B, the physical effect detected at B is a frequency modulation. Letw be a unit
vector along the propagation direction of the GW, and let us define two more unit vectors, mutually
orthogonal in the transverse plane

ϑ =
∂w

∂θ
, ϕ =

1

sin θ

∂w

∂φ
,

then the two directional functions

ξ+(θ, φ) = (ϑ · n)2 − (ϕ · n)2, ξ×(θ, φ) = 2(ϑ · n)(ϕ · n),

are incorporated in the function

H(t) = h+(t) ξ+(θ, φ) + h×(t) ξ×(θ, φ) . (5)

Now the observable effect is a relative frequency modulation, analogous to a Doppler shift
(Dhurandhar et al. 2002), given by (c = 1)

[

δν(t)

ν

]

A→B

=
H(t− w · xB) −H(t− w · xA − L)

2(1 − w · n)
, (6)
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wherexA andxB are the positions of the two spacecraft. This is often calleda “two pulses” response,
because a short GW pulse would be recorded twice by a phasemeter atB.

3.2.2 Long wavelength limit

The expected frequencies of GW events, for obvious reasons,are much lower (at most a few kHz)
than optical frequencies. In this regime, the only effect ofa GW on light is to perturb the flight time
of photons between two test masses (light distances). Consider a light path lying in the(x, y) plane,
either along thex (north) or they (west) axis. Consider on the other hand a GW propagating along
a direction of unit vectorw.

w =





sin θ cosφ
sin θ sinφ

cos θ



 . (7)

If h+, h× are the two polarization components of the wave, the effect of the GW is to create a phase
modulation on the two beams

Φnorth(t) =
2πL

λ

[

h+(t)(cos2 θ cos2 φ− sin2 φ) − h×(t) cos θ sin 2φ
]

, (8)

Φwest(t) =
2πL

λ

[

h+(t)(cos2 θ sin2 φ− cos2 φ) + h×(t) cos θ sin 2φ
]

. (9)

In an interferometric configuration, where the observable is a differential phase, this gives:

∆Φ(t) =
4πL

λ

[

h+(t)
1 + cos2 θ

2
cos 2φ− h×(t) cos θ sin 2φ

]

, (10)

where it can be seen that the interferometer acts like a transducer, converting the gravitational signal
into a phase and eventually into an electrical signal through some photo detector.

4 LONG BASELINE TERRESTRIAL ANTENNAS

The general features of a ground based GW interferometric antenna are summarized by Figure 3.
The main part comprises two long cavities (3 km for Virgo, 4 kmfor the LIGO’s). The role of the
resonant cavities is to extend the physical length of a few kmto an effective one of a few hundreds
of km. The role of the recycling mirror is to build an embedding resonant cavity with the Michelson
interferometer considered as a virtual reflector when tunedat a dark fringe. In this section, we explain
and discuss these items.

4.1 General Principles of Interferometry

4.1.1 Basic Michelson interferometer

We first consider a basic Michelson interferometer involving only two mirrors and one splitter (see
Fig. 4).

The light source of wavelengthλ is modeled by a complex amplitudeA. The outgoing amplitude
B is

B = rstsA
(

r1e
2ika + r2e

2ikb
)

,

wherers andts are the amplitude reflection and transmission coefficients of the splitter (hopefully
both near1/

√
2) respectively, andr1, r2 the amplitude reflection coefficients of the end mirrors

(hopefully near 1). We have setk ≡ 2π/λ. If we interpret|A|2 and|B|2 as respectively the incoming
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Fig. 3 Simplified layout of the Virgo antenna.
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Fig. 4 A basic Michelson interferometer.

and outgoing intensities, or up to a constant, the areaS of the detector as the incoming and outgoing
powers, a photodetector receiving waveB will record the power

PB = PLr
2
st

2
s

[

r21 + r22 + 2r1r2 cos (2k(b− a))
]

, (11)

wherePL is the laser power on the effective areaS. By tuning the optical path differenceb− a, one
can obtain constructive interference (2k(b− a) ≡ 2π)

PB,max = PLr
2
st

2
s(r1 + r2)

2,

if both rs andts are near1/
√

2 and if r1, r2 are near unity, we see that the outgoing power is near
the incoming one, and the tuning corresponds to the so calledbright fringe. We obtain destructive
interference with (2k(b− a) ≡ π)

PB,min = PLr
2
st

2
s(r1 − r2)

2,
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which can be made extremely small with mirrors as similar as possible, knowing that perfectly
identical mirrors are beyond the possibilities of present technology. The ratio

PB,max/PB,min =

(

r1 + r2
r1 − r2

)2

is called contrast.

4.1.2 Continuous detection

Such a device may be used to detect small motions of one of the two mirrors. Assume for instance a
time variation of lengtha

a = a0 + x(t).

The interferometric setup was necessary sincex≪ λ. We can linearize (11) and write

PB = PDC + Px(t),

where
PDC = PL r

2
st

2
s

(

r21 + r22 + 2r1r2 cosφ
)

,

φ ≡ 2k(b− a0) is the static tuning of the interferometer, and

Px(t) = 4PL r
2
st

2
sr1r2 sinφkx(t).

The outgoing power thus has a component proportional to the motion to be detected. The first funda-
mental limit in the detection process comes from the fact that even in the absence of motion (x = 0),
the detector will nevertheless deliver a fluctuating power due to the quantum nature of the detection
process. It can be shown that the power fluctuations (“quantum noise” or “shot noise”) are char-
acterized, at low frequencies compared with the bandwidth of the detector, by a (one sided) power
spectral density (PSD)

SP = 2PhPν, (12)

whereP is the constant nominal power falling on the detector,hP the Planck constant andν the light
frequency. The DC component of the detected power thus has the PSD

SPDC = 2PLhPν(rsts)
2
(

r21 + r22 + 2r1r2 cosφ
)

.

On the other hand, if we denote bySx the PSD ofx seen as a random process, we get the PSD of
the signal

SPx
= 16PL2(rsts)

4(r1r2)
2k2 sin2 φSx.

Strictly speaking, the PSD of the signal should itself involve a shot noise contribution, but we assume
a motionx so small that we neglect its product with any small quantity.The random processx is
therefore uncorrelated with the shot noise, so that the total PSD is simply the sum of the preceding.
A signal can be detected at the output if its spectral densityis larger than the shot noise PSD. We can
form the signal to noise ratio (SNR) as

SNR =
SPx

SPDC

=
8PL (rstsr1r2)

2k2Sx sin2 φ

hPν (r21 + r22 + 2r1r2 cosφ)
.

We obviously want to optimize the SNR by choosing the best tunedφ. We easily find that the best
tuning, giving the maximum SNR, satisfies

cosφopt = −r2
r1
. (13)
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(We assumer1 > r2, otherwise just permuter1 andr2 in the next formulas). The optimal value of
SNR is now

SNRopt =
8PL

hPν
(rstsr2)

2 k2 Sx.

Consideringk2Sx as a small quantity, we can now make the approximationrstsr2 ∼ 1/2, without
changing the order of magnitude of the result

SNRopt =
2PL

hPν
k2 Sx. (14)

By definition, the spectral sensitivity of the device is the root PSD of the signal giving a SNR of
unity

S1/2
x =

λ

2π

√

hPν

2PL
. (15)

If now we turn to the detection of a GW of amplitudeh, we may imagine that we had a displacement
hL/2 on one arm and−hL/2 on the other one, causing a total differential displacementof x = hL
(with a0 = b0 = L). In terms of GW amplitude, the sensitivity is therefore

S
1/2
h =

λ

2πL

√

hPν

2PL
. (16)

We now put some figures in this simple formula. At the time whenthe LIGO and Virgo projects were
developed, a reasonable value of laser power seemed to be a few tens of W. Let us takePL = 20 W.
On the other hand, an arm length greater than a few km brings, even in desertic countries, issues
related to Earth’s curvature. Let us takeL = 3 km. Going to small wavelengths, as (16) might
suggest, is a bad idea, because the quality of optical components, namely the mirrors, would be
rapidly spoiled, which would be a serious drawback as will beseen in the following. We assume the
wavelengthλ ∼ 1064nm of an Nd: YAG laser. With these figures, we get an order of magnitude for
the ultimate sensitivity of a simple Michelson

S
1/2
h ∼ 4 × 10−21 Hz−1/2.

We see that about two orders of magnitude are missing by having a detector consistent with current
estimations of GW amplitudes of presently known types of sources.

4.2 Resonant Cavities

Resonant cavities have properties allowing very effectiveenhancements of the parametersL and
PL that are very important for the sensitivity. This is why we devote some discussion to a short
presentation of these properties.

4.2.1 Spectral (longitudinal) properties

We first consider a Fabry-Perot cavity as a couple of mirrors having parallel surfaces and separated
by a distanceL (see Fig. 5).

It is now necessary to introduce a convention insuring powerconservation at an interface where
two waves are incoming. Consider the reflecting surface of a mirror. A wave incoming on mirror
Mn, of amplitudeA, is partially reflected with amplitudeAR, and transmitted with amplitudeAT. If
we call respectivelyrn, tn the coefficients of the mirror (real numbers), we have firstly

r2n + t2n = 1 − pn,
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L
M1 M2

A E

B

Fig. 5 Fabry-Perot interferometer.

wherepn accounts for relative power losses (absorption, diffraction by surface roughness,...). For
mirrors used in advanced metrology experiments, the lossesare very small, at the level of a few ppm
(a few10−6). Secondly, the reflected and transmitted waves must have aπ/2 phase difference. We
shall take the convention

AR = irnA, AT = tnA (i ≡
√
−1).

We can now write the equation giving the intracavity amplitudeE in the stationary regime

E = t1A− r1r2e
2ikLE,

so that

S ≡ E/A =
t1

1 + r1r2e2ikL
.

We see thatS is a periodic function of the phaseφ = 2kL. The period in terms of frequency with
the length being kept constant is

∆ν = c/2L,

and is called the Free Spectral Range (FSR). The period in terms of length with the frequency being
kept constant is∆L = λ/2, which changes the total optical path by one wavelength after reflection.
Resonance obviously occurs whenφ ≡ π, giving

S2
max =

t21
(1 − r1r2)2

. (17)

If we consider an excursionδν of the frequency with respect to a resonanceν0, we have a corre-
sponding phase shift of

δφ =
4πLδν

c
= 2π

δν

∆ν
,

so that

|S|2 =
t21

1 + r21r
2
2 cos 2δφ

=
t21

(1 − r1r2)2 + r1r2 sin2 δφ
,

or

|S|2 = S2
max

1

1 +
[ √

r1r2

1−r1r2
sin
(

2πδν
∆ν

)

]2 .

If further we assume a frequency excursion to be small compared to the FSR, we get

|S|2 = S2
max

1

1 + [2Fδν/∆ν]2
,
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where we have used the definition of the finesse

F ≡ π
√
r1r2

1 − r1r2
. (18)

It is clear that for reflectivitiesr1, r2 near unity, the finesse is a large number. The full width at half
maximum of the resonance peak, or linewidth, is consequently

δνFWHM =
∆ν

F .

One easily sees from (18) that it is possible, inversely, to expressr1r2 in terms of the finesseF

r1r2 = 1 − π

F + O(F−2). (19)

We now specialize the model to a cavity used as a reflector, i.e. we assume a maximum reflectivity
of M2 and zero transmission

r22 = 1 − p2.

M1 has some reflectivityr1 near unity, so that

t21 = 1 − p1 − r21 ,

and we can rewrite (17) as

r22S
2
max =

(1 − p1)(1 − p2) − r21r
2
2

(1 − r1r2)2

by writing (1−p1)(1−p2) ∼ 1−p1−p2 = 1−p, where we introduce the total lossesp = p1 +p2,
and by substituting the approximate expression (19) found for r1r2, we get, assuming a finesse much
larger than unity

S2
max ≃ 2F

π
(1 − σ/2),

whereσ ≡ pF/π is the so called coupling coefficient. For moderate finesse cavities,σ is still small
and the last result is practically

S2
max ≃ 2F

π
≡ N. (20)

In the same approximation, the minimum ofS is

S2
min ≃ π

2F = 1/N. (21)

The reflected waveB is given by

B = ir1A+ it1r2e
iφE,

giving the reflectance of the cavity

R ≡ B/iA =
r1 + (1 − p1)r2e

iφ

1 + r1r2eiφ
. (22)

Still with the same level of approximation, we have

R = − 1 − σ + 2ix

1 − 2ix
, (23)
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wherex is the reduced frequency detuning, i.e.x ≡ (ν − ν0)/δνFWHM. We immediately see that
the power reflectance exhibits an absorption peak at resonance

|R|2 = 1 − σ(2 − σ)

1 + 4x2
, (24)

and for smallσ, the defect in reflectivity, or cavity loss, is

pcavity = 2σ = Np. (25)

In other words, at resonance, the global cavity losses areN times the internal lossesp. For the phase
reflectance we get

Φ(x) = ArgR = π + arctan
2x

1 − σ
+ arctan 2x. (26)

The slope near resonance of the phase for smallσ is thus
[

dΦ

dx

]

x=0

= 4.

For a small frequency detuningδν with the cavity length being kept constant, we have

dx =
2FL
λ

δν

ν0
,

and consequently

dΦ =
8FL
λ

δν

ν0
.

For a small variation of the cavity length, with the frequency being kept constant, simply replace
Lδν by ν0δL giving

[dΦ]cav =
8FL
λ

δL.

If no M1 mirror were present, the phase shift due to a single round trip would be

[dΦ]1 roundtrip = 2k δL =
4π

λ
δL.

The gain in phase shift provided by the cavity is thus

[dΦ]cav
[dΦ]1 roundtrip

=
2F
π

= N.

The constantN precedently introduced can thus be interpreted as an effective number of round trips
in the cavity.

4.3 Modal (Transverse) Properties

Practically, storage of coherent optical power in a cavity is achieved through spherical mirrors. Let
us briefly recall the fundamentals. The Maxwell equations ina vacuum lead to a wave equation for
the electric field, then assuming a monochromatic wave of frequencyν = ω/2π, for the Helmholtz
equation

[

∆ + k2
]

E = 0,
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wherek ≡ ω/c and E is any component of the electric field. Assuming a preferred propagation
direction (namely thez axis), and considering the solution as a plane wave (carrier) spatially modu-
lated by a slowly varying envelope, we can write

E(x, y, z) = eikz E(x, y, z),

where the fast varying part of the field has been extracted in the exponential term. The remaining
envelopeE is such that in the secondz derivative

∂2
zE = eikz

[

∂2
zE + 2ik∂zE − k2E

]

,

the second order derivative can be neglected with respect tok times the first derivative. The result is
the paraxial diffraction equation

[

∂2
x + ∂2

y + 2ik∂z

]

E(x, y, z) = 0. (27)

It is classically shown that the equation admits families oforthogonal gaussian modes. The two most
popular families are the Hermite-Gauss (HG) and the Laguerre-Gauss modes (LG). The normalized
HG modes are defined by

HGmn(x, y, z) =

√

2

πw(z)2 2m+nm!n!
Hm

(√
2

x

w(z)

)

Hn

(√
2

y

w(z)

)

× exp

[

− r2

w(z)2
+ ik

r2

2R(z)
− i(m+ n+ 1) arctan

z

b
+ ikz

]

, (28)

where the functionsHm(X) are the Hermite polynomials. Functionsw(z) andR(z) are respectively
the width parameter of the beam and curvature radius of the equiphase surface. After defining the
constantw(0) = w0 and the Rayleigh parameterb = πw2

0/λ, those functions are given by

w(z) = w0

√

1 + (z/b)2 , (29)

R(z) = z + b2/z . (30)

This is a model of the laser beam, diffracting with a width almost constant over a range shorter than
the Rayleigh parameter, then linearly widening at infinity.The diffraction angle is

θ = w0/b = λ/πw0,

and a smaller initial width (waist) causes larger diffraction angles. The curvature radius is infinite at
z = 0 (flat wavefront), a minimum (2b) at the Rayleigh distanceb and near a sphere of radiusz at
infinity (i.e. z ≫ b). The normalized LG family is defined in polar coordinates by

LGmn(r, φ) =

√

2 m!

πw(z)2 (m+ n)!

(√
2

r

w(z)

)n

L(n)
m

(

2
r2

w(z)2

)

exp(inφ)

× exp

[

− r2

w(z)2
+ ik

r2

2R(z)
− i(2m+ n+ 1) arctan

z

b
+ ikz

]

, (31)

where theL(n)
m (X) are the generalized Laguerre polynomials. The setHGmn (respLGmn) is an

orthonormal and closed family.
The common feature of all these modes is their spherical wavefront. It is thus possible to match

a spherical mirror to a given beam for reflecting it on itself.Conversely, with the length of the cavity
being fixed and the curvature radius of the two mirrors being given, a resonant mode matching the
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cavity may exist. Assume for instance a lengthL, a flat input mirror and an end mirror of curvature
radiusR. A mode matching the cavity must have a waist (z = 0) located on the input mirror; its
curvature radius atz = L is

R(L) = L+ b2/L = R.

Solving forb yields
b =

√

L(R− L),

showing that solutions exist forR > L. The widthw0 on the input mirror is

w0 =
√

λb/π =

√

λ

π

√

L(R− L),

whereas the width on the end mirror is

wL =

√

√

√

√

λR

π

√

1

R/L− 1
.

For the fundamental modeTEM00(r) = HG00(r) = LG00(r), the relative light power outside a
circle of radiusa is given by

P (r > a, z) = exp(−2a2/w(z)2).

If ǫ is the maximum allowed power falling outside a circular mirror, its diameter2a must be such
that

a > w(z)
√

ln
(

1/
√
ǫ
)

.

For ǫ = 10−7 (i.e. 0.1 ppm) this isa/w ∼ 2.84 so that in order to store a mode of widthw = 2 cm
with negligible losses, a mirror of diameter 11.4 cm would besufficient. In practice, mirrors used in
GW interferometric detectors are much larger for other reasons (35 cm for Virgo).

4.4 Interferometry in a GW Background

A passing gravitational wave interacts with light, as seen above. Let us see in details how this is
translated by the interferometer. Our light ray is in fact a monochromatic plane wave of frequency
ν = ω/2π. CallB(t) the (complex) amplitude at the end of the round trip, andA(t) its value at the
beginning. We have

B(t) = A(tr).

If we note
A(t) = Ae−iωt,

we get

B(t) = Ae−iωtr = Ae−iω(t−2L/c) exp

[

ih
ωL

c
sinc(ΩL/c) cos (Ω(t− L/c))

]

.

Since we are always at first order inh, we write

B(t) = Ae−iωte2iωL/c+

i
2hA

ωL
c sinc(ΩL/c) e2iωL/ceiΩL/ce−i(ω+Ω)t +

i
2hA

ωL
c sinc(ΩL/c) e2iωL/ce−iΩL/ce−i(ω−Ω)t.
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It clearly appears that the action of the GW was to create two sidebands of very low amplitude, of
frequenciesν±νg from one single frequencyν. Now let us see what happens if the incoming optical
wave is already modulated and exhibits two sidebands. This is necessary because in interferometers,
light undergoes the action of the GW several times in order toenhance signal production. Let the
incoming amplitude be of the form

A(t) =

(

A0 +
1

2
hA1e

−iΩt +
1

2
hA2e

iΩt

)

e−iωt.

The scaling factor ish because we assume the GW to be the only cause of generation of sidebands
in the whole (arbitrary) optical system. We have then

B(t) = A(tr) =

[

A0 +
1

2
hA1e

−iΩte2iη +
1

2
hA2e

iΩte−2iη

]

× e−iωte2iξe−iǫhξsinc(η) cos(Ωt−η) .

For shortening the formula, we have used the abbreviationsξ ≡ ωL/c andη ≡ ΩL/c. After a first
order expansion of the exponential, we get

B(t) =

(

B0 +
1

2
hB1e

−iΩt +
1

2
hB2e

iΩt

)

e−iωt,

with the following notation:

B0 = e2iξA0,

B1 = e2i(ξ+η)A1 − iǫξsinc(η)ei(2ξ+η)A0,

B2 = e2i(ξ−η)A2 − iǫξsinc(η)ei(2ξ−η)A0.

We see that if we define “generalized amplitudes” as rank three vectors having the carrier amplitude,
with the upper sideband and the lower sideband respectivelyas coordinates, by setting

A = (A0, A1, A2),

and
B = (B0, B1, B2),

the amplitude after a round trip that we have previously computed may be written in the form

B = XA,
whereX is the linear round trip operator defined as

X =





e2iξ 0 0
−iǫξsinc(η)ei(2ξ+η) e2i(ξ+η) 0
−iǫξsinc(η)ei(2ξ−η) 0 e2i(ξ−η)



 . (32)

It is easy to check that the set of all operators having the form

O =





O00 0 0
O10 O11 0
O20 0 O22



 ,

is stable for any algebraic operation, and may even be given the structure of a noncommutative
field which means that it can be viewed as a set of ordinary numbers, except that the product is
generally not commutative. We call itS for brevity. The basic algebraic operations are defined by
(a, b = 0, 1, 2; i, j = 1, 2)
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– The sum
(A + B)ab = Aab + Bab.

– The product by a complex number

(z · A)ab = z (A)ab .

– The product
(AB)aa = AaaBaa,

(AB)i0 = Ai0B00 + AiiBi0.

– The inverse

(A−1)aa =
1

Aaa
,

(A−1)i0 = − Ai0

A00 Aii
.

An S operator may be associated with any optical element of a complex optical system. The
diagonal termsOaa represent action of that element on the carrier and the sidebands. Often (for
mirrors and lenses) there is no frequency dependence because the gravitational perturbation causes
a negligible frequency shift, well inside the tolerances ofthe mirror coatings, and in this case, the
corresponding operator is simply a scalar. In fact, the onlynon-diagonal operators are those corre-
sponding to propagation of light in a vacuum over long distances. The result is that, after someS
algebra, the whole optical system has an associatedS operator describing its behavior. This approach
was first proposed by Vinet et al. (1988).

5 SIGNAL TO NOISE RATIO

We can start with a pure monochromatic wave

Ain = (A, 0 , 0).

S is the system’sS operator, and we know that the output wave is given by

Aout = A

[

S00 +
h

2
S10 e−iΩt +

h

2
S20 eiΩt

]

e−iωt.

The corresponding detectable power is, up to a normalization factor, and callingPin the incoming
power:

P (t) = Aout Aout

= Pin

[

|S00|2 +
h

2

(

S10S00 + S20S00

)

e−iΩt +
h

2

(

S20S00 + S10S00

)

eiΩt

]

.

The signal amplitude at frequencyνg is thus

S(νg) = |S10S00 + S20S00|.

The DC component of the output is proportional to|S00|2, so that our main concern, the SNR, is
proportional to

SNR(νg) ∝ |S10 e−iϕ00 + S20 eiϕ00 |,
whereϕab is the argument ofSab. We have as well, with the correct normalization

SNR(νg) =

√

Pin

2hPν
||S10| + |S20| ei(ϕ10+ϕ20−2ϕ00)|h(νg). (33)
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Inversely, the spectral densityhSN(νg), equivalent to the quantum noise, is obtained by taking a
unitary SNR

hSN(νg) =

√

2hPν

Pin

|S00|
|S10S00 + S20S00|

.

We see that evaluation of the SNR of any optical GW detector eventually reduces to calculation of
theSi0 of the whole system.

5.1 Recycling Interferometers

5.1.1 Cavities

The first element we need, before addressing more complex structures, is theS operator associated
with the Fabry-Perot (FP) cavity. We take the same notationsas in Figure 5. The intracavity (vector)
amplitudeB obeys

B = t1Ain − r1r2X B,
whereX is the round trip operator just defined above (Eq. (32)). We have thus

B = [1 + r1r2X]
−1

t1 Ain.

The reflected amplitude is
Aref = i r1 Ain + i t1r2 X B

= i [r1 + (1 − p1)r2 X] [1 + r1r2X]
−1 Ain,

so that the reflectance of the cavity is the operator

F = [r1 + (1 − p1)r2 X] [1 + r1r2X]
−1
. (34)

It is possible to compute the components ofF

F =





F 0 0
G+ F+ 0
G− 0 F−



 .

F is the ordinary reflectance of the FP for the carrier, andF± the ordinary reflectance of the FP for
the upper and lower sidebands respectively. For the sake of simplicity, we again use the notation

ξ = kL,
η = ΩL/c,

(recall thatΩ/2π is the GW frequency). We then have, after direct evaluation of F according to
Equation (34)

F =
r1 + (1 − p1)r2e

2iξ

1 + r1r2e2iξ
,

F± =
r1 + (1 − p1)r2e

2i(ξ±η)

1 + r1r2e2i(ξ±η)
, (35)

G± = −iǫ t21r2ξsinc(η)ei(2ξ±η)

(1 + r1r2e2iξ)
(

1 + r1r2e2i(ξ±η)
) . (36)

In the coupling rate (σ) formalism, this can be approximated by

F = −1 − σ + 2i∆f

1 − 2i∆f
, (37)
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F± = −1 − σ + 2i(∆f ± fg)

1 − 2i(∆f ± fg)
, (38)

G± = iǫ
2FL
λ

2 − σ

(1 − 2i∆f) [1 − 2i(∆f ± fg)]
, (39)

where∆f = δν/δνFWHM is the reduced detuning of the light source from resonance, and fg =
νg/δνFWHM is the reduced gravitational frequency. When we vary the detuning, we see that the
modulus ofG+ has a resonance for∆f = 0 (resonance of the carrier) and a second resonance when
the upper sideband becomes resonant,∆f = −fg. The modulus ofG− also has a resonance for
∆f = 0 and for∆f = fg, when the lower sideband becomes resonant (see Fig. 6). A symmetrical
figure can be obtained with|G+|.
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Fig. 6 Efficiency of lower sideband generation vs. detuning of the source for three reduced GW
frequencies. Solid line:fg = 0, short dashed line:fg = 1, long dashed line:fg = 2.

5.1.2 Michelson geometry

We take the classical Michelson geometry, but replace the end mirrors by two identical Fabry-Perot
cavities,F1 andF2. Note that even when optically identical, the effect of a GW on them will be
different, and consequently we must denote the corresponding operators by different notations (see
Fig. 7). We neglect, in this first approach, small phases of order2πνga/c.

The transmitted amplitude is

Atrans = −rsts
(

e2ikaF 1 + e2ikbF 2

)

Ain,

whereas the reflected amplitude is

Aref = i
(

t2se
2ikaF 1 − r2se2ikbF 2

)

Ain.

Note that we neglect phases of the order of2πνga/c. The expressions ofF 1 andF 2 for perfectly
identical but orthogonal cavities, lying respectively along thex andy directions, are

F 1 =





F 0 0
G+ F+ 0
G− 0 F−



 , F 2 =





F 0 0
−G+ F+ 0
−G− 0 F−



 .
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Fig. 7 Geometry of a Michelson Interferometer with FP cavities.

The opposite signs of the off-diagonal elements reflect the signature of a + polarized gravitational
wave having thex, y axes as polarization directions. We can define a transmittance and a reflectance
S operator in an obvious way, by

Atrans = T Mic Ain,

Aref = iRMic Ain.

The elements of these operators are as follows, assuming a perfectly symmetrical splitter (rs = ts =√
1 − ps/2), for the transmittance

TMic,00 = −(1 − ps)e
ik(a+b) cos[k(a− b)]F,

TMic,11 = −(1 − ps)e
ik(a+b) cos[k(a− b)]F+,

TMic,22 = −(1 − ps)e
ik(a+b) cos[k(a− b)]F−,

TMic10 = −i(1 − ps)e
ik(a+b) sin[k(a− b)]G+,

TMic20 = −i(1 − ps)e
ik(a+b) sin[k(a− b)]G−,

and for the reflectance

RMic,00 = i(1 − ps)e
ik(a+b) sin[k(a− b)]F,

RMic,11 = i(1 − ps)e
ik(a+b) sin[k(a− b)]F+,

RMic,22 = i(1 − ps)e
ik(a+b) sin[k(a− b)]F−,

RMic,10 = (1 − ps)e
ik(a+b) cos[k(a− b)]G+,

RMic,20 = (1 − ps)e
ik(a+b) cos[k(a− b)]G−.

It is evident that when the interferometer is tuned at a dark fringe for the carrier, the sidebands are
transmitted, and conversely. The SNR takes the form

SNR(νg) ∝ (1 − ps) sin[k(a− b)]

∣

∣

∣

∣

G+
F

|F | −G−
F

|F |

∣

∣

∣

∣

. (40)
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If we assume the carrier is at a dark fringe, we get

T Mic = (1 − ps)e
ik(a+b)





0 0 0
−iG+ 0 0
−iG− 0 0



 , RMic = (1 − ps)e
ik(a+b)





iF 0 0
0 iF+ 0
0 0 iF−



 .

This allows us to study the SNR of a simple Michelson interferometer having FP cavities as arms.
We have in the coupling rate formalism, neglectingps at this level

SNR(fg) ∝ 4FL
λ

2 − σ
√

1 + 4∆f2

1

2

∣

∣

∣

∣

∣

eiΨ+

√

1 + 4(∆f + fg)2
+

e−iΨ
−

√

1 + 4(∆f − fg)2

∣

∣

∣

∣

∣

,

where

Ψ+ = tan−1 (2(∆f + fg)) − tan−1

(

2∆f

1 − σ

)

,

Ψ− = tan−1 (2(∆f − fg)) − tan−1

(

2∆f

1 − σ

)

.

After some algebra, we find the following result

SNR(fg) ∝
8(1 − σ/2)FL

λ

×
[

(1 − σ + 4∆f)2 + 4(1 − σ)2f2
g

(1 + 4∆f)2 ((1 − σ)2 + 4∆f)2)
(

1 + 8(∆f2 + f2
g ) + 16(∆f2 − f2

g )2
)

]1/2

, (41)

if the cavities are at resonance (∆f = 0), we have simply

SNR(fg) =
8FL
λ

1 − σ/2
√

1 + 4f2
g

√

PL

2hP ν
h(fg).

We plot hereafter the spectral density of equivalent h for various values ofF for a 20W light source
atλ = 1.064µm (see Fig. 8). The sensitivity at low frequency is a function of F . The optimum value
of F theoretically occurs forσ = 1, i.e. for the optimal coupling of the cavities. This corresponds to
F = π/p. Forp = 3 × 10−5, this corresponds to a finesse of105.

On the other hand, whenσ = 1, the surtension coefficient isS = 1/p, and this means here a
surtension of≃ 3 × 104. For a 10 W laser source, this is 0.3 MW of stored light power. However,
let us keep in mind that the improvement due to increasing thefinesse only occurs at low frequency.
However, at low frequency, the limitation of the sensitivity is due to thermal noise, and it is worthless
to try higher finesses as long as a means of reducing thermal noise has not been found. A better idea
is to increase the laser power, because the whole curve is then globally lowered. However, 20W
was available during the R&D phase, and the maximum presently reasonable for a CW monomode,
stabilized laser. For gaining one order of magnitude in SNR,we would have had to lock an array
of 100 such lasers in phase, which seemed hardly feasible. The same result can be achieved with a
much more elegant and convenient solution, as explained hereafter. Let us remark that for givenνg,
the SNR is of the form

SNR =
8πL

λ

1

p

σ(1 − σ/2)
√

1 + q2σ2

√

PL

2hPν
h(νg),
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Fig. 8 Spectral density ofh equivalent to shot noise.

with q ≡ 2πνg/p∆νFSR and consequently is a maximum for a finite value ofσ. The parameterq is
very high even forνg = 10 Hz, and a good approximation of the optimal coupling rate is

σopt =

(

2

q2

)1/3

=

(

p∆νFSR√
2πνg

)2/3

.

The optimal finesse is therefore

Fopt(νg) =

(

π

p

)1/3(
∆νFSR

νg

)2/3

.

For instance, withp = 3 × 10−5, ∆νFSR = 50 kHz, this gives

Fopt(νg) = 13782×
(

10Hz

νg

)2/3

.

However, the maximum is very flat, and it is not necessary to require the true optimum. A value of
σ such thatqσ = 2 is quite sufficient, with the SNR differing from its true optimum by only 10%.
This corresponds to

Fopt(νg) =
∆νFSR

νg
.

The pseudo-optimal finesse forνg = 1 kHz is for instanceF = 50. The pseudo-optimal finesse

depends on a reference frequencyν(0)
g which is an equivalent parameter, with the length of the

cavities being fixed. In terms of this reference frequency, we have

SNR(νg) =
4

νopt

ν
(0)
g

√

1 +

(

2
νg

ν
(0)
g

)2

√

PL

2hPν
h(νg),

whereνopt is the optical frequency. This formula is valid except for too small values ofν(0)
g . For the

interval [10 Hz, 10 kHz], it is valid. We see the huge scale factor provided by the cavities. When the
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two cavities have a common detuning, the SNR is reduced, as can be read directly in Equation (41).
But a resonance occurs when the upper sideband created by theGW becomes resonant (forfg =
∆f ). At this frequency, the loss due to the frequency offset of the carrier is somewhat compensated
by the resonance (see Fig. 9).

One important point is that, working out of resonance, the reflectances of the cavities are much
higher than in the tuned case. This regime of operation, of nobenefit in the simple Michelson con-
figuration, becomes interesting when recycling is applied,as will be shown later.

It is clear from conservation laws in general, and namely from the previous section, that when
tuned at a dark fringe, the transmittance of the Michelson interferometer is a minimum, while its
reflectance is a maximum. It has been proposed a long time ago by R. Drever to build a cavity with
one extra mirror (the recycling mirror) and the Michelson interferometer as a second mirror (see
Fig. 10 for notation). By controlling the resonance of thisrecycling cavity, the surtension coefficient
enhances the power reaching the splitter, and the SNR is increased.
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Fig. 9 Michelson Interferometer with detuned cavities (F = 100).
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Fig. 10 Recycled Michelson Interferometer with FP cavities.
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The S operator corresponding to this configuration is easily obtained by copying the simple
Fabry-Perot operators. The Michelson operators for reflection and transmission are respectively
RMic and T Mic, and l is the length of the recycling cavity, so we have for the reflectance and
transmittance of the complete interferometer

RItf =
[

rr + (1 − pr)e
2iklRMic

] [

1 + e2iklrrRMic

]−1
, (42)

T Itf = eikltrT Mic

[

1 + e2iklrrRMic

]−1
. (43)

We are especially interested in theTItf 10,20 components, giving the SNR. Using the preceding re-
sults about the Michelson operators, after some algebra, weobtain (δ ≡ k(a− b))

TItf 10,20 = −i tr(1 − ps)e
ik(l+a+b) G±

[

sin δ + i rr(1 − ps)e
ik(2l+a+b) F±

]

DD±
,

TItf 00 = − tr(1 − ps)e
ik(l+a+b) cos δ F

D
,

with the following definition (a = −1, 0, 1):

Da = 1 + i rr(1 − ps)e
ik(2l+a+b) sin δ Fa.

It is always possible to tune the path difference between thetwo arms at a dark fringe(δ ≡
π/2[mod2π]), and the lengthl of the recycling cavity in order to obtain resonance, i.e.

D = 1 − rr(1 − ps) |F |,

whereF refers to the (assumed common) reflectance of the cavities. At this point, the SNR is simply
the SNR of a Michelson interferometer, multiplied by the surtension factor

SNR(fg) = SNRMic(fg) ×
tr

1 − rr(1 − ps) |F |
. (44)

In the so calledstandard recycling scheme, we assume the FP cavities are at resonance (∆f = 0).
The SNR takes on the simple form

SNR =
4FL

λ (2 − σ)
√

1 + 4f2
g

tr(1 − ps)

1 − rr(1 − ps)|1 − σ|

√

PL

2hP ν
h(νg),

where we directly see how increasing the coupling factor increases the Michelson SNR, but de-
creases the recycling factor. Anyway, we are free to choose the best recycling reflectancerr, i.e. that
maximizes the recycling surtension factor. This happens when

rropt = (1 − pr)(1 − ps)|1 − σ|,

giving

Sropt = (1 − ps)

√

1 − pr

1 − (1 − pr)(1 − ps)2(1 − σ)2
4FL

λ (2 − σ)
√

1 + 4f2
g

√

PL

2hPν
h(νg).

The mirror losses will be taken to be very small (on the order of 10 ppm), and we have seen that the
coupling rate in a simple Michelson interferometer must be relatively small. It will be even smaller
here, because the recycling factor would be destroyed by a large cavity absorption. It is therefore not
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unrealistic to consider that the total losses are dominatedby the cavity resonant absorptions, which
are, however, small (pr + 2ps ≪ 2σ ≪ 1). The optimal SNR is then

SNR(νg) =
4πL√

2λ

1

p

σ1/2(2 − σ)
√

1 +
(

2π
νg

p ∆νFSR
σ
)2

√

PL

2hP ν
h(νg).

When searching for the optimal value ofσ, we get the following equation, withq = 2πνg/p∆νFSR:

1

2
q2σ3 + q2σ2 +

3

2
σ2 − 1 = 0.

To avoid an exact but useless and cumbersome resolution of this equation, we would rather solve it
in q

q2 =
1 − 3σ2/2

σ2(1 + σ/2)
.

Now we remark that, even for low GW frequencies (10 Hz),q2 is very large. Consequently,σ must
be very small, and we can take the approximation

σopt =
1

q
,

or, in terms of finesse,

Fopt =
∆νFSR

2ν
(0)
g

,

whereν(0)
g is the GW frequency at which the SNR is optimized. However, the maximum is sharp (see

Fig. 11). Remark that this value is half the pseudo-optimum for the simple Michelson interferometer.
This sharp maximum makes the SNR very sensitive to the GW frequency at which the SNR is

optimized.
With physically significant parameters (frequencies in thedetection range [10 Hz, 10 kHz], and

small losses), the SNR can be approximated by a simple formula. CallpITF the losses encountered
in the recycling mirror and the splitter, i.e. the losses external to the FP’s, then we have

1 − pITF = (1 − pr)(1 − ps)
2 ⇒ pITF ≃ pr + 2ps.
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Fig. 11 SNR vs.σ for three GW frequencies. The small diamonds show the approximate theoreti-
cally derived optima.
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Fig. 12 SNR vs. frequency for four finesses. The small stars point to the GW frequency at which the
SNR was optimized.

The losses internal to the FP’s are stillp = 1 − (1 − p1)r
2
2 . Neglecting non essential small terms

leads to

SNR(νg) =
1

√

pITF + p∆νFSR

πν
(0)
g

2
νopt

ν
(0)
g

√

1 +

(

νg

ν
(0)
g

)2

√

PL

2hPν
h(νg), (45)

the parameterp∆νFSR/2π has the dimension of a frequency, and is on the order of 1 Hz. The first
term represents the gain due to optimal recycling, and the second is the SNR of a simple Michelson.
We can conclude that a power recycled Michelson scheme, having an optimal recycling rate, and an
optimal finesse at a given GW frequency, is not significantly better than that of a simple Michelson
scheme when the frequency is very low. In this subsection andin the next one, we see how the reflec-
tivity of the Fabry-Perot cavities play a central role. The efficiency of recycling crucially depends
on the quality of the reflectivity. This is the reason why at low frequency, a high finesse is needed,
the coupling rate increases, the reflectivity decreases, and the effect of recycling becomes negligible.
This strong requirement of very reflective cavities was the cause of a number of numerical optics
studies that, in turn, motivated Section 3.

The amplitude in the recycling cavity has a peak at the recycling resonance. It is interesting to
evaluate the width of the resonance line when the frequency of the source varies. The surtension
factor reads

Sr =

∣

∣

∣

∣

tr
1 + irr(1 − ps) eik(2l+a+b) sin δF

∣

∣

∣

∣

2

.

In this expression, the dominating phase is obviously givenby the reflectanceF . Since the phase
reflected by cavities already has a sharp slope, we can expectthis slope to be reinforced by the
recycling finesse. We can take for the modulus of the reflectance its value|F | = 1− σ at resonance,
and assumeδ = π/2 andπ/2 + k(2l + a+ b) ≡ π. The only frequency dependent quantity (in this
approximation) is the phaseΦ of the reflectance, given by

Φ ∼ 2 tan−1(2∆f),
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where we have assumed a smallσ. If the frequency excursion is small compared to the cavity
linewidth, then∆f is small, so that we can write

Sr = S(0)
r

∣

∣

∣

∣

1

1 + (4FR∆f/π)2

∣

∣

∣

∣

2

,

whereS(0)
r is the peak height for a given detuning of the dark fringeδ, ∆f is the reduced frequency

excursion, and

FR =
π
√

rr(1 − ps)(1 − σ) sin δ

1 − rr(1 − ps)(1 − σ) sin δ
,

the recycling finesse. This finesse obviously depends on the tuning of the Michelson interferometer.
Detuning reduces the reflectance of the Michelson interferometer, as can be seen in Figure 13.
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Fig. 13 Variable finesse by detuning the dark fringe.

The full width at half maximum of the surtension peak can therefore be estimated by

δνrec =
π

2FR
δνFWHM

(recall thatδνFWHM is the linewidth of the cavity). For standard values, sayps = 2 × 10−5, S(0)
r =

50, and hencerr = 0.962, σ = 6.366 × 10−4, (corresponding to a cavity finesse of 50), we find
FR ∼ 78. For a 3 km long and 50 finesse cavity, the linewidth is 1 kHz, sothat

δνrec ∼ 20 Hz,

which is very near the exact value, numerically obtained, of19.64Hz (in Fig. 14, we show the exact
line shape for such parameters).

It is also clear that a detuning with respect to the dark fringe (δ 6= π/2) not only decreases the
maximum recycling gain, but also increases the recycling linewidth. In Figure 15, the full width at
half maximum of the recycling width is plotted. This helps intuning the interferometer.

5.2 Some Technological Issues

5.2.1 Vacuum

The interferometer must operate in a vacuum in order to avoidindex fluctuations. The pressure level
consistent with the phase noise budget is about10−7 Torr. The entire system is therefore installed



Optical Gravitational Wave Detectors on the Ground and in Space 983

-0.05 -0.04 -0.03 -0.02 -0.01  0.00  0.01  0.02  0.03  0.04  0.05
 0

 10

 20

 30

 40

 50

{@sd=p/2}δ=π/2

{@sd=}δ=1.8

detuning of the laser frequency / linewidth

S
ur

te
ns

io
n 

fa
ct

or

Fig. 14 Linewidth of the recycling cavity / linewidth of the long cavities. A detuning wrt dark fringe
increases the recycling width.
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Fig. 15 Linewidth of the recycling cavity vs. dark fringe detuningδ ≡ 2π(a − b)/λ.

in a vacuum tank involving two long pipes and a series of tanksin the central part, housing the
suspensions of the various mirrors. In the case of Virgo, we thus have a series of eight towers.
For keeping such a low pressure without continuous pumping,it is necessary to have a very low
outgassing rate, and consequently to process the steel of the tubes by heating in such a way that the
trapped hydrogen is extracted. After one initial pumping, the pressure is then practically stable for
months, possibly needing the action of (silent) getter pumps from time to time.

5.2.2 Laser stabilization

Even highly stable lasers have frequency noise. If we callψ(t) the phase of the output light, the
interference of the splitter after reflection by two arms of lengthsa andb has the differential phase

Ψ(t) = ψ(t− 2a/c)− ψ(t− 2b/c) ∼ 2(b− a)

c

∂ψ

∂t
(t) =

∆L

L

4πL

c
δν(t),



984 J.-Y. Vinet

whereL is the mean arm length and∆L the length asymmetry. It is now clear that the phase noise
resulting from the laser frequency fluctuations is proportional to the length asymmetry. For a simple
short Michelson interferometer, it is possible to carefully tune the lengths in order to cancel a possi-
ble asymmetry. For a giant interferometer involving Fabry-Perot cavities, the source of asymmetry is
mainly due to the difficulty of making identical cavities (i.e. mirrors having identical reflectances).
We must take into account some irreducible finesse asymmetry∆F , so that we can replace theL in
the preceding formula by the effective length2FL/π, and the∆L/L by a∆F/F . Turning to linear
spectral densities, this gives

SΨ(f)1/2 =
∆F
F

8FL
c

Sν(f)1/2,

whereSν(f) is the PSD of laser frequency noise. On the other hand, the phase noise due to shot
noise is known to be

SΨ,sn(f)1/2 =

√

2h̄ω

Pspl
,

wherePspl is the light power reaching the splitter. A requirement on the laser stability is obtained
by demanding that the resulting phase noise be less than the shot noise induced phase noise. The
condition is

Sν(f)1/2

ν0
<

λ

8FL
F

∆F

√

2h̄ω

Pspl
(46)

with parameters such thatF = ▽′, L = 3 km,Pspl = 1 kW, andλ = 1µm; this gives

Sν(f)1/2 <
5 × 10−9

∆F/F Hz · Hz−1/2,

so that with a finesse asymmetry, the requirement would be on the order of

Sν(f)1/2 < 5 × 10−7 Hz · Hz−1/2.

Such a demanding stability requirement was satisfied in Virgo by a system of servo loops. A first
pre-stabilization system uses a standard reference short cavity. A second loop involves one of the
two arms of the interferometer as a short term reference.

5.2.3 Seismic isolation

The real motion of the mirrors would obviously compete directly with the effect of a gravitational
wave signal. It is therefore necessary to suppress any transmission of the ground’s permanent motion
(seismic noise) to the mirrors. A measurement of the seismicnoise linear spectral density on the
Virgo site typically gives

Sx(f)1/2 = 10−8

[

10Hz

f

]2

mHz−1/2.

An original isolation system has been conceived for the Virgo antenna. The idea is to use the benefit
of the transfer function of the simple pendulum for motion ofits suspension point. Let us callx(t)
the displacement of the suspension point, andy(t) the resulting displacement of the mirror. We have
the following transfer function:

T (f) ≡ ỹ(f)

x̃(f)
=

1

(f/f0)2 − 1
,
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wheref0 is the resonance frequency of the pendulum. It is therefore clear (and well known) that the
pendulum has a strong filtering effect for frequencies much larger than the resonance. If a resonance
frequency of 0.1 Hz can be achieved, one sees that the attenuation factor is already104 at 10 Hz.
In principle, a chain of such pendulums will combine the elementary transfer functions in a multi-
plicative way, so that a chain ofn pendulums would have roughly a transfer function mainly of the
form

Tn(f) =

[

1

(f/f0)2 − 1

]n

∼ (f0/f)2n for f ≫ f0.

Such a cascade of filters has been achieved for Virgo and is called a “superattenuator.” It consists of
five masses being able to move in the transverse direction by suspension wires and longitudinally
as well due to welding of those wires on blade springs. The chain is itself suspended on an elastic
structure called an “inverse pendulum” (see Fig. 16).

Fig. 16 “Superattenuator” at Virgo (see the site of EGO).

5.2.4 Dielectic mirrors

We have seen that power recycling is an essential point for reaching the target sensitivity. It has been
shown that the recycling rate depends mainly on the reflectance of the long Fabry-Perot cavities
which in turn is given by the coupling coefficientσ ≡ pF/π. For a fixed finesse, the coupling
coefficient is thus determined by the total lossesp in the cavity. Those losses represent the part of the
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Fig. 17 Large coating instrument at the site of the Laboratoire des Milieux Avancés (Nuclear Physics
Institute of Lyon, France).

light power that is either thermalized on the mirrors’ surfaces or coupled into modes different from
the nominal TEM. Implementation of mirrors must therefore satisfy several strong requirements.
Among them

– The surface must match the ideal wavefront. This means that the polishing phase must achieve
a very good geometry. In order to get figures, a simulation program (now known as “DarkF,”
(Brillet et al. 2003)), able to represent diffraction of light and its reflection on imperfect sur-
faces, has been written in the Virgo collaboration, giving arequirement of aboutλ/100 for the
geometrical defects on the central area of the mirrors. Onlya few companies are able to obtain
this result on large silica blanks.

– The input mirrors are crossed by the light beam and the thermalization in the bulk must be
kept as low as possible. This requires a special synthetic silica of the same kind as the one
used for optical fibers. On the other hand, any inhomogeneityin the refractive index results in
a distortion of the emerging wavefront. A special syntheticsilica has been elaborated giving an
attenuation factor of about a few ppm/cm, with a special manufacturing protocol insuring the
required homogeneity.

– The absorption of light on the internal surfaces of the Fabry-Perot cavities is a crucial issue.
Losses smaller than a ppm require dielectric mirrors. If thewavelength of light is fixed (λ ∼
1064 nm for the Nd: YAG laser), the properties of Fabry-Perotcavities at antiresonance can be
exploited. Ignoring losses, a cavity involving mirrors of reflectancesr′ andr′′ tuned at antires-
onance has a global reflectance of

r =
r′ + r′′

1 + r′r′′
.

It is easily seen thatr > max(r′, r′′), so that by building a stack of cavities, it is possible to
reach any reflection coefficient by suitably choosing the number of elementary cavities. On the
other hand, we know that the reflection index from a medium of indexn1 on a medium of index
n2 is

r =
n1 − n2

n1 + n2
.
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The idea is thus to deposit layers of doped silica of thicknessλ/4 with alternating “high” and
“low” indices on the mirror substrate. The elementary reflectance of a single doublet of layers is
typically on the order ofr1 ∼ 0.2. According to the formula, with two doublets, the reflectance
is alreadyr2 ∼ 0.38, r3 ∼ 0.54 with three doublets, and so on. The complete stack giving
the right global reflectance is called the “coating.” Coatings having reflectance defects less than
1 ppm have been achieved.

The way of obtaining such very low absorption rates and high reflectivities is to combine a very
high cleanliness of the coating facility (protecting from contamination of the deposit) with a very
homogeneous deposition process and an accurate control of the thickness of the layers. Mastering
such requirements on large silica substrates was a challenge. A special facility (see Fig. 17) has been
built in Lyon (France) for this purpose3.

5.2.5 Thermal noise

The mirror surfaces are the reference for the optical readout beam. Any spurious displacements of
those surfaces directly compete with the gravitational wave signal. Since the seismic motions are
attenuated by the suspension scheme, an extra source of perturbation remains at room temperature,
due to random motion of matter in the substrate holding the reflecting surface. The substrate may
be regarded as an elastodynamical resonator, and the motionof matter inside may be regarded as a
superposition of eigenmodes of vibration.

There is a general derivation of the spectral density of thermal noise, based on the Fluctuation-
Dissipation Theorem (FD), due to Callen & Welton (1951): foran elementary dynamical system
described by a degree of freedomx and any driving forceF , one can consider the resulting velocity
ṽ = iωx̃, and compute a mechanical impedance asZ = ṽ/F̃ . Then, this is the FD theorem

Sx(f) =
4kBT

ω2
ℜe[Z], (47)

whereT is the temperature,kB the Boltzmann constant andω ≡ 2πf . We can now address the
problem of internal degrees of freedom in the mirrors. Internal elastic waves eventually distort the
reflecting surface, causing a phase noise. We have the information on the surface motion relevant for
the beam. Letuz(t, x, y) be thez component of the displacement vector of matter at the surface of
the mirror. One can show that the equivalent global displacement (generalized coordinatex) is

x(t) =

∫ ∫

uz(t, x, y) I(x, y) dx dy,

whereI(x, y) is the normalized light intensity distribution in theTEM00 mode, assumed to be the
readout beam. In other words, the equivalent global displacement is nothing but the average of the
surface distortion, weighted by the readout beam intensity. We now follow the method proposed by
Levin (1998). LetF (t) be the corresponding driving force. The interaction energyis

E = −F (t)x(t),

or

E =

∫ ∫

uz(t, x, y)F (t)I(x, y) dx dy,

where the displacementu may be thought of as being caused by the pressure distribution F × I. We
now address the case of low frequencies. This case is very relevant, because resonances of mirrors
are at relatively high frequencies (several kHz) and the region where internal thermal noise causes

3 http://lma.in2p3.fr
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disturbances lies long before the first resonance, in the lowfrequency regime. Thus, although some
general knowledge of internal thermal noise is useful, it isnevertheless extremely interesting to
have the low frequency tail. This can be obtained as follows.If we consider a forceF (t) = F eiωt

oscillating at very low frequency, the frequency will be lower than the cut-off for any standing waves.
The pressureF × I will produce an oscillating stationary displacementu of the form

uz(t, x, y) = ei(ωt−φ)u(x, y),

which is equivalent to neglecting inertial forces in the motion of matter. The phaseφ represents a
retardation effect that dissipation may cause. In the Fourier domain, this is

uz(ω, x, y) = (1 − iφ)uz(x, y).

The impedance is

Z(f) = iω
(1 − iφ)

∫ ∫

uz(x, y) I(x, y) dx dy

F
,

so that

ℜe[Z] = ω φ

∫ ∫

uz(x, y)F · I(x, y) dx dy

F 2
,

where the numerator of the fraction appears as the elastic energy stored in the solid stressed by the
pressure distributionF · I. The strain energy is defined in classical elasticity theoryby

W =
1

2

∫ ∫

uz(x, y)p(x, y) dx dy,

wherep(x, y) is the pressure distribution causing the displacementuz(x, y) at the surface where it
is applied. We can thus write for the spectral density of displacement

Sx(f) =
4kBT

πf
φ
W

F 2
.

In fact, W is proportional toF 2, so thatU ≡ W/F 2 is the strain energy for a static pressure
normalized to 1 N. The SD of displacement takes the general (low frequency) form

Sx(f) =
4kBT

πf
φU. (48)

The problem is reduced to the computation ofU . This can be difficult in the general case of an
arbitrary solid, but numerical finite element codes are ableto give more or less accurate estimates. It
is however possible to obtain analytic solutions in the caseof axial symmetry. It has been shown in
Bondu et al. (1998) that if we consider the mirror substrate as a semi-infinite medium (half a space
limited by the reflecting surface), the strain energyU is simply

U =
1 − σ2

2
√
πY w

,

whereY is the Young modulus of the material,σ its Poisson ratio andw the width of the beam
(assuming TEM00). At room temperature, these parameters are for silicaY ∼ 7.3× 1010Nm−2 and
σ ∼ 0.17. If we assume a widthw = 2 cm and a loss angle (inverse of a quality factor)φ ∼ 10−6,
we get a strain energy of

U∞ ≃ 1.89 × 10−10 JN−2,

so that the low frequency tail of the thermal noise PSD is

Sx(f) ≃ 10−38

[

100 Hz

f

]

m2 Hz−1.
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In terms of an equivalent linear density ofh, this is, taking the Virgo size (L = 3 km)

h(f) =
2Sx(f)1/2

L
≃ 6.65 × 10−23 Hz−1/2.

This is the main limitation in sensitivity in the very important region of 100 Hz. Owing to this
strategic context, a more accurate theory has, therefore, been developed for taking into account the
finite size of the mirrors, and making it possible to study theeffect of the aspect ratios on the PSD
of thermal noise. The result is the BHV model (Bondu et al. 1998). In the case where both the
mirrors and the beam are assumed to be axisymmetrical, thereexists a model allowing an accurate
calculation of the strain energy.

Let us summarize the results. The total internal energy is the sum of two contributions

U = U0 + ∆U,

that can be computed separately. Leta be the radius of the mirror andh its thickness. LetJν(x) be
the Bessel functions and{ζk, k > 0} the family of all non-zero solutions ofJ1(ζ) = 0. Let us note
xk ≡ ζkh/a andqk ≡ exp(−2xk). Let Y be the Young modulus of the mirror’s material andσ its
Poisson ratio.

Then we have

U0 =
1 − σ2

πaY

∑

k>0

J2
0 (ζk)p2

k

ζk

1 − q2k + 4qkxk

(1 − qk)2 − 4qkx2
k

. (49)

The dimension ofU is JN−2.
In the preceding expression, the Fourier-Bessel coefficients{pk, k > 0} are determined by the

pressure profile. If we denote this pressure distribution byp(r), we have

pk =
2π

J2
0 (ζk)

∫ a

0

p(r)J0(ζkr/a) r dr. (50)

For the second contribution, we have

∆U =
a2

6πh3Y

[

(

h

a

)4

+ 12σξ

(

h

a

)2

+ 72(1 − σ)ξ2

]

, (51)

with
ξ ≡

∑

k>0

pkJ0(ζk)/ζ2
k .

At this level, the computation amounts to findingpk. The general expression of the Fourier-
Bessel coefficients for any LG mode has been given in Mours et al. (2006)

p
(n)
k,m =

1

J0(ζk)2
exp

[

− ζ2
kw

2

8a2

]

L(0)
m

(

ζ2
kw

2

8a2

)

L
(0)
n+m

(

ζ2
kw

2

8a2

)

.

For example, the Virgo mirrors have radiusa = 17.5 cm and thicknessh = 10 cm. The width of the
input mirror isw = 2 cm. An LG00 mode causes a virtual strain energy of

U ≃ 2.01 × 10−10 JN−2,

slightly worse than the semi-infinite approximationU∞. Now, if we rearrange the cavities for using
LG55 modes of widthw = 3.5 cm, the strain energy becomes

U ≃ 8.64 × 10−12 JN−2,

which leads to a gain of about five in sensitivity. This seems to provide a way of escaping the thermal
noise limitation without cryogenic facilities.
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Fig. 18 Temperature field in a Virgo substrate for 1 W dissipated in the coating. Mode TEM00,
w = 2 cm. (Logarithmic scale). From Vinet (2009).

5.2.6 Spurious thermal effects

If mirror thermal noise is reduced in any way, it becomes useful to increase the light power reaching
the splitter, because it will increase the SNR in the crucialregion around 100 Hz. However, even
very low loss mirrors thermalize a fraction of the light power. If MW of light power are stored in the
long cavities, there will be a source of heat on each mirror surface on the order of 1W. Heating the
mirrors results in two effects.

– Due to the temperature dependence on the refraction index ofthe material (e.g. silica), an in-
dex field develops inside the substrate, reproducing the temperature field generated by the heat
source, which has the profile of the optical beam intensity. The result is what is called a “thermal
lens,” which changes the optical properties of the whole system. See, for instance on Figure 18,
the temperature or refractive index field, inside a substrate (35 cm diameter, 10 cm thick) heated
on its surface by a 1 W heat source.

– The temperature field induces a strain field and a global deformation of the mirror’s surface,
again changing its optical properties. In Figure 19, one cansee the effects of heat deformation
on the same mirror, for three kinds of beams.

Several ideas have been explored for reducing or correctingthese spurious effects. The first
idea is to change the geometry of the readout beam in order to spread the light power over a
wider area: one retrieves the same idea as for the thermal noise (preceding section). Flat pro-
file beams and higher order modes have been proposed. The second idea is to correct the lens-
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LG:p=0,q=0
w=2 cm

Flat
b=9.1 cm

LG:p=5,q=5
w=3.5 cm

Fig. 19 Thermal deformation of a Virgo mirror under three types of readout beams (1 W absorbed
in the coating, and exaggerated by a factor of 2×105). From Vinet (2009).

ing and/or the deformation by heating the cold regions of themirror in order to reduce the tem-
perature gradients. An extensive review of these ideas can be found in Vinet (2009). See also
http://www.icra.it/MG/mg12/talks/gw2 dipaolo.pdf for a description of experimental work.

5.3 Pioneering Small Scale Antennas

Since the first laser interferometer antenna (5 m arm length)was built in the Hughes Lab by R. L.
Forward (Forward 1978) in the sixties, at a time when gravitational wave amplitudes were poorly
estimated, European and American groups have developed prototypes of several tens of meters for
testing new optical ideas. The group of Glasgow University developed ideas around Fabry-Perot
cavities, and a group from Garching (Max Planck Institüt) used multipass cells (Schnier et al. 1997).
A collaboration between the two groups led to the GEO600 project, a Michelson interferometer with
folded arms, of length 600 m, which was built in 1995 (Abbott et al. 2004) near Hannover (Germany).
Simultaneously, a Japanese group (National Astronomical Observatory) constructed TAMA300 (a
300 m arm, power recycled Michelson interferometer)4 in the vicinity of Tokyo. Two years later, a
group from the University of Western Australia began the construction of a first step towards a larger
antenna, namely an 80 m Michelson Interferometer in the vicinity of Perth5. All these instruments
have proved useful for testing various original solutions to pending problems. For instance, mono-
lithic suspension systems, i.e. suspension of silica mirror substrates by silica fibers, have been tested
at Glasgow and have been shown to reduce the internal dissipation and strongly reduce the suspen-
sion thermal noise. Another example is the signal recycling(Meers 1988) scheme, demonstrated at
GEO600, which enables users to optimize the sensitivity curve in a particular frequency region. Both
techniques will be used on a larger scale in more advanced antennas.

4 http://tamago.mtk.nao.ac.jp
5 http://www.gravity.uwa.edu.au/Stageone.html
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5.4 Existing Large Scale Antennas

Two large (kilometric) scale facilities have been built up to now. The American LIGO project6 was
planned at the beginning of the nineties after decades of intensive R&D efforts at MIT and CalTech
under the leadership of Rainer Weiss, Kip Thorne and Ronald Drever and resulted in a consistent
program headed by Rochus Vogt. The construction began in 1994 and was completed in 2002. The
LIGO system is comprised of two sites, one at Hanford (WA) housing two antennas (4 km and
2 km) in the same set of vacuum pipes, and one at Livingston (LA) housing a single antenna (4 km).
The two sites are about 3 000 km apart. The first science runs were performed in 2002. The target
sensitivity has now been attained.

The Virgo antenna (France and Italy) was approved in 1994 andthe construction began in 1996.
The site is located at Cascina near Pisa (Italy) and the size of the antenna is 3 km (see Fig. 20). The
first operation with the complete system took place in 2002. The first science runs are beginning.
The target sensitivity has not yet been reached.

The American and French-Italian instruments are essentially the same, except for the different
seismic isolation systems, which for Virgo is more elaborate (and more difficult to tune).

The result of a recent run of Virgo is shown in Figure 21.

Fig. 20 Aerial view of Virgo (seehttp://wwwcascina.virgo.infn.it/Outreach/FotoSito/).

6 LISA

LISA7is a joint ESA/NASA project scheduled for 2017, aiming to detect gravitational waves of very
low frequency, from 0.1 mHz to 0.1 Hz. This frequency band is especially rich in exciting astrophys-
ical events related to black holes. Monochromatic emissions from the population of galactic white
dwarfs also fall in the same frequency range. The rate of events foreseen with a high signal to noise
ratio is exceptionally high because this frequency range corresponds to the coalescence of massive
black holes, emitting gravitational waves with an amplitude detectable over cosmological distances,

6 http://www.ligo.caltech.edu
7 http://lisa.nasa.gov
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Fig. 21 Current spectral sensitivity of Virgo (courtesy of the Virgo collaboration).

thus involving a huge volume of the universe. The LISA systeminvolves three spacecraft forming an
equilateral triangle in a heliocentric orbit. One side of the triangle is 5 Mkm long. The spacecraft are
linked by laser beams, and the gravitational signal is read on the relative Doppler shift of the in-
coming light compared to the local reference. The various technological challenges were addressed
and reference solutions determined. The technology demonstrator “LISA Pathfinder” is currently
scheduled to be launched in June 2011 in order to test its components and its proposed drag-free
operation.

6.1 Orbits

Maintaining a stable triangular formation of spacecraft over several years is possible due to a prop-
erty of central potentials. It is possible to position the three spacecraft in three weakly eccentric
keplerian orbits, weakly inclined to the ecliptic plane with their major axes rotated by2π/3 relative
to each other, in such a way that the plane defined by the triangle is inclined by 60 degrees from the
ecliptic. The triangle is then static in a co-moving frame, at least to the first order in eccentricity.
Namely, if we denote byL the nominal inter-spacecraft distance (∼ 5 Mkm) andR the radius of the
circular orbit (∼ 150 Mkm), then the ratioα = L/2R is small (∼ 1/60), and the inclination angle
relative to the ecliptic is chosen as

ǫ = arctan

[

α

1 + α/
√

3

]

, (52)

(see Fig. 22).
The eccentricity is given by

e =

√

1 +
2α√

3
+

4α2

3
− 1. (53)

This correlated choice of inclination and eccentricity is necessary for obtaining 60 degrees angles
between the ecliptic and the plane defined by the constellation. This will be explained later. The
three orbits are then defined by the following criteria:
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– The three orbits are identical up to a rotation
– The semimajor axis of the second orbit is shifted 120 degreeswith respect to the first one, and

also the third with respect to the second, etc.
– The eccentric anomalies are shifted in the same order.

For spacecraft #1, one solves for the eccentric anomaliesEi(t)

Ei(t) − e sinEi(t) = Ωt− (i− 1)
2π

3
.

The ordinary Keplerian orbit is then (parameterized by time) of the form






x′′i (t) = R(cosEi − e),

y′′i (t) = R
√

1 − e2 sinEi,
z′′i (t) = 0.

(54)

Then new coordinates are found after a first rotation of angleǫ of (54) in the(x′′, z′′) plane (see
Fig. 22) giving







x′i(t) = R(cosEi − e) cos ǫ,

y′i(t) = R
√

1 − e2 sinEi,
z′i(t) = −R(cosEi − e) sin ǫ.

(55)

Finally, a second rotation of angleθi = (i− 1)2π
3 in the (x′, y′) plane yields the actual coordinates







xi(t) = x′i(t) cos θi − y′i(t) sin θi,
yi(t) = x′i(t) sin θi + y′i(t) cos θi,
zi(t) = x′i(t).

(56)

It is easy to see that at first order ine, the position of spacecraft numbera is

xa(t) = r0(t) + 2eRua(t),
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Fig. 22 Dashed: reference circular orbit.Solid: orbit of one spacecraft.
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wherer0(t) is the motion of the center of mass along the orbit of radiusR (1 AU)

r0(t) =





R cosΦ
R sin Φ

0





with Φ = Φ(t) = 2πt/T (T = 1 yr). Theua are unit vectors given by

u1(t) =
1

4





cos 2Φ − 3
sin 2Φ

−2
√

3 cosΦ



 , (57)

u2(t) =
1

4





cos(2Φ − 2π/3) + 3/2

sin(2Φ − 2π/3) − 3
√

3/2

−2
√

3 cos(Φ − 2π/3)



 , (58)

u3(t) =
1

4





cos(2Φ − 4π/3) + 3/2

sin(2Φ − 4π/3) + 3
√

3/2

−2
√

3 cos(Φ − 4π/3)



 . (59)

One can check that‖ ua(t)−ub(t) ‖=
√

3 (a 6= b), so that the mutual distances of the spacecraft are
indeed2eR

√
3 = L+ O(e2R) as desired. The unit vectors along the arms are

n1(t) =
u2 − u3√

3
,

(and circular permutations) given by

n1(t) =
1

4





sin 2Φ
− cos 2Φ − 3

−2
√

3 sin Φ



 , (60)

n2(t) =
1

4





sin(2Φ − 2π/3) + 3
√

3/2
− cos(2Φ − 2π/3) + 3/2

−2
√

3 sin(Φ − 2π/3)



 , (61)

n3(t) =
1

4





sin(2Φ + 2π/3)− 3
√

3/2
− cos(2Φ + 2π/3) + 3/2

−2
√

3 sin(Φ + 2π/3)



 . (62)

The orbital evolution of LISA over 1 yr is represented in Figure 23.

Fig. 23 Evolution of the LISA triangle over 1 yr.
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6.2 Transfer Function

From Equation (6), it is possible to give the response of the six detectors to a gravitational wave

U1 = − 1

2(1 + w · n2)
[H2(t− µ1) −H2(t− µ3 − L2)] , (63)

V1 =
1

2(1 − w · n3)
[H3(t− µ1) −H3(t− µ2 − L3)] , (64)

and all others are obtained by circular permutations of indices. The notation is

µa ≡ w · xa,

Ha(t) ≡ h+(t) ξ+,a + h×(t) ξ×,a,

whereh+,× are the two polarization components of the gravitational wave. The directional functions
ξ+,×,a are defined by

ξ+,a = (θ · na)2 − (ϕ · na)2,

ξ×,a = 2(θ · na)(ϕ · na) .

The unit vectorsθ andϕ are related to the source direction

θ =
∂w

∂θ
=





cos θ cosϕ
cos θ sinϕ
− sin θ



 ,

ϕ =
1

sin θ

∂w

∂ϕ
=





− sinϕ
cosϕ

0



 .

ThusU1(t) is the signal produced on spacecraft #1 via the beam coming from spacecraft #3, whereas
V1 is the signal produced on spacecraft #1 via the beam coming from spacecraft #2.

6.3 Optical Links

The laser beams joining the spacecraft are passed through a magnifying telescope in order to generate
a beam of widtha, about 20 cm. If the receiving telescope has a comparable collecting area, the ratio
of the power∆P received after a trip ofL = 5 Mkm to the emitter powerP is approximately given
by

δP

P
=
π2a4

λ2L2
∼ 6 × 10−10,

so that with a 1 W emitter, about 600 pW can be received after diffraction.

6.4 TDI

For the sake of simplicity, we consider only one laser per spacecraft (assuming, for instance, that
the two lasers onboard are locked in phase). Fluctuations ofthe frequencies of the three lasers are
obviously in competition with the gravitational wave signal. If we ignore the gravitational wave, the
six data flows depend on the relative frequency excursionsCi(t) ≡ δνi(t)/ν0 (i = 1, 2, 3), (ν0 is
the nominal common frequency). Here, we introduce possibledepartures of the arm lengths from
their nominal valueL due to the small residual periodic distortions or to errors in the positioning
procedure. The armlengths are thusL1 from spacecraft #3 to spacecraft #2 and so on by circular
permutation.
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Namely,
{

U1(t) = C3(t− L2) − C1(t),
V1(t) = C1(t) − C2(t− L3),

(65)

(and circular permutations). It is worth introducing the delay operatorsDi

(Di ∗ f)(t) ≡ f(t− Li) for any function f. (66)

The data (65) become


























U1 = D2C3 − C1,
U2 = D3C1 − C2,
U3 = D1C2 − C3,
V1 = C1 −D3C2,
V2 = C2 −D1C3,
V3 = C3 −D2C1.

(67)

It is now easy to see that some combinations of data exist, giving identically zero in the case of pure
laser noise. For instance, by forming the sumsUa + Va, one obtains a kind of 3-vector having the
algebraic signature of a curl

U + V = D × C ,

so that applying the divergence operator identically yields zero

D · (U + V ) = 0.

In terms of the data flows, this is

3
∑

i=1

DiUi +

3
∑

i=1

DiVi = 0.

This exhibits an example of a combination of delayed data which is insensitive to individual fre-
quency fluctuations. We clearly have to look for all combinations having the same property. These
combinations, as pointed out in Dhurandhar et al. (2002), have the form of a scalar product of a
vector of formal polynomials inDi with the data 6-tupleU = (Ui, Vi). A generic combinationX
with delays is of the form

3
∑

i=1

(piVi + qiUi) = 〈X |U〉,

where the 6-tupleX = (pi, qi) contains the polynomials. The simplest case, as just shown,is

ζ = (p, q) = (D1, D2, D3, D1, D2, D3).

The preceding combinations and other ones were first found byTinto and colleagues (Armstrong
et al. 1999). These are, besidesζ

α = (1, D3, D1D3, 1, D1D2, D2),

with the two circular permutations (of the indices and of theplaces in the sub-3-tuple of the 6-tuple)

β = (D1D2, 1, D1, D3, 1, D2D3),

γ = (D2, D2D3, 1, D1D3, D1, 1).

It is worth noting that in a circular permutation of the indices and of the places in the sub-3-tuples:

α→ β → γ → α, (68)
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whereas
ζ → ζ. (69)

The setP3 of all polynomials in three variables (D1, D2, D3) has the algebraical structure of a
ring.

It can be shown (Dhurandhar et al. 2002) that the set of all noise cancelling combinations has the
structure of a module on the polynomial ring, and thatα, β, γ, ζ build a complete set of generators
of the module. In other words, any noise canceling combination is a combination ofα, β, γ, ζ. For
instance, Tinto & Armstrong (1999) proposed the “Michelson” combinations

X1 = α−D3β −D2γ +D2D3ζ.

X2 andX3 are obtained by circular permutations of the indices and of the generators, according to
Equations (68) and (69).

6.5 Spectral Sensitivity

6.5.1 Noise power spectral density

The realistic situation is slightly more complicated because there are actually six lasers, the optical
benches are not fixed with respect to the reference mass, and the reference mass itself has a small
but finite residual motion due to the capacitive readout system. In the optical detection process, the
weakness of the light power coming from far away induces a non-negligible shot noise. The noisy
part of the data flows must therefore be completed. We denote by a * the part of a spacecraft facing
another spacecraft in the direct sense (see Fig. 24). We denote byV i, V ∗

i the velocities of the optical
benches, and byvi, v∗

i the velocities of the reference masses. The apparent frequency jitter due to
shot noise is denoted byyi, y∗i .

The differential frequency recorded at spacecraft #1 with respect to the light coming from space-
craft #3, therefore, has several components (we follow Tinto et al. 2004):

– A Doppler shift due to the motion of the far optical bench for which we take the retarded value

−n2 · V 3(t− L2).

x

y

n
3

n
1

n
2

1

2

3

1*
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2*
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3

Fig. 24 Notation for the data flows.
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Fig. 25 Inter spacecraft exchanges.
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– A Doppler shift due to the motion of the local optical bench

n2 · V ∗
1(t).

– A Doppler shift due to the fact that the incoming beam is reflected on the test mass before mixing
with the local laser light (hence the factor of 2)

2n2 · v∗
1(t),

(see Fig. 25), so that the dataU1 must be generalized as follows:

U1(t) = C3(t− L2) − C∗
1 (t) − n2 · V 3(t− L2) − n2 · V ∗

1(t) + 2n2 · v∗
1(t) + y∗1 . (70)

In the same way, we have

V1(t) = C1(t) − C∗
2 (t− L3) − n3 · V ∗

2(t− L3) − n3 · V 1(t) + 2n3 · v1(t) + y1. (71)

We must also take into account the noises induced by the internal frequency monitoring aboard
spacecraft #1. A part of the laser #1 light is bounced on the test mass before being sent to part
#1∗ through an optical fiber (see Fig. 26). The received beam undergoes no Doppler shift because
it is transmitted through the extraction optics of the fiber which is linked to the optical bench. The
emitted beam gets a first Doppler shift due to motion of the laser and a second one due to the motion
of the injection optics of the fiber (both linked to the optical bench) (whence a factor of 2). There is
also a Doppler shift due to reflection on the test mass before being sent. The result of the frequency
monitoring in the “left” part of spacecraft #1 is therefore

z1(t) = C1(t) − C∗
1 (t) + 2n2 · (v∗

1(t) − V ∗
1(t)) + σ1. (72)

While in the “right” part, the monitoring gives

z∗1(t) = C∗
1 (t) − C1(t) − 2n3 · (v1(t) − V 1(t)) + σ1. (73)

In the preceding formulas, we have ignored time delays and the shot noise. We have however intro-
duced an extra source of noise due to vibrations of the transmitting fiber (assumed reciprocal) and
denoted it byσ1. Data flows onboard spacecraft #2 and #3 are obtained from (70, 71, 72, 73) by

Optical fiber

photodiode

Laser

proof mass

Fig. 26 Internal exchanges.



1000 J.-Y. Vinet

circularly permuting the indices. In the preceding paragraph, we have found combinations able to
cancel the laser frequency noise (theCi). In fact, the same combinations can suppress the noise com-
ing from the random motions of the optical benches (this is intuitively obvious for it is impossible to
distinguish between the two effects in the emitted light). If we forget the proof masses’ motions, we
can write

U1 = D2(C3 − n2 · V 3) − (C∗
1 + n2 · V ∗

1),

V1 = (C1 − n3 · V 1) −D3(C
∗
2 + n3 · V ∗

2),

and we can form a new data set

Z1 =
z1 − z∗1

2
.

If we define new variables as

C̃1 = C1 − n3 · V 1, C̃
∗
1 = C∗

1 + n2 · V ∗
1,

the preceding equations simply become

U1 = D2C̃3 − C̃∗
1 ,

V1 = C̃1 −D3C̃
∗
2 ,

Z1 = C̃1 − C̃∗
1 ,

so that the algebraic structure is identical to the simple situation of the preceding paragraph. There
therefore exists a module of noise canceling combinations that is an extension of the preceding
discussion. The data flow is now a set of 9-tuplesU = (Ui, Vi, Zi), and the module of “silent”
combinations is generated by the following 9-tuples

α = (1, D3, D1D3, 1, D1D2, D2,−1 −D1D2D3,−(D1D2 +D3),−(D1D3 +D2)). (74)

β = (D1D2, 1, D1, D3, 1, D2D3,−(D1D2 +D3),−1 −D1D2D3,−(D2D3 +D1)). (75)

γ = (D2, D2D3, 1, D1D3, D1, 1,−(D1D3 +D2),−(D2D3 +D1),−1 −D1D2D3). (76)

ζ = (D1, D2, D3, D1, D2, D3,−(D1 +D2D3),−(D2 +D3D1),−(D3 +D1D2)). (77)

If we denote by(pi, qi, ri) the components of a generic generatorg, a silent combination will be
denoted by

〈g|U〉 =

3
∑

i=1

[piVi + qiUi + riZi] .

Once the spurious effects of the lasers and optical benches are canceled, we are left with the residual
noise coming from the spurious motions of the proof masses, and from shot noise. Since these two
kinds of noises are purely local, there is no hope of canceling them by any combination. The pre-
processed data are thus of the form (we ignore possible gravitational signals)

U1 = 2n2 · v∗
1 + y∗1 ,

V1 = 2n3 · v1 + y1,

Z1 = n3 · v1 + n2 · v∗
1 .

If we consider the part coming from the proof masses (acceleration noise), a generic combination
gives

〈g|U〉acc = (2p1 + r1)v1 · n3 + (2p2 + r2)v2 · n1 + (2p3 + r3)v3 · n2+

+(2p1 + r1)v
∗
1 · n2 + (2p2 + r2)v

∗
2 · n3 + (2p3 + r3)v

∗
3 · n1 .
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In the same way, we find for the shot noise contribution

〈g|U〉sn =
∑

(qiy
∗
i + piyi).

After a Fourier transform, the delay operators reduce to phase factors

Di → eiωLi .

We shall treat thevi · nj andv∗
i · nj as

– uncorrelated,
– having identical PSDs.

and the same for theyi andy∗i . We denote bySacc(f) the PSD common to allvi · nj andv∗
i · nj

(acceleration noise), andSsn is the PSD of theyi , y∗i (shot noise for brevity). Then the global noise
PSD is of the form

Sg(f) =
3
∑

i=1

{

|2pi + ri|2 + |2qi + ri|2
}

Sacc(f) +
3
∑

i=1

{

|pi|2 + |qi|2
}

Sbq(f). (78)

To be specific, we detail the computation of the noise PSD of the α generator. In the TDI pre-
processed data, we may assume a regular triangle (L1 = L2 = L3 = L) and we have (the arrows
denote a Fourier transform)

2p1 + r1 = 2 − 1 −D1D2D3 → 1 − e3iωL,
2p2 + r2 = 2D3 −D1D2 −D3 → eiωL − e2iωL,
2p3 + r3 = 2D1D3 −D1D3 −D2 → e2iωL − eiωL,
2q1 + r1 = 2 − 1 −D1D2D3 → 1 − e3iωL,
2q2 + r2 = 2D1D2 −D1D2 −D3 → e2iωL − eiωL,
2q3 + r3 = 2D2 −D1D3 −D2 → eiωL − e2iωL,

so that we have
Sα,acc(f) =

[

8 sin2(3πfL) + 16 sin2(πfL)
]

Sacc(f),

and because thepi, qi of α are simple phase factors,

Sα,sn(f) = 6Ssn(f),

so that the total PSD is

Sα(f) =
[

8 sin2(3πfL) + 16 sin2(πfL)
]

Sacc(f) + 6Ssn(f).

It is currently assumed (Tinto et al. 2004) that the PSDsSacc(f) andSbq(f) obey the very simple
following models:

Sacc(f) = s1

[

1Hz

f

]2

, (79)

with
s1 = 2.5 × 10−48 Hz−1,

and

Sbq(f) = s2

[

f

1Hz

]2

, (80)

with
s2 = 1.8 × 10−37 Hz−1.
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6.5.2 GW signal in Fourier space

It is easy to find the transfer functions for GW signals. For instance, we get from (63)

FU1,+,× = i πfL eiω(L−µ2)/2 sinc[πfL(1 + w · n2)] ξ2,+,×, (81)

FU2,+,× = i πfL eiω(L−µ3)/2 sinc[πfL(1 + w · n3)] ξ3,+,×, (82)

FU3,+,× = i πfL eiω(L−µ1)/2 sinc[πfL(1 + w · n1)] ξ1,+,×. (83)

In the same way, we have

FV1,+,× = − i πfL eiπf(L−µ3) sinc[πfL(1 − w · n3)]ξ3,+,×, (84)

FV2,+,× = − i πfL eiπf(L−µ1)/2 sinc[πfL(1 − w · n1)] ξ1,+,×, (85)

FV3,+,× = − i πfL eiπf(L−µ2)/2 sinc[πfL(1 − w · n2)] ξ2,+,×. (86)

The transfer function for a generic combinationg = (pi, qi, ri) is now

FX,+,× = 〈X |F 〉 =

3
∑

i=1

(p̃i FVi,+,× + q̃i FUi,+,×) , (87)

where thẽpi, q̃i are true polynomials of the unique variableexp(2iπfL). If we consider a gravita-
tional signal, the corresponding data generated byg in the Fourier domain is

g(f) = (p · F V,+ + q · F U,+)h̃+ + (p · F V,× + q · F U,×)h̃× .

In order to get a spectral density, we consider the functionsh+(t) andh×(t) to be stochastic pro-
cesses, and we take the expectation value of the square modulus

Sg,signal(f) = 〈 |g(f) |2〉.
If we take an average of the polarization angles, the crossedtermsh+.h× disappear from the pre-
ceding expression. We may furthermore take the same spectral densitySh for h+ andh×, so that the
averaged spectral density of the signal is

〈Sg,signal(f)〉 =

[

3
∑

i=1

|piFVi,+ + qiFV Ui,+|2 +
3
∑

i=1

|piFVi,× + qiFV Ui,×|2
]

Sh(f).

6.5.3 Signal to noise ratio

The square of the signal to noise ratio of theg combination is

RSBg(f)2 = ρg(f)Sh(f),

with

ρ(f) =

∑3
i=1 |piFVi,+ + qiFV Ui,+|2 +

∑3
i=1 |piFVi,× + qiFV Ui,×|2

Sg(f)
.

In order to give a synthetic estimation, it is usual to first take an average over the direction of the
source(θ, φ)

〈ρg(f)〉 =
1

4π

∫ 2π

0

dφ

∫ π

0

sin θ dθ ρg(θ, φ, f).

It is difficult to analytically treat this average, but the numerical integration is straightforward.
Secondly, we assume an integration time ofT = 1 yr and a signal to noise ratio of 5, which gives
the averaged spectral sensitivity

hg(f) =
5

√

〈ρg(f)〉T
. (88)

Figure 27 shows the spectral sensitivity of the “Michelson interferometer” under these conventions.
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Fig. 27 Spectral sensitivity of two TDI combinations. “Michelson interferometer” (solid curve) and
α (dashed curve).

7 CONCLUSIONS AND PERSPECTIVES

Actual terrestrial instruments have began to operate in practically nominal conditions. We know that
improvements are necessary for reaching a sensitivity level that allows astrophysical studies. These
improvements require efforts on all the subsystems we have discussed above. For instance, fiber
lasers offer an interesting solution for increasing the primary power up to hundreds of watts, and
decreasing the shot noise by possibly one order of magnitude. Thermal problems could be fixed by
changing the modal structure of the laser beam or by active thermal compensation systems. Thermal
noise in the suspensions of mirrors is reduced by using monolithic systems. An R&D research pro-
gram is funded in the U.S.A. around “Advanced LIGO,” and similarly some improvements are being
planned for an “Advanced Virgo.” A large program for a cryogenic 3km interferometer is planned in
Japan8.

The recent recommendation by the National Research Councilof the United States (Astro2010
review) of LISA as the second major mission in Astronomy and Astrophysics will trigger new pro-
posals for the technology, and a large international effortfor organizing the LISA Data Analysis
community at the end of the present decade.
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