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Abstract Major predictions of General Relativity, unforeseen atlibginning of the
preceding century, are now under investigation. The extgtef black holes of any
mass from tens to billions of solar masses is now establjsiratithe physics around
these objects begins to be studied through direct obsensaiin a wide electromag-
netic spectrum from visible light to X-rays. General reldyi, however, provides an
extra medium which carries more information on the regidnstense gravitational
field, namely gravitational waves (GWSs). Due to their exteymwveak coupling to
matter, GWs are precisely generated in those regions obtipazundergoing strong
curvature, which is very exciting for modern astrophysios. the other hand, this
weak coupling makes it difficult for GWs to cause appreciaifiects in human made
instruments. This is why technology of GW detectors tookhsaidong time to reach
a sensitivity level consistent with GW amplitudes predidby theoretical models of
sources. In the present status, apart from resonant sdkdtdes, two large interfer-
ometric antennas (LIGO in the USA and the French-Italiarg®jrare beginning to
produce data, and a joint ESA-NASA space mission, resuftmg a wide effort of
European and American groups, is reaching a crucial apppbase. The aim of the
present review is to give the theoretical bases of GW detgcising light.
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1 BIRTH OF GRAVITATIONAL WAVE ASTRONOMY

Direct detection of gravitational waves by physics instemts is an old dream that began in the
sixties after the pioneering experiments of Weber (1960BgsE experiments soon proved negative,
and realistic estimates of the gravitational wave ampétuoh Earth showed that they were far below
the sensitivity threshold of Weber’s antenna. The momentasinevertheless started and a number
of teams undertook developing more sensitive instrumérdy years later, it appears that these
first experiments have given birth to a new field of researahhiith several areas of expertise come
into close contact, and of which intrinsic interest woulddeeiously weakened without all others.
These areas of expertise are the theory of gravitationjvistéic astrophysics, numerical relativity,
signal processing, and metrology, which all combine in tbklfof Gravitational Wave Astronomy
(GWA). Two important phases in the fifty year old history of @\re the first real concept for a
large scale Michelson laser interferometer by Weiss (187R)IT, then the introduction of resonant
cavities into this scheme by Drever (1983) at Glasgow, ttte@adtech. This was the seed of the
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LIGO project, and further of the Virgo project, led by AlairriBet and Adalberto Giazotto. After

a brief recall of gravitational wave emission and the firgg@nments based on resonant solids, this
review essentially addresses the concept of a ground dete$ed on the Michelson topology and
on properties of resonant (Fabry-Perot) cavities. Dutiregsame four decades, the concept of a space
interferometer was devised and discussed by Peter BenddrAaand later by Ronald Hellings at
NASA. The second part of this review discusses some of the fieaitures of the space mission
LISA which is the outcome of this long development.

2 EMISSION OF GRAVITATIONAL WAVES
2.1 Theory

Gravitational waves (GW) are a consequence of Einsteinise@¢ Relativity (GR) in the same
way as electromagnetic waves come from Maxwell’s Electnadhyics. In the framework of Special
Relativity, in a system of coordinates', an electromagnetic wave is described (in vacuum) by
the vector fieldA,,(z*) (4-potential) obeying the Maxwell equations. The wave,chipropagates
at velocityc, is transverse and has two polarization components. In BdRgtavitational state of
spacetime is associated with its geometry through the enmnisorg,,,, (%) obeying the Einstein
equations. In the case of a gravitational wave far from itgse, in a freely falling reference system,
one can write

guu(ta iB) = Nuv + h;tu(t7 m)7 (1)
wheren,,, = diag(l,—1,—1,—1) is the Minkowski tensor of the locally flat background space-
time (freely falling frame), and,,,, is a very small dimensionless tensor field representing the G
amplitude. It can be shown thaf,,, can eventually be reduced to only two independent functions
h4, hy defining the polarization state of the wave. Gravitationav@s are emitted by distributions
of matter/energy having a time dependent quadrupole marretiite transverse-traceless gauge, at
the first level of the approximation, only the space comptsare significant and have an expression
analogous to a retarded potential (Tourrenc 1997)

2G'1

hintr) = 720 Bt =/, (r=2a?) @)
where the symbol TT refers to the projection on the trangvetane of the symmetric traceless

quadrupole tensdk(t) defined by the volume integral
Eik(t) = /p(t,cc) {zix-j - %@-k :132:| >z,

wherep is the density of matter. Further levels of approximatiomenaeen thoroughly investigated
(Blanchet et al. 2005), but the preceding “quadrupole fdathgives an order of magnitude estimate.
One immediately notes the extreme weakness of the couptiefficientG/c* which is the cause
of all technological challenges encountered on the way tod@@Wbnomy. Only astrophysical events
involving stars or black holes in a nearly relativistic v&ty regime can cause amplitudes of GWs
larger than10~23 in the neighborhood of the Earth. If we denote/byhe maximum value of the
h,., tensor, existing instruments have been designed for atisétysof abouth ~ 10722+ in
the middle of the bandwidth, (around 500 Hz for terrestmatiuments, 1 mHz for space antennas)
which seemed to be the most feasible at the time when thepnaliy R&D studies ended.

2.2 GW Signals

The sources of gravitational waves may be classified aaegitditheir frequency domain. Roughly
speaking, high frequency waves are emitted by systems luf tigdies whereas very massive sys-
tems radiate at low frequency. There is no lower bound, bEeauprinciple any couple of objects



958 J.-Y. Vinet

orbiting each other radiate at some level (even the Earthrarthe Sun). There is a generally ad-
mitted upper bound fixed by the final frequency of the coalese®f a neutron star binary, each
with 1.4 solar masses, namely at a few kHz. From a technabpa@int of view, the low frequency
range is addressed by the bandwidth of LISA: [0.1 mHz, 0.1 Hadl the high frequency range by
the bandwidth of Virgo/LIGO: [10 Hz, 10 kHz]. There is thusapgn the possible frequencies which
is a target for a possible future space Japanese projectdECIGO. These ranges are in turn
determined by strong constraints. The lower bound of 10 Hzefimestrial instruments results from
the level of seismic motions of the ground impossible toffittet. The lower bound of 0.1 mHz for
space instruments results from the performances of spaeteaometers used for drag-free opera-
tion. The upper bound of 0.1 Hz for a space-based instrunitent.ISA results from the Signal to
Noise Ratio (SNR) which involves the quantum noise level tedtransfer function of the instru-
ment for gravitational wave signals. The transfer functonld be changed for a different size of the
instrument. The bounds could be somewhat modified but notatieally changed. Thus for those
technological reasons, there are two kinds of sources askelidby the two complementary kinds of
instruments.

2.2.1 High frequency sources

The first type of source foreseen in the seventies, at the diilbe Weber experiments, was the
supernova events, or more precisely, the collapse of a gtantto a neutron star or to a stellar
black hole. Estimations of the amplitude of gravitationals on the ground caused by such events
have been intensively performed by numerical simulati®@m@zzola & Marck 1993; Zwerger &
Mueller 1997). A perfectly radial collapse would generatemadrupolar moment, and therefore no
gravitational wave. However, some degree of asymmetry nedaynlagined. For instance, according
to Thorne (1987), if we denote hythe fraction of the mass of the star converted in gravitation
radiative energy, by, a characteristic frequency (a time average of the frequdoong the pulse,
weighted by the instantaneous power of the pulse) and thye distance to the source, we would
have an average amplitude during the pulse

11<Hz]1/2 [IOMpC]

h=2.7x10"20 /2 [ 7

r

Estimations ofp have been continuously decreasing, reaching areurid—°. The characteristic
frequency is on the order of 500 Hz. These figures must be taken as guidelines rather tman fi
predictions. The details of the internal dynamics of cakgpare still poorly understood. The second
type of source is a rotating neutron star having some dedr@asymmetry resulting in a quadrupole
moment. Several mechanisms have been invoked for creatitigg® asymmetry, regarding the inter-
nal motion of the neutron fluid. Examples are the Chandraaekhiedmann-Schutz (Chandrasekhar
1970) instability, or the transition from a neutron star guark star. Here also, the estimations of the
qguadrupole are rather fuzzy. The third type, which is mooapsing, is the inspiral and coalescence
of two compact objects like neutron stars or stellar bladeficCompacts objects can have short or-
bits and consequently high velocities. Their gravitati@mission is thus significant and so is their
energy loss per orbit. This has been directly observed fdttuble pulsar 1913+16. The energy
loss results in a decrease of the size of the orbit and anaseref the velocity and consequently
of the gravitational wave emission. This positive feedbanks by the final inspiral and merging
of the two bodies to form a final unique black hole. This scenhas been extensively studied by
analytical methods (post-Newtonian expansions) or nurallyi An estimation of the gravitational

1 http://tamago.mtk.nao.ac.jp/spaceti me/decigo_e.html
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characteristic amplitude is, still following Thorne (1987

h,=4x10°22 | v M /2 7100 Mpc] [100 Hz
C Mo r fo ]

Mg
where the characteristic frequency is typically 1.44 tirttesslower bound of the detectaqr,is the
reduced mass of the system ahflis the total mass (i.e\/ = m; + mo andp = mymso/M). Mg
refers to the mass of the Sun.

2.2.2 Low frequency sources

In the low frequency domain, we find three types of emissions.
The first type refers to the whole population of galactic whdtvarfs having orbital periods of
a few hours or less. These are purely monochromatic sounittsamplitudes given by a simple
model (Tourrenc 1997), at least in the case of two equal magswith a circular orbit of radius
R/2:
4G?M? 1+ cos?i

hy = AR 5 cos(29),
4G?M?
hy = iT cosi sin(29),

where® = 27t /[T = 1yr] is the orbital phase, andhe inclination of the angular momentum with
respect to the line of sight.

The second type is the capture of compact bodies by a massisepermassive black hole
(Hughes 2001) after a more or less complex orbital sequéetMd&( = Extreme Mass Ratio Inspiral).
Such events could have occurrence frequencies such tleasef’them could be detected per year
by LISA (Gair & Jones 2006).

The third type of low frequency source is again the inspifalanparable mass binaries. In the
case of supermassive black holes, the relativistic reginseich that effects like spin-orbit or spin-
spin couplings could be significant in the signal’'s detaéllsimple example, based on the Effective
One Body approach (Buonanno & Damour 2000) (neglecting efi@tts) is shown in Figure 1.
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Fig. 1 Generic waveform generated by a binary inspiral followedHgymerging of the two neutron
stars (or black holes), and the final ringdown of the resglitack hole.
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One can see the inspiral part, the merger phase of the twk btdes and the ringdown of the
final black hole.

3 SOME PHYSICS IN A WAVY SPACETIME

Being a perturbation of the geometry of spacetime, one car@xGWs to produce some distor-
tions in high precision metrology experiments. We brieflyalethe existence of narrow band solid
antennas, then focus on optical experiments.

3.1 Continuous Media

The first experiment, which was proposed by Weber (Weber Y1966ted on the idea that a GW
could induce stresses in solids (tidal effects), and that suitably isolated solid resonator, weakly
dissipative in terms of acoustic waves, one could detett same transducer system, the resonances
occurring when the GW signal overlaps its acoustical badtwiThis idea is supported by a general
relativistic extension of the linear elasticity theory i€t 1979). The result is the modified tensor
elastodynamic equation

.. 1 1

whereE;; (resp.9;;) is the classical strain (resp. stress) tensor, atite density. If we take the
origin of coordinates at the center of mass, and if we assu@&/avavelength much larger than
the size of the resonator, this can be regarded as the degigdthe following generalized Navier-
Cauchy equation:

pﬂl _ ak@zk _ _5 phljx37 (4)

wherew is the displacement vector. The GW amplitude thus appeassdas/ing internal force,
of tidal type, acting on the resonator. After the controiarsut negative results of Weber, sev-
eral groups nevertheless built hugely improved versionhi®@\Weber antenna. These instruments,
called “bar antennas,” have been built in several counffmsa generic example of such an an-
tenna, see Fig. 2). The most well-known are ALLEGRO (Louisi&tate University, USA, Mauceli
et al. 1996), AURIGA (Legnaro, Istituto di Fisica Nuclealtaly, Baggio et al. 2005), NAUTILUS,
(Frascati, INFN, Italy, Astone et al. 2006), EXPLORER (Roomaversity, at CERN, Astone et al.
1993, 2008), and NIOBE (University of Western Australid_arge resonators like GRAIL with
spherical shapes have been planned (Gottardi 2007) afteletrelopment of a small size spherical
resonator MINIGRAIL (de Waard et al. 2005). Because the Briaw thermal noise is the main
limitation to their sensitivity, a common feature of theg@eriments is their operation at very low
temperature (a few mK), which implies complex circulatiofigryogenic fluids.

As with any resonator, bars have a very short bandwidth (@féov tens of Hz), so that recon-
structing a waveform after a GW event has been detectedliggonatic (note that a larger bandwidth
could, however, be achieved in a detector like GRAIL). Thiglains why “bar physicists” progres-
sively transfer their expertise to interferometers. Thialso why we focus on optical experiments
from now on, which are intrinsically wideband.

3.2 Gravitational Waves and Light

A more direct physical effect of GWs is to modulate the ligtstaihces between freely falling test
masses. In a vacuum, light is expected to propagate alondl geadesic, which means that the
invariant element of spacetimi? = g,,,dz"dz” is identically zero along any optical path. With

2 http://mmw.gravity.uwa.edu.au/Stageone.htrrl
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Fig.2 Generic structure of a resonant solid GW antenna: Exampliefantenna “AURIGA’
(Legnaro, ltaly).

the expression (1) of the metric tensor, one can suspectibadffective optical paths of photons
will be perturbed.

3.2.1 Arbitrary wavelength

In the case of very long range optical paths (e.g. 5 Mkm in tmeof LISA), one must take into
account the action of the GW during light propagation. Ifiglhtibeam of fixed frequency is emitted
from spacecraft A and detected at spacecraft B, the nomisi@rete AB being. andn being the
unit vector from A to B, the physical effect detected at B isexjfiency modulation. Lab be a unit
vector along the propagation direction of the GW, and letefsne two more unit vectors, mutually
orthogonal in the transverse plane

ow

02@7 14

Q
g

Y 8_(;5’
then the two directional functions
£4(0.9) = (9-n)* = (¢ -n)?, §x(0,0) =2(0 - n)(e - n),
are incorporated in the function
H(t) = hy(t)€4(0,0) + hx(t)Ex (6, 0). ®)

Now the observable effect is a relative frequency modutati@analogous to a Doppler shift
(Dhurandhar et al. 2002), given by £ 1)

ov(t)  H(t—w-ap) - Hlt—w-xs—L)
{ v }A_,B_ 2(1l—w-n) ) (6)
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wherex 4 andx g are the positions of the two spacecraft. This is often call&dio pulses” response,
because a short GW pulse would be recorded twice by a phaseatét

3.2.2 Long wavelength limit

The expected frequencies of GW events, for obvious reasoasnuch lower (at most a few kHz)
than optical frequencies. In this regime, the only effec &W on light is to perturb the flight time
of photons between two test masses (light distances). Genailight path lying in théx, y) plane,
either along the: (north) or they (west) axis. Consider on the other hand a GW propagatingjalon
a direction of unit vectotw.
sin 0 cos ¢
w= | sinfsing |. (7
cosf

If hy, hy are the two polarization components of the wave, the effettteoGW is to create a phase
modulation on the two beams

_ 2wL

Dyortn(t) = —~ [h4(t)(cos® @ cos® ¢ — sin® ¢) — hy (t) cos @sin 2¢)] (8)
2r L 20 2 2 :
Dest (1) = —~ [hy(t)(cos® O sin® ¢ — cos® @) + h (t) cos 0 sin 2¢)] . 9
In an interferometric configuration, where the observabkedifferential phase, this gives:
<2
AD(t) = % hy(t) HCTM cos2¢p — hy (t) cosfsin2¢| , (20)

where it can be seen that the interferometer acts like adtees, converting the gravitational signal
into a phase and eventually into an electrical signal thhaagme photo detector.

4 LONG BASELINE TERRESTRIAL ANTENNAS

The general features of a ground based GW interferomettenaa are summarized by Figure 3.
The main part comprises two long cavities (3 km for Virgo, 4fanthe LIGO’s). The role of the
resonant cavities is to extend the physical length of a fewdkan effective one of a few hundreds
of km. The role of the recycling mirror is to build an embedgliersonant cavity with the Michelson
interferometer considered as a virtual reflector when taedlark fringe. In this section, we explain
and discuss these items.

4.1 General Principles of Interferometry
4.1.1 Basic Michelson interferometer

We first consider a basic Michelson interferometer invajvimly two mirrors and one splitter (see
Fig. 4).

The light source of wavelengthis modeled by a complex amplitude The outgoing amplitude
Bis

B =1t A (r1e*" + rye?*?)

wherer, andt, are the amplitude reflection and transmission coefficiehtBeosplitter (hopefully
both nearl//2) respectively, and,r, the amplitude reflection coefficients of the end mirrors
(hopefully near 1). We have skt= 27/ ). If we interpref A|?> and| B|? as respectively the incoming
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Fig. 3 Simplified layout of the Virgo antenna.

A a I
Laser | r1

Fig. 4 A basic Michelson interferometer.
and outgoing intensities, or up to a constant, the &refithe detector as the incoming and outgoing
powers, a photodetector receiving waewill record the power
Pg = Py{ft? [r% + 7‘% + 21179 cos (2k(b — a))] , (12)

whereP, is the laser power on the effective ar€aBy tuning the optical path differenée- a, one
can obtain constructive interferen@(b — a) = 2m)

PB max = Pur2t2(r +12)?,

if both , andt, are nean /v/2 and ifr;, 7, are near unity, we see that the outgoing power is near
the incoming one, and the tuning corresponds to the so chtigtit fringe. We obtain destructive
interference withZk(b — a) = m)

2,2 2
PB,min = PLTStS(Tl — 7’2) 5
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which can be made extremely small with mirrors as similar essiple, knowing that perfectly
identical mirrors are beyond the possibilities of presenhhology. The ratio

2
T1 + )
PB,max/PB,min =\
=2

is called contrast.

4.1.2 Continuous detection

Such a device may be used to detect small motions of one ofvthentrrors. Assume for instance a
time variation of lengthu
a = ap+ z(t).

The interferometric setup was necessary sineg \. We can linearize (11) and write
Pp = Ppc + P (1),

where
Ppc = Py, 7’2t§ (r% + 7’% + 21179 COS gb) ,

S

¢ = 2k(b — aop) is the static tuning of the interferometer, and
P, (t) = 4P, r2t2riry sin ¢ ka(t).

The outgoing power thus has a component proportional to titeomto be detected. The first funda-
mental limit in the detection process comes from the fadtdkian in the absence of motion & 0),
the detector will nevertheless deliver a fluctuating powses th the quantum nature of the detection
process. It can be shown that the power fluctuations (“quranmtaise” or “shot noise”) are char-
acterized, at low frequencies compared with the bandwitithedetector, by a (one sided) power
spectral density (PSD)

Sp = 2Phpl/, (12)

whereP is the constant nominal power falling on the detedtigrthe Planck constant andthe light
frequency. The DC component of the detected power thus leaR3D

SPDC = 2PLhPV(Tsts)2 (T% + r% + 2r1ry cos ¢) .

On the other hand, if we denote By, the PSD ofr seen as a random process, we get the PSD of
the signal
Sp, = 16 PL?(rts)*(r172)%k? sin? ¢.S,,.

Strictly speaking, the PSD of the signal should itself imech shot noise contribution, but we assume
a motionz so small that we neglect its product with any small quaniitye random process is
therefore uncorrelated with the shot noise, so that thé RE® is simply the sum of the preceding.
A signal can be detected at the output if its spectral derssigrger than the shot noise PSD. We can
form the signal to noise ratio (SNR) as

Sp, 8P, (rstsrir2)?k2S, sin’ ¢

Spoe  hpv(r? + 713 +2riracosg)’

SNR =

We obviously want to optimize the SNR by choosing the bestdun We easily find that the best
tuning, giving the maximum SNR, satisfies
72

COS Popt, = - (13)
1
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(We assume; > ry, otherwise just permute, andr; in the next formulas). The optimal value of

SNR is now <P
L
SNROpt = m(’l"sts’fg)Q k2 Sw
Consideringt2S, as a small quantity, we can now make the approximatiogpr, ~ 1/2, without
changing the order of magnitude of the result

2P,
SNRopt = 7 -

=L s, (14)
pV

By definition, the spectral sensitivity of the device is tlo@trPSD of the signal giving a SNR of

unity
A [hpv
12 - 2 B2 15
SI 2 2PL. ( )

If now we turn to the detection of a GW of amplitutlewe may imagine that we had a displacement
hL/2 on one arm and-hL/2 on the other one, causing a total differential displacernémt= hL
(with ag = bg = L). In terms of GW amplitude, the sensitivity is therefore

12 A hpv

=2 =B 16
Sh oL \ 2P, (16)

We now put some figures in this simple formula. At the time witienLIGO and Virgo projects were
developed, a reasonable value of laser power seemed to heterfe of W. Let us také’, = 20 W.
On the other hand, an arm length greater than a few km brivgs, i@ desertic countries, issues
related to Earth’s curvature. Let us take= 3km. Going to small wavelengths, as (16) might
suggest, is a bad idea, because the quality of optical coemtennamely the mirrors, would be
rapidly spoiled, which would be a serious drawback as wilkéen in the following. We assume the
wavelength\ ~ 1064 nm of an Nd: YAG laser. With these figures, we get an order ofmitade for
the ultimate sensitivity of a simple Michelson

SHZ 4 x 1072 Hy V2,

We see that about two orders of magnitude are missing by avietector consistent with current
estimations of GW amplitudes of presently known types ofses.

4.2 Resonant Cavities

Resonant cavities have properties allowing very effeatrmbancements of the parametérand
Py, that are very important for the sensitivity. This is why wevale some discussion to a short
presentation of these properties.

4.2.1 Spectral (longitudinal) properties

We first consider a Fabry-Perot cavity as a couple of mirrexsrig parallel surfaces and separated
by a distancd. (see Fig. 5).

It is now necessary to introduce a convention insuring pa@eeservation at an interface where
two waves are incoming. Consider the reflecting surface ofreomA wave incoming on mirror
M,,, of amplitude4, is partially reflected with amplituddg, and transmitted with amplitudér. If
we call respectively.,, t,, the coefficients of the mirror (real numbers), we have firstly

Tfl—i—t%:l—pn,
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&

/
N

M1 M2

Fig.5 Fabry-Perot interferometer.

wherep,, accounts for relative power losses (absorption, diffoactly surface roughness,...). For
mirrors used in advanced metrology experiments, the laasagery small, at the level of a few ppm
(a few10~6). Secondly, the reflected and transmitted waves must haye ahase difference. We
shall take the convention

AR:iTnA, AT:tnA (iE\/—l).

We can now write the equation giving the intracavity ampléd' in the stationary regime
E= tlA — 7‘17‘262”€L.E7

so that
ty

S=FE/A=——" .
/ 1—|—T17’2621kL

We see thab is a periodic function of the phagse= 2kL. The period in terms of frequency with
the length being kept constant is

Av = ¢/2L,

and is called the Free Spectral Range (FSR). The periodrrstef length with the frequency being
kept constant i\ L = \/2, which changes the total optical path by one wavelength edtection.
Resonance obviously occurs where , giving
o= — (17)
max ~ (1 _ T17’2)2 .
If we consider an excursiofv of the frequency with respect to a resonangewe have a corre-
sponding phase shift of

4w Lov ov
0p = P 2775,
so that , ,
|S|* = 2 t21 = . 280
14+ rir;cos2d¢ (1 —rire)? + rirysin® dg
or
S = S : ;
L+ [0 sin (5]

If further we assume a frequency excursion to be small coetpiarthe FSR, we get

1

51 = Shax T
14 [2Fov/Av

ax
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where we have used the definition of the finesse

Fo= vtz (18)
1— T1T2

It is clear that for reflectivities;, ro near unity, the finesse is a large number. The full width &t hal
maximum of the resonance peak, or linewidth, is consequentl

Av
dvFWHM = -

One easily sees from (18) that it is possible, inverselyxf@ssr - in terms of the finess&
rirg =1 — % +O(F2). (19)

We now specialize the model to a cavity used as a reflectoryeeassume a maximum reflectivity
of M5 and zero transmission
2
Ty = 1-— p2.

M, has some reflectivity; near unity, so that
t% =1—-—p — T%,

and we can rewrite (17) as
se2 (1=p))(1 —pa) —rir3
TQSmax -
(1 — 7‘1’(‘2)2
by writing (1 —p1)(1—p2) ~ 1 —p1 —p2 = 1 —p, where we introduce the total losges- p; + po,

and by substituting the approximate expression (19) foang f-», we get, assuming a finesse much
larger than unity

L 2F

T oom

Sr2nax (1 _0/2)’

wheres = pF /7 is the so called coupling coefficient. For moderate finessties, o is still small

and the last result is practically
2F

S2 e N. (20)
™
In the same approximation, the minimum®fs
sz~ T 1N, (21)

min — 2F
The reflected wavés is given by
B = ir A+ it1r2e"?E,
giving the reflectance of the cavity

T1 + (1 — pl)’l’26i¢

R = B/iA = : 22
/l 1+ T1T261¢ ( )
Still with the same level of approximation, we have
1- 21
R—_ ﬁ’ (23)

1—2ix
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wherez is the reduced frequency detuning, ke= (v — vp)/dvrwnnm. We immediately see that
the power reflectance exhibits an absorption peak at resenan

2 4 o(2-o0)
[BP =1~ 71> R (24)

and for smallr, the defect in reflectivity, or cavity loss, is
Deavity = 20 = Np. (25)

In other words, at resonance, the global cavity losse&Vatiimes the internal lossgs For the phase
reflectance we get

2
®(x) = ArgR = 7 + arctan T Y 1 arctan2z. (26)

— O
The slope near resonance of the phase for smialthus
do
)
dr |, _,

For a small frequency detunirg with the cavity length being kept constant, we have

2FL v
de = — —,
A 1%
and consequently
o= L
A 1Z0)

For a small variation of the cavity length, with the frequgibeing kept constant, simply replace
Lov by vyd L giving

8FL
[dq)]cav = TdL
If no M, mirror were present, the phase shift due to a single roupavould be
47
[dq)]l roundtrip =2k6L = 7 SL.

The gain in phase shift provided by the cavity is thus

[d9]
[d®]

_2r

™

cav.

N.

1 roundtrip

The constaniV precedently introduced can thus be interpreted as an wfeaimber of round trips
in the cavity.

4.3 Modal (Transverse) Properties

Practically, storage of coherent optical power in a castgchieved through spherical mirrors. Let
us briefly recall the fundamentals. The Maxwell equationa wracuum lead to a wave equation for
the electric field, then assuming a monochromatic wave gligacyr = w/2x, for the Helmholtz
equation

[A+ kQ] £=0,
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wherek = w/c and & is any component of the electric field. Assuming a preferneghagation
direction (namely the axis), and considering the solution as a plane wave (caspatially modu-
lated by a slowly varying envelope, we can write

E(x,y,2) = e E(x,y,2),

where the fast varying part of the field has been extractedarekponential term. The remaining
envelopeF is such that in the secondderivative

026 = &7 [02E + 2ik0.E — K°E]

the second order derivative can be neglected with respédioes the first derivative. The result is
the paraxial diffraction equation

(02 4+ 92 + 2ik0. ] E(z,y, z) = 0. (27)

Itis classically shown that the equation admits familiesifiogonal gaussian modes. The two most
popular families are the Hermite-Gauss (HG) and the Lagu@auss modes (LG). The normalized
HG modes are defined by

HGop (2,9, 2) = \/ﬂ_w(z)Q ;mnm!n! Hon (ﬁﬁ) fn (ﬁﬁ)

T2 2

X exp [_w(z)2 +ik2R(z)

—i(m+n + 1) arctan % + zkz] , (28)

where the function&l,,, (X) are the Hermite polynomials. Function$z) andR(z) are respectively
the width parameter of the beam and curvature radius of thgpkgse surface. After defining the
constants(0) = wy and the Rayleigh parametier= mw3 /), those functions are given by

w(z) = woy/1+ (2/b)?, (29)
R(z) = z+b%/z. (30)

This is a model of the laser beam, diffracting with a width afinconstant over a range shorter than
the Rayleigh parameter, then linearly widening at infiriitiye diffraction angle is

0= ’wo/b: )\/7T’LUO,

and a smaller initial width (waist) causes larger diffrantangles. The curvature radius is infinite at
z = 0 (flat wavefront), a minimum2p) at the Rayleigh distandeand near a sphere of radiust
infinity (i.e. z > b). The normalized LG family is defined in polar coordinates by

LCrun(r, ¢) = \/ 2 m! (x/i - )nLS;) (2#;2) exp(ing)

mw(z)? (m 4+ n)! w(z)
x A {(2m +n + 1) arctan = + ik (31)
exp R i SR0) i(2m+n arctan o +ikz|

where theLﬁ,?)(X) are the generalized Laguerre polynomials. Thelbét,,,, (respLG,,,,) is an
orthonormal and closed family.

The common feature of all these modes is their spherical fr@ve It is thus possible to match
a spherical mirror to a given beam for reflecting it on its€lbnversely, with the length of the cavity
being fixed and the curvature radius of the two mirrors beirngrg a resonant mode matching the
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cavity may exist. Assume for instance a lendtha flat input mirror and an end mirror of curvature
radius R. A mode matching the cavity must have a waist=£ 0) located on the input mirror; its
curvature radius at = L is

R(L)=L+b*/L=R.

Solving forb yields
b=+/L(R-L),

showing that solutions exist fa® > L. The widthw, on the input mirror is

wo = \/\b/T = ,/L/L(R - L),
i
whereas the width on the end mirror is
E 1
~ \| R/L -1

For the fundamental modBEM, (1) = HGgo(r) = LGoo(r), the relative light power outside a
circle of radiusz is given by

P(r > a,z) = exp(—2a*/w(z)?).
If e is the maximum allowed power falling outside a circular mirits diameteR2a must be such

that
a > w(z)\/In (1/e).

Fore = 1077 (i.e. 0.1 ppm) this is/w ~ 2.84 so that in order to store a mode of width= 2cm
with negligible losses, a mirror of diameter 11.4 cm wouldshb#icient. In practice, mirrors used in
GW interferometric detectors are much larger for otherarag35 cm for Virgo).

4.4 Interferometry in a GW Background

A passing gravitational wave interacts with light, as selova. Let us see in details how this is
translated by the interferometer. Our light ray is in fact @nmchromatic plane wave of frequency
v = w/2m. Call B(t) the (complex) amplitude at the end of the round trip, arid) its value at the
beginning. We have

If we note

we get
, , L
B(t) = Ae™ ™t = Ae~w(=2L/¢) oxp ihw—sinc(QL/C) cos (Ut —L/e))| .
&
Since we are always at first orderfinwe write
B(t) — Ae—ithinL/c+
%hA %sinc(QL/c) einL/ceiQL/ce—i(w+Q)t +

%hA %sinc(QL/c) einL/cefiQL/cefi(wa)t'
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It clearly appears that the action of the GW was to create tdebsinds of very low amplitude, of
frequencies + v, from one single frequenay. Now let us see what happens if the incoming optical
wave is already modulated and exhibits two sidebands. $hiec¢essary because in interferometers,
light undergoes the action of the GW several times in ordemteance signal production. Let the
incoming amplitude be of the form

1 o, 1 : .
A(t) = (AO +ghAre 4 o hAgemt) e,

The scaling factor i% because we assume the GW to be the only cause of generatiolebfsds
in the whole (arbitrary) optical system. We have then
1 . ) 1 . _
mﬂ_Amq_’%m+ymwzm&m+§mhw%2m]

> eflwtehfefzéhfsmc(n) cos(Qt—n) )

For shortening the formula, we have used the abbreviaficasvL/c andn = QL/c. After a first
order expansion of the exponential, we get

1 . 1 ) )
B(t) = (BO + 3 h Bie ¥ 4 3 hB2€l£2t> e Wt

with the following notation:
BO = eQion,
By = M A} — jegsine(n)e 3+ 4,
By = &M g, — ie{sinc(n)ei(%_”)Ao.

We see that if we define “generalized amplitudes” as ranletiieetors having the carrier amplitude,
with the upper sideband and the lower sideband respectgatpordinates, by setting

A= (A07 Ala A2)7

and
B= (BOa Bla BQ)a

the amplitude after a round trip that we have previously categ may be written in the form

B=XA,
whereX is the linear round trip operator defined as
e2i£ 0 0
X = | —iesine(n)e!(2Etm 2iEtn) . (32)
—ietsine(n)etZ=m 0 &)

Itis easy to check that the set of all operators having thafor

Op O 0
O=| 0y O11 0 ;
Oz 0 O

is stable for any algebraic operation, and may even be giverstructure of a noncommutative
field which means that it can be viewed as a set of ordinary musplexcept that the product is
generally not commutative. We call& for brevity. The basic algebraic operations are defined by
(a,b=0,1,274,j =1,2)
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— The sum
(A+ B),, = Aw + Ba.

— The product by a complex number
(Z : A)ab =z (A)ab :

— The product
(AB)aa = AaaBaa7

(AB);o = AjoBoo + AiiBio.

— The inverse )
A YN =
(Ao = 5
A;
-1y A0
(4™ o Aoo Aii”

An S operator may be associated with any optical element of a agptical system. The
diagonal term9,,, represent action of that element on the carrier and the aiteh Often (for
mirrors and lenses) there is no frequency dependence letteigravitational perturbation causes
a negligible frequency shift, well inside the tolerancesha mirror coatings, and in this case, the
corresponding operator is simply a scalar. In fact, the ooly-diagonal operators are those corre-
sponding to propagation of light in a vacuum over long diséan The result is that, after sonSe
algebra, the whole optical system has an associgtgaerator describing its behavior. This approach
was first proposed by Vinet et al. (1988).

5 SIGNAL TO NOISE RATIO
We can start with a pure monochromatic wave
A = (A, 0 ,O).

S is the system’sS operator, and we know that the output wave is given by
h ; h , ,
Aout =A |:SOO + ESIO e_th + §S20 eth e_“"t.

The corresponding detectable power is, up to a normalizdiictor, and calling?,, the incoming

power: .
P(t) - Aout Aout

h L , h L .
= Py [|Soo|2 +3 (S10800 + S20500) e ¥ + B (S20S00 + S10500) €%

The signal amplitude at frequeney is thus
S(vg) = 1510500 + S20S00]-

The DC component of the output is proportional £,|2, so that our main concern, the SNR, is
proportional to _ o
SNR(]/(]) X |SlO e P00 L Gog elPoo |7

whereyp,;, is the argument of,;,. We have as well, with the correct normalization

| Pn = i _
SNR(v,) = S |1S10] 4 [Sa0] € (p10+920 2saoo)| h(vy). (33)
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Inversely, the spectral densityn(v,), equivalent to the quantum noise, is obtained by taking a
unitary SNR
2hpl/ |S()0|

P 810500 + S20S00|
We see that evaluation of the SNR of any optical GW detectentally reduces to calculation of
the S;o of the whole system.

hsn(vg) =

5.1 Recycling Interferometers
5.1.1 Cavities

The first element we need, before addressing more complastsies, is theS operator associated
with the Fabry-Perot (FP) cavity. We take the same notatsria Figure 5. The intracavity (vector)
amplitudeB obeys

B=1t1 Ay, —rire X B,

whereX is the round trip operator just defined above (Eg. (32)). Weeltlus
B = [1 + T17’2X]71 tl -Ain-

The reflected amplitude is
Aref =ir Ain +itire X B

=1 [7’1 + (1 — pl)’l’Q X] [1 + T17’2X]71 -Ain,
so that the reflectance of the cavity is the operator
F=[r+0—p)rs X][1+rrX]"". (34)

Itis possible to compute the componentgrof

F 0 0
F=|Gs F, 0
G_ 0 F_

I is the ordinary reflectance of the FP for the carrier, &ndthe ordinary reflectance of the FP for
the upper and lower sidebands respectively. For the sakmpfisity, we again use the notation

§=kL,
n=QL/e,

(recall thatQ2/27 is the GW frequency). We then have, after direct evaluatio# according to
Equation (34) _
T1 + (1 — pl)’I’QGQlE
1+ ryrge?i€
1+ (1 — p1)rae?(EEm

FL = . 35
* 1+ rirge2iéEn) 7 (35)

t2ro€sine(n)e 2+

F =

)

Gy =— : : . 36
* (1 + ryrge?i€) (1 + r1r2e21(5i77)) (36)

In the coupling rated) formalism, this can be approximated by
F:_1—0+21Af’ (37)

1—2iAf
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1—o0+42i(Af £ fy)
1=2i(Af £ fy)

2FL 2—0

A (1=2iAf)[1=2i(Af £ f,)]
whereAf = év/dvpwum IS the reduced detuning of the light source from resonanue fa =
vy /dvewnn is the reduced gravitational frequency. When we vary therdey, we see that the
modulus ofGG ;. has aresonance fdxf = 0 (resonance of the carrier) and a second resonance when
the upper sideband becomes resonant, = — f,. The modulus ofG_ also has a resonance for

Af =0andforAf = f,, when the lower sideband becomes resonant (see Fig. 6). Asjnoal
figure can be obtained witdr, |.

Fy =

(38)

Gy =ie (39)

€]

Fig.6 Efficiency of lower sideband generation vs. detuning of therse for three reduced GW
frequencies. Solid linef, = 0, short dashed linef, = 1, long dashed linef, = 2.

5.1.2 Michelson geometry

We take the classical Michelson geometry, but replace then@rrors by two identical Fabry-Perot
cavities, F; and F,. Note that even when optically identical, the effect of a GWthem will be
different, and consequently we must denote the correspgratierators by different notations (see
Fig. 7). We neglect, in this first approach, small phases @é@rr a/c.

The transmitted amplitude is

Atrans = —7rsls (e%kaFl + QQikaQ) Ainv
whereas the reflected amplitude is
Avet = i (t26*F9F 1 — r2e* P Fy) Ay,

Note that we neglect phases of the orde2@f,a/c. The expressions df'; andF'; for perfectly
identical but orthogonal cavities, lying respectivelyraddhex andy directions, are

F 0 0 F 0 0
F1 = G+ F+ 0 5 F2 = —G+ F+ 0
G- 0 I -G_ 0 F_
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F2 L
b
A.
in
a
F1
A
ref L
Atrans

Fig. 7 Geometry of a Michelson Interferometer with FP cavities.

The opposite signs of the off-diagonal elements reflect igp@asure of a + polarized gravitational
wave having the:, y axes as polarization directions. We can define a transmétand a reflectance
S operator in an obvious way, by

Atrans = TMic -Aina

Aref = Z'1?/Mic Ain-

The elements of these operators are as follows, assumingegihesymmetrical splitteri(;, = ¢4 =
V1 —ps/2), for the transmittance

Ttic,00 = —(1 — ps)eik(‘”b) coslk(a — b)] F.

Ttic11 = —(1 — ps)e @) cos[k(a — b)] Fy,
Taiic,22 = —(1 — ps)e™ @) cosk(a — b)] F_,
Tatic1o = —i(1 — ps)e™ @) sink(a — b)] G,
Tticoo = —i(1 — ps)e® ) sinfk(a — b)] G_,

and for the reflectance
Rutic,00 = i(1 — ps)e*(@+®) ginlk(a — b)] F.
Rutic11 = i(1 — ps)e™ @) sinfk(a — b)] F,
Rtic 22 = i(1 — py)e™ @™ sin[k(a — b)] F_,
Rutic,10 = (1 — ps)e 1G.,
Rutic20 = (1 — pg)e*@+Y) cos[k(a — b)] G

It is evident that when the interferometer is tuned at a darigé for the carrier, the sidebands are
transmitted, and conversely. The SNR takes the form

k(a+0) cos[k(a — b

)
)

SNR(vy) x (1 — ps)sin[k(a —b)] |G+ % - 6_% . (40)
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If we assume the carrier is at a dark fringe, we get

| 0 00 | iF 0 0
Taic = (1 —ps)e® @ | —iGyL 00 |, Rwie = (1 —py)e® @t [ 0 iFy 0
—iG_ 00 0 0 F_

This allows us to study the SNR of a simple Michelson intenfieeter having FP cavities as arms.
We have in the coupling rate formalism, neglectinaat this level

A iV

VI+TAAF+ [,)? i VI+HAAS = f)?

4FL  2-0 1
A V1+4Af22

SNR(fg) o

3

where
W, = tan~! (2(Af + f,)) — tan™? <fﬂ> |

U_ =tan " (2(Af — f,)) —tan~! ( 281 > .
After some algebra, we find the following result

_ 8(—0/2)FL

SNR(/,) -

(1—0+4Af)*+4(1—0)?f2

1/2
AT A (1= 02 +4A0)%) (1+S(AF2 + f2) + 16(AS% ng)Q)] ’

(41)

if the cavities are at resonanc& ( = 0), we have simply

8FL 1-0/2 [Py
SNR(f,) = N h(f,).
(fo) = = g Ve (fg)

We plot hereafter the spectral density of equivalent h foioues values ofF for a 20W light source
at\ = 1.064 um (see Fig. 8). The sensitivity at low frequency is a functibtFo The optimum value
of F theoretically occurs fos = 1, i.e. for the optimal coupling of the cavities. This corresfs to

F = 7/p. Forp = 3 x 1075, this corresponds to a finesselof'.

On the other hand, when = 1, the surtension coefficient § = 1/p, and this means here a
surtension of~ 3 x 10%. For a 10 W laser source, this is 0.3 MW of stored light poweawkever,
let us keep in mind that the improvement due to increasinditliesse only occurs at low frequency.
However, at low frequency, the limitation of the sensitng due to thermal noise, and it is worthless
to try higher finesses as long as a means of reducing therriz@ has not been found. A better idea
is to increase the laser power, because the whole curverisgliobally lowered. However, 20W
was available during the R&D phase, and the maximum presegdkonable for a CW monomode,
stabilized laser. For gaining one order of magnitude in SN&would have had to lock an array
of 100 such lasers in phase, which seemed hardly feasib&esadime result can be achieved with a
much more elegant and convenient solution, as explaineshfier. Let us remark that for giver,
the SNR is of the form

8rL 10(l-0/2) P,

A p 1/1—|—q20'2 2hPV

SNR =

h(vy),
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Fig.8 Spectral density ok equivalent to shot noise.

with ¢ = 27, /pAvrsr and consequently is a maximum for a finite valuerofrhe parametey is
very high even for, = 10 Hz, and a good approximation of the optimal coupling rate is

2/3
opt q2 \/§7leg .

The optimal finesse is therefore

1/3 2/3
T AVFSR)
Fort(vg) = (£ SVESR )
p(v9) <p> < Vg

For instance, withh = 3 x 107°, Avggr = 50 kHz, this gives

10Hz>2/3

Vg

Fopi(1g) = 13782 x (

However, the maximum is very flat, and it is not necessary goire the true optimum. A value of
o such thayyo = 2 is quite sufficient, with the SNR differing from its true optim by only 10%.
This corresponds to

Avpsg

Fopt(vg) = D
g

The pseudo-optimal finesse foy = 1 kHz is for instanceF = 50. The pseudo-optimal finesse

depends on a reference frequemg)/) which is an equivalent parameter, with the length of the
cavities being fixed. In terms of this reference frequeneyhave

v | P
SNR(v,) = = 2hPVh(Vg),
1+ <2 — >
Vg

wherev,, is the optical frequency. This formula is valid except fov 8mall values of/,go). For the
interval [L0Hz, 10kHz], it is valid. We see the huge scalédaprovided by the cavities. When the
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two cavities have a common detuning, the SNR is reduced,rabegead directly in Equation (41).
But a resonance occurs when the upper sideband created B¥thieecomes resonant (fg, =
Af). At this frequency, the loss due to the frequency offsehefdarrier is somewhat compensated
by the resonance (see Fig. 9).

One important point is that, working out of resonance, tlilectances of the cavities are much
higher than in the tuned case. This regime of operation, dferefit in the simple Michelson con-
figuration, becomes interesting when recycling is appkedyill be shown later.

It is clear from conservation laws in general, and namelynftbe previous section, that when
tuned at a dark fringe, the transmittance of the Michels¢@riarometer is a minimum, while its
reflectance is a maximum. It has been proposed a long timeygo Drever to build a cavity with
one extra mirror (the recycling mirror) and the Michelsoteiferometer as a second mirror (see
Fig. 10 for notation). By controlling the resonance of tiasycling cavity, the surtension coefficient
enhances the power reaching the splitter, and the SNR isdsed.

10% —

E T T TTTT I T T T LU I T T T T TTT13
C 3
§ i /// T
= 1020 = ~ -
) E - -3
(%] E e _-"3
S E yd 7]
< e Af=2 Y 7 A
2 - T~ e <7
[z
Qo 102 |- ~ —
g F—— Af=1 e E
© L TT=— -
2
g_ - -
[ SV S Af=05 e -7
= 07E E
E Af=0 3
1023 1 1 1 11111 I 1 1 1 | I I 1 1111l

=
o

100

1000

Gravitational frequency [Hz]

10000

Fig. 9 Michelson Interferometer with detuned cavitids £ 100).

Recycling
mirror

A

out

Fig. 10 Recycled Michelson Interferometer with FP cavities.
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The S operator corresponding to this configuration is easily iolet by copying the simple
Fabry-Perot operators. The Michelson operators for réflecind transmission are respectively
Ry and Ty, andl is the length of the recycling cavity, so we have for the redlece and
transmittance of the complete interferometer
Rus = [r, + (1 —p)e”™ Rysic| [14 ¢**r, Rysic] - (42)

T = e, Thiic [1 + e**r, Ryic - (43)

We are especially interested in tfigs 10,20 components, giving the SNR. Using the preceding re-
sults about the Michelson operators, after some algebrabteen ¢ = k(a — b))

_ tr(l _ ps)eik(l+a+b) en [siné 4 rr(l _ ps)eik(2l+a+b) Fi]
Titf 1020 = —1 ’
DDy

tr(1 — pg)e*Hatd) cos§ F

Tref 00 = — D ’

with the following definition ¢ = —1,0, 1):

D,=14ir.(1- ps)eik@”‘”b) sind Fy,.

It is always possible to tune the path difference betweentwwearms at a dark fringg¢s =
m/2[mod2n]), and the length of the recycling cavity in order to obtain resonance, i.e.

D=1-r.(1-ps)|F|,

whereF refers to the (assumed common) reflectance of the cavittghigypoint, the SNR is simply
the SNR of a Michelson interferometer, multiplied by thetension factor

by

SNR(fg) = SNRwiielfo) X T3 = STFT"

(44)

In the so calledstandard recycling scheme, we assume the FP cavities are at resonante=(0).
The SNR takes on the simple form

4%(2_0) tr(1 _ps) Py

/1+4f§ 1—r.(1=ps)|l—0| V2hpv

where we directly see how increasing the coupling factoreases the Michelson SNR, but de-
creases the recycling factor. Anyway, we are free to chdosbeést recycling reflectaneg, i.e. that
maximizes the recycling surtension factor. This happensnwh

SNR = h(vy),

Tropt = (1 _pr)(l _ps)|1 - U|7

giving

B 1—p, 4ZL(2 —0) [P,
Sropt = (1 —ps) \/1 — (1= p)(A—p)2(1—0)2 )\/71 a2 hpv h(vg).

The mirror losses will be taken to be very small (on the ordeiOppm), and we have seen that the
coupling rate in a simple Michelson interferometer mustdiatively small. It will be even smaller
here, because the recycling factor would be destroyed hyga tavity absorption. It is therefore not
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unrealistic to consider that the total losses are domirlayetie cavity resonant absorptions, which
are, however, smalp( + 2p, < 20 < 1). The optimal SNR is then

SNR(vy) = nl 1 0o!?(2-0) \/ o h(vy)
g VoXp \/1+ (2 v 2\ 2hpr g)-

T Avrsn 0)

When searching for the optimal valuea@fwe get the following equation, with = 27v, /pAvpsr:

1 2 3 2 2 3 2
— o2 -1=0.
2q o +q 0" + 20
To avoid an exact but useless and cumbersome resolutiomsadhation, we would rather solve it
ing

2= 1—302/2

o2(14+0/2)

Now we remark that, even for low GW frequencies (10 HZ)is very large. Consequently, must
be very small, and we can take the approximation

1
Oopt = —»
or, in terms of finesse,
_ Avpsr
fopt - Ta
2vg

whereuéo) is the GW frequency at which the SNR is optimized. Howeves pttaximum is sharp (see
Fig. 11). Remark that this value is half the pseudo-optimainttfe simple Michelson interferometer.
This sharp maximum makes the SNR very sensitive to the GWiéecy at which the SNR is
optimized.
With physically significant parameters (frequencies indk&ection range [10 Hz, 10 kHz], and
small losses), the SNR can be approximated by a simple fer@alll p;rr the losses encountered
in the recycling mirror and the splitter, i.e. the losse®axal to the FP’s, then we have

L—prrr = (1= p)(1 —ps)? = prrr =~ pr + 2ps.
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SNR for optimal recycling [arb. units]
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Fig. 11 SNR vs.o for three GW frequencies. The small diamonds show the appair theoreti-
cally derived optima.
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The losses internal to the FP’s are stil= 1 — (1 — p1)r3. Neglecting non essential small terms
leads to

2 Vopt

SNR( v \/ B ) (45)
(v V),
2 \/pITF + pAvEsn NN \/1 N < 2\ 2hpv g

)
(0)
Vg

the parametepAvrsr /27 has the dimension of a frequency, and is on the order of 1 He fifét
term represents the gain due to optimal recycling, and tbenskis the SNR of a simple Michelson.
We can conclude that a power recycled Michelson schementavi optimal recycling rate, and an
optimal finesse at a given GW frequency, is not significanditdy than that of a simple Michelson
scheme when the frequency is very low. In this subsectiorratiet next one, we see how the reflec-
tivity of the Fabry-Perot cavities play a central role. THficeency of recycling crucially depends
on the quality of the reflectivity. This is the reason why at livequency, a high finesse is needed,
the coupling rate increases, the reflectivity decreaselsameffect of recycling becomes negligible.
This strong requirement of very reflective cavities was taese of a number of numerical optics
studies that, in turn, motivated Section 3.

The amplitude in the recycling cavity has a peak at the réngcksonance. It is interesting to
evaluate the width of the resonance line when the frequehtlyeosource varies. The surtension

factor reads
2
ty

S, = .
1+ir,(1 — ps) etk @ltatd) sin g F

In this expression, the dominating phase is obviously glwetthe reflectancé’. Since the phase
reflected by cavities already has a sharp slope, we can ettpgeclope to be reinforced by the
recycling finesse. We can take for the modulus of the refleetés valug F'| = 1 — o at resonance,
and assumé = 7/2 andn/2 + k(2] + a + b) = 7. The only frequency dependent quantity (in this
approximation) is the phase of the reflectance, given by

d ~ 2tan"!(2Af),
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where we have assumed a smalllf the frequency excursion is small compared to the cavity
linewidth, thenA f is small, so that we can write

2

1
S, =8
"1+ (FRASf /)]

wheres'” is the peak height for a given detuning of the dark friaga f is the reduced frequency
excursion, and

/1 (1 —ps)(1 — o) sind
FR - P )
1—r(1—=ps)(1—0)sind
the recycling finesse. This finesse obviously depends onttieg of the Michelson interferometer.
Detuning reduces the reflectance of the Michelson intenfieter, as can be seen in Figure 13.
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Fig. 13 Variable finesse by detuning the dark fringe.
The full width at half maximum of the surtension peak can¢f@re be estimated by

™
OVrec = —— 0
Vrec 2-7:R VEFWHM
(recall thatsvpwaw is the linewidth of the cavity). For standard values, pay= 2 x 1077, ST(O) =
50, and hence, = 0.962, ¢ = 6.366 x 10—, (corresponding to a cavity finesse of 50), we find
Fr ~ 78.Fora3kmlong and 50 finesse cavity, the linewidth is 1 kHzhso

OlVrec ~ 20Hz,

which is very near the exact value, numerically obtained, 964 Hz (in Fig. 14, we show the exact
line shape for such parameters).

It is also clear that a detuning with respect to the dark &i@g+# 7/2) not only decreases the
maximum recycling gain, but also increases the recyclingwWidth. In Figure 15, the full width at
half maximum of the recycling width is plotted. This helpgiming the interferometer.

5.2 Some Technological Issues
5.2.1 Vacuum

The interferometer must operate in a vacuum in order to andiei fluctuations. The pressure level
consistent with the phase noise budget is alioat’ Torr. The entire system is therefore installed



Optical Gravitational Wave Detectors on the Ground and iacgp 983

50 T T T T T T

40 | d=11/2 7

Surtension factor

20 E

10 b r/

0
-0.05 -0.04 -0.03 -002 -0.01 0.00 0.01 0.02 0.03 0.04 0.05

detuning of the laser frequency / linewidth
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Fig. 15 Linewidth of the recycling cavity vs. dark fringe detunings 27 (a — b)/A.

in a vacuum tank involving two long pipes and a series of tankihie central part, housing the

suspensions of the various mirrors. In the case of Virgo, lwes thave a series of eight towers.
For keeping such a low pressure without continuous pumginig,necessary to have a very low

outgassing rate, and consequently to process the steat tililbs by heating in such a way that the
trapped hydrogen is extracted. After one initial pumpitg, pressure is then practically stable for
months, possibly needing the action of (silent) getter psifngm time to time.

5.2.2 Laser stabilization

Even highly stable lasers have frequency noise. If we ©&l) the phase of the output light, the
interference of the splitter after reflection by two armsesfdthse andb has the differential phase

2b—a) ) AL 4rLy

W(t) = lt — 2a/c) — (t — BJe) ~ =2 T = 52 Tau(),
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wherelL is the mean arm length andl the length asymmetry. It is now clear that the phase noise
resulting from the laser frequency fluctuations is propordi to the length asymmetry. For a simple
short Michelson interferometer, it is possible to cargftline the lengths in order to cancel a possi-
ble asymmetry. For a giant interferometer involving FaBgrot cavities, the source of asymmetry is
mainly due to the difficulty of making identical cavitiesgi.mirrors having identical reflectances).
We must take into account some irreducible finesse asymmsefiyso that we can replace tliein

the preceding formula by the effective len@#f L /7, and theA L/ L by aAF /F. Turning to linear
spectral densities, this gives

E 8FL
f

whereS, (f) is the PSD of laser frequency noise. On the other hand, theephaise due to shot
noise is known to be

Su(f)'? = Su(f)M?,

2hw

S¥ sn 12 = )
w sn(f) P

where Py is the light power reaching the splitter. A requirement om ldser stability is obtained
by demanding that the resulting phase noise be less tharmttensise induced phase noise. The

condition is
1/2
Su(f) - A F 2w (46)
1Z0) 8FL AF Pspl

with parameters such th#t = <7/, L = 3km, Py,) = 1 kW, andA = 1 pm; this gives

5x 107

22 Hy- -Hz V2
AFJF

Su(f)? <

so that with a finesse asymmetry, the requirement would baeorder of
S,(f)? <5 %107 "Hz - Hz~V/2.

Such a demanding stability requirement was satisfied inovirg a system of servo loops. A first
pre-stabilization system uses a standard reference sénty.cA second loop involves one of the
two arms of the interferometer as a short term reference.

5.2.3 Seismicisolation

The real motion of the mirrors would obviously compete disewith the effect of a gravitational
wave signal. It is therefore necessary to suppress anyniagi®n of the ground’s permanent motion
(seismic noise) to the mirrors. A measurement of the seismise linear spectral density on the
Virgo site typically gives

10Hz]?
S.(f)Y? =108 { 7 Z} mHz /2.
An original isolation system has been conceived for thed&/agtenna. The idea is to use the benefit
of the transfer function of the simple pendulum for motiontefsuspension point. Let us callt)
the displacement of the suspension point, gftgl the resulting displacement of the mirror. We have
the following transfer function:

R U
TD=50 " Thr-1

<
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wheref is the resonance frequency of the pendulum. It is therefesr ¢and well known) that the
pendulum has a strong filtering effect for frequencies macofdr than the resonance. If a resonance
frequency of 0.1Hz can be achieved, one sees that the ati@mdactor is alreadyi0* at 10 Hz.

In principle, a chain of such pendulums will combine the edatary transfer functions in a multi-
plicative way, so that a chain of pendulums would have roughly a transfer function mainlyhef t
form

1 " 2n
To(f) = {W} ~ (fo/ )" for f> fo.

Such a cascade of filters has been achieved for Virgo andliéical'superattenuator.” It consists of
five masses being able to move in the transverse directiomgyesnsion wires and longitudinally
as well due to welding of those wires on blade springs. Théndsdtself suspended on an elastic
structure called an “inverse pendulum” (see Fig. 16).

Filter Zero

|—Pre-Lsolator

T8 mm

Standard

Filter
J Seven

GROUND

BN
" Marionette

'ii{m?a&j”O

Fig. 16 “Superattenuator” at Virgo (see the site of EGO).

5.2.4 Dielectic mirrors

We have seen that power recycling is an essential point &mhiag the target sensitivity. It has been
shown that the recycling rate depends mainly on the refleetaf the long Fabry-Perot cavities
which in turn is given by the coupling coefficieat = pF/=. For a fixed finesse, the coupling
coefficient is thus determined by the total losgé@s the cavity. Those losses represent the part of the
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Fig. 17 Large coating instrument at the site of the Laboratoire diielvk Avancés (Nuclear Physics
Institute of Lyon, France).

light power that is either thermalized on the mirrors’ sagaor coupled into modes different from
the nominal TEM. Implementation of mirrors must therefoatisfy several strong requirements.
Among them

— The surface must match the ideal wavefront. This meanshikegidlishing phase must achieve
a very good geometry. In order to get figures, a simulatiomm (now known as “DarkF,”
(Brillet et al. 2003)), able to represent diffraction ofHigand its reflection on imperfect sur-
faces, has been written in the Virgo collaboration, givingquirement of about/100 for the
geometrical defects on the central area of the mirrors. @rigw companies are able to obtain
this result on large silica blanks.

— The input mirrors are crossed by the light beam and the thezatian in the bulk must be
kept as low as possible. This requires a special synthdiba sif the same kind as the one
used for optical fibers. On the other hand, any inhomogeineitye refractive index results in
a distortion of the emerging wavefront. A special synthsiiica has been elaborated giving an
attenuation factor of about a few ppm/cm, with a special nfesturing protocol insuring the
required homogeneity.

— The absorption of light on the internal surfaces of the Fdbeyot cavities is a crucial issue.
Losses smaller than a ppm require dielectric mirrors. Ifwlaselength of light is fixed X ~
1064 nm for the Nd: YAG laser), the properties of Fabry-Pegvities at antiresonance can be
exploited. Ignoring losses, a cavity involving mirrors eflectances’ andr” tuned at antires-
onance has a global reflectance of

7,I + 7,Il
r=—.
1+ 7,I,rll
It is easily seen that > max(r’,r""), so that by building a stack of cavities, it is possible to
reach any reflection coefficient by suitably choosing the nenof elementary cavities. On the
other hand, we know that the reflection index from a mediunmdékrn; on a medium of index
no is
o ny — Ng
ni + no ’
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The idea is thus to deposit layers of doped silica of thickned with alternating “high” and
“low” indices on the mirror substrate. The elementary raflace of a single doublet of layers is
typically on the order of, ~ 0.2. According to the formula, with two doublets, the reflectanc
is alreadyr, ~ 0.38, r3 ~ 0.54 with three doublets, and so on. The complete stack giving
the right global reflectance is called the “coating.” Cogsitnaving reflectance defects less than
1 ppm have been achieved.

The way of obtaining such very low absorption rates and héflectivities is to combine a very

high cleanliness of the coating facility (protecting fromn¢amination of the deposit) with a very
homogeneous deposition process and an accurate contfw dfitkness of the layers. Mastering
such requirements on large silica substrates was a chell@ngpecial facility (see Fig. 17) has been
built in Lyon (France) for this purpoge

5.2.5 Thermal noise

The mirror surfaces are the reference for the optical regldeam. Any spurious displacements of
those surfaces directly compete with the gravitationalevsignal. Since the seismic motions are
attenuated by the suspension scheme, an extra source wityzeidn remains at room temperature,
due to random motion of matter in the substrate holding tfleating surface. The substrate may
be regarded as an elastodynamical resonator, and the noftioatter inside may be regarded as a
superposition of eigenmodes of vibration.

There is a general derivation of the spectral density oftia¢noise, based on the Fluctuation-
Dissipation Theorem (FD), due to Callen & Welton (1951): &r elementary dynamical system
described by a degree of freedanand any driving forcé”, one can consider the resulting velocity
¥ = iwZ, and compute a mechanical impedanc&as ¢/F. Then, this is the FD theorem

Su(f) = 5L Re[ 2], (@)

whereT is the temperaturé;z the Boltzmann constant and = 27 f. We can now address the
problem of internal degrees of freedom in the mirrors. Imelastic waves eventually distort the
reflecting surface, causing a phase noise. We have the iafamnon the surface motion relevant for
the beam. Let. (¢, z, y) be thez component of the displacement vector of matter at the seidéc
the mirror. One can show that the equivalent global disples# (generalized coordinatg is

ot) = [ [ stz 1) do

wherel(z,y) is the normalized light intensity distribution in tA&EM,, mode, assumed to be the
readout beam. In other words, the equivalent global digptent is nothing but the average of the
surface distortion, weighted by the readout beam intengigynow follow the method proposed by
Levin (1998). LetF'(¢) be the corresponding driving force. The interaction enésgy

£=—F(t)x(t),
or

5://uz(t7x,y)F(t)I(x,y) dx dy,

where the displacementmay be thought of as being caused by the pressure distnibAtio I. We
now address the case of low frequencies. This case is vaayarm, because resonances of mirrors
are at relatively high frequencies (several kHz) and théreg/here internal thermal noise causes

3 http://lma.in2p3.fr
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disturbances lies long before the first resonance, in thddeguency regime. Thus, although some
general knowledge of internal thermal noise is useful, ihésertheless extremely interesting to
have the low frequency tail. This can be obtained as folldfuse consider a force'(t) = Fe'!
oscillating at very low frequency, the frequency will be levthan the cut-off for any standing waves.
The pressurd’ x I will produce an oscillating stationary displacemeruf the form

us(t, @, y) = @ Du(z,y),

which is equivalent to neglecting inertial forces in the imotof matter. The phasg represents a
retardation effect that dissipation may cause. In the Eogiomain, this is

UZ(W,I,y) - (1 - Z¢)uz(xvy)

The impedance is
L (1=i9) [ [ us(a,y) I(@,y) dedy

Z(f) =1 -
so that
Re[Z] =w ¢ JJuz(z,y) I;'QI(.T,y) d:vdy’

where the numerator of the fraction appears as the elagiiggstored in the solid stressed by the
pressure distributio® - I. The strain energy is defined in classical elasticity thdxyry

W= %//uz(fc,y)p(w,y) dz dy,

wherep(z, y) is the pressure distribution causing the displaceme(it, y) at the surface where it
is applied. We can thus write for the spectral density of ldispment

4kgT W

In fact, W is proportional toF?, so thatU = W/F? is the strain energy for a static pressure
normalized to 1 N. The SD of displacement takes the genenalfequency) form

_ 4kpT
=7
The problem is reduced to the computationldf This can be difficult in the general case of an
arbitrary solid, but numerical finite element codes are &blgive more or less accurate estimates. It
is however possible to obtain analytic solutions in the adsexial symmetry. It has been shown in

Bondu et al. (1998) that if we consider the mirror substrata aemi-infinite medium (half a space
limited by the reflecting surface), the strain enetgis simply

¢

Sa(f) ¢U. (48)

1—o2

U =
2y/mYw’

whereY is the Young modulus of the materiat,its Poisson ratio ana the width of the beam
(assuming TEN). At room temperature, these parameters are for sifiea 7.3 x 10'°Nm~2 and
o ~ 0.17. If we assume a widthy = 2cm and a loss angle (inverse of a quality factery- 107,
we get a strain energy of

Uso ~ 1.89 x 10710 N2,
so that the low frequency tail of the thermal noise PSD is

7

S.(f) ~ 10738 m? Hz .
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In terms of an equivalent linear density/fofthis is, taking the Virgo sizel{ = 3 km)

1/2
() = 22U

This is the main limitation in sensitivity in the very impartt region of 100 Hz. Owing to this
strategic context, a more accurate theory has, therefess developed for taking into account the
finite size of the mirrors, and making it possible to studydffect of the aspect ratios on the PSD
of thermal noise. The result is the BHV model (Bondu et al. 899 the case where both the
mirrors and the beam are assumed to be axisymmetrical, ¢i&ts a model allowing an accurate
calculation of the strain energy.

Let us summarize the results. The total internal energyastim of two contributions

U = U, + AU,

~ 6.65 x 10723 Hz~1/2,

that can be computed separately. Lefe the radius of the mirror andits thickness. Let/, (x) be
the Bessel functions and,, £ > 0} the family of all non-zero solutions af; () = 0. Let us note
z, = (ph/a andg, = exp(—2xy). LetY be the Young modulus of the mirror's material amits
Poisson ratio.

Then we have

1-o0° Z J5 (G )pn 1= qi + 4qry

2 3"
TaY = Cr (1 —qr)? — 4qrx;

Uy = (49)
The dimension ot/ is IN2.

In the preceding expression, the Fourier-Bessel coeffieign,, ¥ > 0} are determined by the
pressure profile. If we denote this pressure distributiop(?y, we have

2 /a
= — ) Jo(Crr/a) rdr. 50
= gaey ), POIGr/a) (50)
For the second contribution, we have
a? n\* h\> 5

with
E=  prdo(G)/Gh-
k>0

At this level, the computation amounts to findipg. The general expression of the Fourier-
Bessel coefficients for any LG mode has been given in Mourk €@06)

m _ 1 G Lo (Gt o (G
Pram = GGz &P [ 8aZ | "™ \ gaz ) Frtm | gaz )
For example, the Virgo mirrors have radius= 17.5 cm and thicknesg = 10 cm. The width of the
input mirror isw = 2cm. An LGyg mode causes a virtual strain energy of

U~201x10719 N2,

slightly worse than the semi-infinite approximation,. Now, if we rearrange the cavities for using
LG55 modes of widthw = 3.5 cm, the strain energy becomes

U~8.64x10712 N2,

which leads to a gain of about five in sensitivity. This seenzrovide a way of escaping the thermal
noise limitation without cryogenic facilities.
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Fig. 18 Temperature field in a Virgo substrate for 1 W dissipated & ¢bating. Mode TEMOO,
w = 2cm. (Logarithmic scale). From Vinet (2009).

5.2.6 Spuriousthermal effects

If mirror thermal noise is reduced in any way, it becomesuigefincrease the light power reaching
the splitter, because it will increase the SNR in the cruegion around 100 Hz. However, even
very low loss mirrors thermalize a fraction of the light pawéMW of light power are stored in the
long cavities, there will be a source of heat on each mirrdiase on the order of 1W. Heating the
mirrors results in two effects.

— Due to the temperature dependence on the refraction indtheahaterial (e.g. silica), an in-
dex field develops inside the substrate, reproducing thpeeature field generated by the heat
source, which has the profile of the optical beam intensh fesult is what is called a “thermal
lens,” which changes the optical properties of the wholéesysSee, for instance on Figure 18,
the temperature or refractive index field, inside a subs{@s cm diameter, 10 cm thick) heated
on its surface by a 1 W heat source.

— The temperature field induces a strain field and a global deftion of the mirror’s surface,
again changing its optical properties. In Figure 19, onesemnthe effects of heat deformation
on the same mirror, for three kinds of beams.

Several ideas have been explored for reducing or corredlinge spurious effects. The first
idea is to change the geometry of the readout beam in ordepread the light power over a
wider area: one retrieves the same idea as for the thermsé ripreceding section). Flat pro-
file beams and higher order modes have been proposed. Thedsel@a is to correct the lens-
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Flat
b=9.1 cm

Fig. 19 Thermal deformation of a Virgo mirror under three types @fdeut beams (1 W absorbed
in the coating, and exaggerated by a factor »fil2%). From Vinet (2009).

ing and/or the deformation by heating the cold regions ofrttieor in order to reduce the tem-
perature gradients. An extensive review of these ideas eafolnd in Vinet (2009). See also
http:/mww.icra.ittMG/mgl12/talks/gw2_dipaolo.pdf for a description of experimental work.

5.3 Pioneering Small Scale Antennas

Since the first laser interferometer antenna (5 m arm lengdis)built in the Hughes Lab by R. L.
Forward (Forward 1978) in the sixties, at a time when gréeiteal wave amplitudes were poorly
estimated, European and American groups have developgatypes of several tens of meters for
testing new optical ideas. The group of Glasgow Universgyeadoped ideas around Fabry-Perot
cavities, and a group from Garching (Max Planck Institi&@d multipass cells (Schnier et al. 1997).
A collaboration between the two groups led to the GEO600gatpa Michelson interferometer with
folded arms, of length 600 m, which was builtin 1995 (Abbotlle2004) near Hannover (Germany).
Simultaneously, a Japanese group (National Astronomibak@vatory) constructed TAMA300 (a
300 m arm, power recycled Michelson interferométém)the vicinity of Tokyo. Two years later, a
group from the University of Western Australia began thestarction of a first step towards a larger
antenna, namely an 80 m Michelson Interferometer in theniticof Pertl?. All these instruments
have proved useful for testing various original solutiampé&nding problems. For instance, mono-
lithic suspension systems, i.e. suspension of silica mgubstrates by silica fibers, have been tested
at Glasgow and have been shown to reduce the internal dissi@and strongly reduce the suspen-
sion thermal noise. Another example is the signal recydMigers 1988) scheme, demonstrated at
GEOG600, which enables users to optimize the sensitivityeira particular frequency region. Both
techniques will be used on a larger scale in more advancedaas.

4 http://tamago.mtk.nao.ac.jp
5 http://mmw.gravity.uwa.edu.au/Stageone.htrrl
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5.4 Existing Large Scale Antennas

Two large (kilometric) scale facilities have been built omibw. The American LIGO projettvas
planned at the beginning of the nineties after decades@f@ite R&D efforts at MIT and CalTech
under the leadership of Rainer Weiss, Kip Thorne and Ronaévd€» and resulted in a consistent
program headed by Rochus Vogt. The construction began i 488 was completed in 2002. The
LIGO system is comprised of two sites, one at Hanford (WA) diog two antennas (4 km and
2km) in the same set of vacuum pipes, and one at Livingstor) floising a single antenna (4 km).
The two sites are about 3000 km apart. The first science runs pexformed in 2002. The target
sensitivity has now been attained.

The Virgo antenna (France and Italy) was approved in 1994famdonstruction began in 1996.
The site is located at Cascina near Pisa (Italy) and the $ittee@ntenna is 3km (see Fig. 20). The
first operation with the complete system took place in 200 first science runs are beginning.
The target sensitivity has not yet been reached.

The American and French-Italian instruments are essgntied same, except for the different
seismic isolation systems, which for Virgo is more elabefand more difficult to tune).

The result of a recent run of Virgo is shown in Figure 21.

Fig. 20 Aerial view of Virgo (seéhttp://mwwcascina.virgo.infn.it/Outreach/FotoSito/).

6 LISA

LISA’is a joint ESA/NASA project scheduled for 2017, aiming toesigravitational waves of very
low frequency, from 0.1 mHz to 0.1 Hz. This frequency bandsigezially rich in exciting astrophys-
ical events related to black holes. Monochromatic emissfoom the population of galactic white
dwarfs also fall in the same frequency range. The rate oftevereseen with a high signal to noise
ratio is exceptionally high because this frequency rangeesponds to the coalescence of massive
black holes, emitting gravitational waves with an amplaukktectable over cosmological distances,

6 http://mmw.ligo.caltech.edu
7 http://lisa.nasa.gov
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Fig. 21 Current spectral sensitivity of Virgo (courtesy of the \rgollaboration).

thus involving a huge volume of the universe. The LISA sysi®rlves three spacecraft forming an
equilateral triangle in a heliocentric orbit. One side @ thiangle is 5 Mkm long. The spacecraft are
linked by laser beams, and the gravitational signal is raathe relative Doppler shift of the in-
coming light compared to the local reference. The variookrelogical challenges were addressed
and reference solutions determined. The technology demaos“LISA Pathfinder” is currently
scheduled to be launched in June 2011 in order to test its acoemis and its proposed drag-free
operation.

6.1 Orbits

Maintaining a stable triangular formation of spacecrattroseveral years is possible due to a prop-
erty of central potentials. It is possible to position thesthspacecraft in three weakly eccentric
keplerian orbits, weakly inclined to the ecliptic planeliheir major axes rotated 2y /3 relative

to each other, in such a way that the plane defined by the teasmaclined by 60 degrees from the
ecliptic. The triangle is then static in a co-moving frameleast to the first order in eccentricity.
Namely, if we denote by, the nominal inter-spacecraft distanee $ Mkm) andR the radius of the
circular orbit (~ 150 Mkm), then the ratiee = L/2R is small (~ 1/60), and the inclination angle
relative to the ecliptic is chosen as

€ = arctan [1—1—%/\/3] , (52)
(see Fig. 22).
The eccentricity is given by
20 402
=4 /1+—=+—-1 53
e + 7 + 3 (53)

This correlated choice of inclination and eccentricity ecessary for obtaining 60 degrees angles
between the ecliptic and the plane defined by the constallalihis will be explained later. The
three orbits are then defined by the following criteria:
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— The three orbits are identical up to a rotation

— The semimajor axis of the second orbit is shifted 120 degrétbsrespect to the first one, and
also the third with respect to the second, etc.

— The eccentric anomalies are shifted in the same order.

For spacecraft #1, one solves for the eccentric anomaligs

E;(t) —esin E;(t) = Qt — (i — 1)2%

The ordinary Keplerian orbit is then (parameterized by Jiofehe form

2l (t) = R(cos E; — e),
y!(t) = RvV1 —e? sin E;, (54)
z!(t) = 0.

Then new coordinates are found after a first rotation of aagie(54) in the(z”, z’) plane (see
Fig. 22) giving

x}(t) = R(cos E; — €) cose,
yi(t) = RV1—e?sinE;, (55)
zi(t) = — R(cos E; — e) sine.

3

Finally, a second rotation of anghe = (i — 1)%’r in the (¢, ") plane yields the actual coordinates

x;(t) = x}(t) cos 0; — yi(t) sinb;,
yi(t) = 2}(t) sin 0; + yi(t) cos b;, (56)

Itis easy to see that at first orderdnthe position of spacecraft numheis

o (t) = 1ro(t) + 2e Ruy(t),

60 deg

Fig. 22 Dashed: reference circular orbiSolid: orbit of one spacecraft.
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wherer(t) is the motion of the center of mass along the orbit of radiy@ AU)

Rcos®
ro(t) = | Rsin®
0

with ® = ®(¢) = 27t /T (T = 1yr). Theu, are unit vectors given by

1 [ cos 20 -3 )

ui(t) = — sin 2 , (57)
4 —2v/3 cos ®
1 cos(2® — 27 /3) + 3/2

us(t) = = | sin(2® —27/3) —3v3/2 |, (58)
4 —2v/3 cos(® — 21/3)
1 cos(2® — 47 /3) + 3/2

us(t) = = | sin(2® —47/3) +3v3/2 | . (59)
4 —2v/3 cos(® — 4 /3)

One can check thdltu, (1) —u,(t) ||= V3 (a # b), so that the mutual distances of the spacecraft are
indeed2e Rv/3 = L + O(e?R) as desired. The unit vectors along the arms are

Uo — U3
ni(t) = ——,
1( ) \/g
(and circular permutations) given by
1 sin 2¢
ni(t) = 1 —cos2® -3 |, (60)
—2/3sin ®

| [ sin(2® —27/3) +3v/3/2 )
na(t) = = | —cos(2® —27/3)+3/2 |, (61)
—2+/3sin(® — 27/3)

sin(2® 4 27/3) — 3/3/2 )

—cos(2® +27/3) 4+ 3/2
—2+/3sin(® + 27/3)

The orbital evolution of LISA over 1yr is represented in Hig23.

1
: (62)

Fig. 23 Evolution of the LISA triangle over 1yr.
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6.2 Transfer Function

From Equation (6), it is possible to give the response of thdatectors to a gravitational wave
1

U, = _m[Hg(t—ul)—H2(t—M3—L2)]a (63)

and all others are obtained by circular permutations ofciesli The notation is
,LLa = w- .'Ba,

Ha(t) = h+(t) §+,a + hx(t) §><,aa

whereh. , are the two polarization components of the gravitationalavahe directional functions
&4 x,q are defined by

§ra= (0" na)2 — (¢~ na)Qa
Exa =2(0 - m4)(p 1my).
The unit vector® and are related to the source direction

s6 cos
P coS %
0:6_1;‘): cosf siny |,
—sinf
1 ow —sing
P Tmaae | ¥

ThusU, () is the signal produced on spacecraft #1 via the beam conongd$pacecraft #3, whereas
V is the signal produced on spacecraft #1 via the beam conong $pacecraft #2.

6.3 Optical Links

The laser beams joining the spacecraft are passed througrflying telescope in order to generate
a beam of widthi, about 20 cm. If the receiving telescope has a comparalkectiolg area, the ratio
of the powerA P received after a trip of. = 5 Mkm to the emitter poweP is approximately given
by
SP  7w2a*
P )22
so that with a 1 W emitter, about 600 pW can be received aftradtion.

~ 6x 10710,

6.4 TDI

For the sake of simplicity, we consider only one laser pecspaft (assuming, for instance, that
the two lasers onboard are locked in phase). Fluctuatiotiseofrequencies of the three lasers are
obviously in competition with the gravitational wave sigriéwe ignore the gravitational wave, the
six data flows depend on the relative frequency excursionng = ov;(t)/vo (i = 1,2,3), (v is

the nominal common frequency). Here, we introduce possibfgartures of the arm lengths from
their nominal valuel, due to the small residual periodic distortions or to errorthie positioning
procedure. The armlengths are thius from spacecraft #3 to spacecraft #2 and so on by circular
permutation.
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Namely,
Ui(t) = Cs(t — La) — C1(¢), (65)
Vi(t) = Ci(t) — Co(t — Ls),
(and circular permutations). It is worth introducing théageoperatorsD;
(D; = f)(t) = f(t— L;) for any function f. (66)
The data (65) become
Uy = D2C5 — (1,
Us = D3Cy — (s,
Us = D10y — Cs,
Vi = C1 — D3Cxs, ©7)
Vo = Cy — D1C3,

Vs = C3 — DaCh.

Itis now easy to see that some combinations of data exishgyidentically zero in the case of pure
laser noise. For instance, by forming the sutfis+ V,,, one obtains a kind of 3-vector having the

algebraic signature of a curl
U+V=D xC,

so that applying the divergence operator identically ydeldro
D - (U+V)=0.

In terms of the data flows, this is

3 3
ZDZ-UZ- + ZDM =0.
=1 =1

This exhibits an example of a combination of delayed datackvig insensitive to individual fre-
qguency fluctuations. We clearly have to look for all combimas having the same property. These
combinations, as pointed out in Dhurandhar et al. (2002)e lihe form of a scalar product of a
vector of formal polynomials irD, with the data 6-tuplé/ = (U;, V;). A generic combinatioX

with delays is of the form
3

> Vi + q:Us) = (X|U),
i=1

where the 6-tuplé& = (p;, ¢;) contains the polynomials. The simplest case, as just shewn,
C = (pﬂ Q) = (D11D27D31D17D21D3)-

The preceding combinations and other ones were first fountifty and colleagues (Armstrong
etal. 1999). These are, besides

a= (1, D3, D1Ds, 1, D1 D2, Ds),

with the two circular permutations (of the indices and of piteeces in the sub-3-tuple of the 6-tuple)
B = (D1Ds, 1, Dy, Ds, 1, DyDs),
~v = (D2, DaDs, 1, D1D3, Dy, 1).

It is worth noting that in a circular permutation of the inelicand of the places in the sub-3-tuples:

a—foy—a (68)
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whereas
¢—C. (69)

The setP; of all polynomials in three variable$X;, D2, D3) has the algebraical structure of a
ring.

It can be shown (Dhurandhar et al. 2002) that the set of adlenc@ncelling combinations has the
structure of a module on the polynomial ring, and that, ~, ¢ build a complete set of generators
of the module. In other words, any noise canceling combanas a combination o, 3, v, . For
instance, Tinto & Armstrong (1999) proposed the “Michelscombinations

X1 =a— D38~ Day+ D2D3(.

X5 and X3 are obtained by circular permutations of the indices anti@fgenerators, according to
Equations (68) and (69).

6.5 Spectral Sensitivity
6.5.1 Noise power spectral density

The realistic situation is slightly more complicated besmthere are actually six lasers, the optical
benches are not fixed with respect to the reference masshandference mass itself has a small
but finite residual motion due to the capacitive readoutesysin the optical detection process, the
weakness of the light power coming from far away induces amegligible shot noise. The noisy
part of the data flows must therefore be completed. We dernyodetthe part of a spacecraft facing
another spacecraftin the direct sense (see Fig. 24). Weealbp¥,, V'} the velocities of the optical
benches, and by;, v} the velocities of the reference masses. The apparent fnegyitter due to
shot noise is denoted hy, ;.

The differential frequency recorded at spacecraft #1 vaipect to the light coming from space-
craft #3, therefore, has several components (we followoTéntal. 2004):

— A Doppler shift due to the motion of the far optical bench fdrigh we take the retarded value

—nNg - Vg(t — LQ)

incoming beam

‘j k outgoing beam
)

A
photodiode

Proof mass laser

Fig. 24 Notation for the data flows. Fig. 25 Inter spacecraft exchanges.
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— A Doppler shift due to the motion of the local optical bench
no - Vi(t).

— A Doppler shift due to the fact that the incoming beam is réfldon the test mass before mixing
with the local laser light (hence the factor of 2)

2ns - v (1),
(see Fig. 25), so that the dda must be generalized as follows:
Ur(t) = Cs(t — L2) = C(t) = n2 - V5(t — L2) —mo - Vi(t) + 2n2 - vi(t) +y7 . (70)
In the same way, we have
Vi(t) = Ci(t) = C3(t — Ls) —n3 - V5(t — Ls) —m3 - Vi (t) + 2ns - v1(t) + 41 (71)

We must also take into account the noises induced by thenatérequency monitoring aboard
spacecraft #1. A part of the laser #1 light is bounced on teerteass before being sent to part
#1* through an optical fiber (see Fig. 26). The received beamngogs no Doppler shift because
it is transmitted through the extraction optics of the fibériah is linked to the optical bench. The
emitted beam gets a first Doppler shift due to motion of therlasd a second one due to the motion
of the injection optics of the fiber (both linked to the optibanch) (whence a factor of 2). There is
also a Doppler shift due to reflection on the test mass befirgtsent. The result of the frequency
monitoring in the “left” part of spacecraft #1 is therefore

z1(t) = Ci(t) = C1 (1) + 2na - (v1 (1) = V(1) + 01 (72)
While in the “right” part, the monitoring gives
21 (t) = CT(t) — C1(t) — 2ng - (vi(t) — V1(t)) + o01. (73)

In the preceding formulas, we have ignored time delays amdhiot noise. We have however intro-
duced an extra source of noise due to vibrations of the tratisgifiber (assumed reciprocal) and
denoted it byo;. Data flows onboard spacecraft #2 and #3 are obtained from7([;072, 73) by

proof mass

y\ Laser

‘= NV

photodiode S

Optical fiber

Fig. 26 Internal exchanges.
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circularly permuting the indices. In the preceding parpbrave have found combinations able to
cancel the laser frequency noise (thg. In fact, the same combinations can suppress the noise com-
ing from the random motions of the optical benches (thistigifively obvious for it is impossible to
distinguish between the two effects in the emitted lightyvé forget the proof masses’ motions, we
can write

U, = DQ(Cg — Ny - V3) — (Cik +no - VT),

‘/1 = (Cl —ns3 - Vl) — D3(C§ +ng - V;),
and we can form a new data set .

21— =
7 =22 7

If we define new variables as

CN'l :Cl_n3'V17 CT:CT‘FTLQVT,
the preceding equations simply become

Uy = D2C5 —Cf,

Vi = C, — D3C3,

7z, = C, - Cy,
so that the algebraic structure is identical to the simgleation of the preceding paragraph. There
therefore exists a module of noise canceling combinatibas is an extension of the preceding

discussion. The data flow is now a set of 9-tuplés= (U;,V;, Z;), and the module of “silent”
combinations is generated by the following 9-tuples

« (1,D3,D1D3,1,D1 D3, Dy, —1 — D1D2D3, —(D1D3 + D3), —(D1D3 + Ds)). (74)
B = (D1D2,1,D1,Ds,1, Dy D3, —(D1Ds + D3),—1 — D1D3D3, —(D2D3 + D1)). (75)
¥ (D2, D3Ds,1,D1Ds, D1,1,—(D1D3 + D3),—(D2Ds + D1),—1 — D1 Do D3). (76)
¢ = (D1,D3,D3,D1, Dz, D3, — (D1 + D2D3), —(D2 + D3Dy ), —(D3 + D1 D3)).  (77)

If we denote by(p;, ¢;, ;) the components of a generic generajpr silent combination will be
denoted by

(glU) = Z [piVi + @iU; + 1. 2] .
i=1

Once the spurious effects of the lasers and optical benchesiaceled, we are left with the residual
noise coming from the spurious motions of the proof massesfram shot noise. Since these two
kinds of noises are purely local, there is no hope of cangahem by any combination. The pre-
processed data are thus of the form (we ignore possibletgtiavial signals)

Ui = 2ny-v] + 47,
Vi = 2n3-v1 +y,

*
Zl = n3~1;1—|—n2-1;1.

If we consider the part coming from the proof masses (acatdar noise), a generic combination
gives
(9lU)ace = (21 +r1)v1 - M3 + (2p2 + 72)v2 - Ny + (2p3 + 13)v3 - N2+

+(2p1 + r1)v] - na + (2p2 + 12)v5 - ng + (2ps + 13)V5 N .
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In the same way, we find for the shot noise contribution

(9|U)sn = Z(%‘y;‘k + piyi)-
After a Fourier transform, the delay operators reduce teeffiactors
D; — ewkhi,
We shall treat they; - n; andv] - n; as

— uncorrelated,
— having identical PSDs.

and the same for thg, andy;. We denote byS...(f) the PSD common to a#; - n; andv; - n;
(acceleration noise), arfsl,, is the PSD of they; , y; (shot noise for brevity). Then the global noise
PSD is of the form

3

3
Se(F) =D _{12pi +7:l> + 126 + 7"} Sace(f) + D {Ipil” + lail*} Soa(f)-  (78)
=1

i=1

To be specific, we detail the computation of the noise PSD efattgenerator. In the TDI pre-
processed data, we may assume a regular triadgle<( Lo = L3 = L) and we have (the arrows
denote a Fourier transform)

2p1 +1r1=2—1—D1DsDg

2p2 + 19 =2D3 — D1 Dy — D3
2p3 +1r3 = 2D1D3 - D1D3 — D2
21 +1r1 =2—1—D1D2Ds3

2(]2 + 1o = 2D1D2 — D1D2 — D3
2q3 +1r3 =2D3 — D1D3 — Do

1— e3iwL
)
eiwL _ e2iwL
)
eZiwL _ eiwL
3
1— e3iwL
)
eZiwL _ eiwL

A A

3
iwlL 2iwlL
e — € R

so that we have
Saace(f) = [8sin®(3mfL) 4+ 16 sin® (7 fL)] Sacc(f),

and because theg, ¢; of o are simple phase factors,
Sa,sn(f) =6 Ssn(f)7
so that the total PSD is
So(f) = [8sin*(3wfL) + 16 sin* (7 fL)] Sace(f) + 6 Ssn(f).

It is currently assumed (Tinto et al. 2004) that the PSRs (f) andSyq(f) obey the very simple
following models:

Sucelf) = 51 [%} 79
with

s1=25 x 107*¥ Hz !,
and )

Sualh) = | 11| (80)
with

s9=1.8 x 10737 Hz L.
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6.5.2 GWsignal in Fourier space

Itis easy to find the transfer functions for GW signals. Fetamce, we get from (63)

Fy,ox =infL e 1) 2ginc[r fL(1 4+ w - my)] €24 x, (81)
Fuyx =infL e Emr)/ 2ginc[r fL(1 4+ w - m3)] €34 x, (82)
Fugx = imfLe*E=m) 2ginc[r fL(1+ w - n1)] &1+ . (83)
In the same way, we have
Fy, 1« =—infL el f(L—ps) sinc[r fL(1 — w - n3)]&s5. 1 «, (84)
Fy, 1 x=—infL L) 2 gine[n fL(1 — w - my)) &1,4 %5 (85)
Fyy 4 x = —infLe™ L1 2gine[n fL(1 — w - ng)] £o 1« (86)

The transfer function for a generic combinatipg- (p;, ¢;, ;) is now
3

Fy x =(X|F)= Z(ﬁz Byt + G Fu,4,%) (87)
i=1
where thep;, ¢; are true polynomials of the unique variallep(2i7 fL). If we consider a gravita-
tional signal, the corresponding data generateg toythe Fourier domain is
9(f)=@ Fvy+q-Fu)hi+ (- Fvx+q Fux)hx.
In order to get a spectral density, we consider the function@) andh (¢) to be stochastic pro-
cesses, and we take the expectation value of the square msodul
Sg.signal (f) = (l9(f) [*)-

If we take an average of the polarization angles, the crowseush, .k, disappear from the pre-
ceding expression. We may furthermore take the same speéetrsity S, for h. andh, so that the
averaged spectral density of the signal is

3 3

(Sgsignal() = | IPiFvi s + aFvo, 1 + D piFvix + a:Fvu, < [*| Sa(f)-
=1 =1

6.5.3 Signal to noiseratio

The square of the signal to noise ratio of heombination is

RSBg(f)2 = Pg(f) Sh(f)’
with

S piFvis + aiFvu sl 4 S iy + aiFvu, <)
p(f) = :
Se(f)

In order to give a synthetic estimation, it is usual to firétet@n average over the direction of the
source(d, ¢)

1 27 T .

oolf) =3z [ do [ sin0d0p,(6.0.9).

T Jo 0
It is difficult to analytically treat this average, but themerical integration is straightforward.
Secondly, we assume an integration timelof= 1yr and a signal to noise ratio of 5, which gives

the averaged spectral sensitivity
5
hy(f) = ———. (88)
! {pg (SN T

Figure 27 shows the spectral sensitivity of the “Michelsmeiferometer” under these conventions.
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Fig. 27 Spectral sensitivity of two TDI combinations. “Michelsamtérferometer” $olid curve) and
« (dashed curve).

7 CONCLUSIONS AND PERSPECTIVES

Actual terrestrial instruments have began to operate iatjpaly nominal conditions. We know that
improvements are necessary for reaching a sensitivity teaéallows astrophysical studies. These
improvements require efforts on all the subsystems we hamissed above. For instance, fiber
lasers offer an interesting solution for increasing thenary power up to hundreds of watts, and
decreasing the shot noise by possibly one order of magniftttemal problems could be fixed by
changing the modal structure of the laser beam or by actemerthl compensation systems. Thermal
noise in the suspensions of mirrors is reduced by using nitbiw$ystems. An R&D research pro-
gramis funded in the U.S.A. around “Advanced LIGO,” and &y some improvements are being
plannﬁed for an “Advanced Virgo.” A large program for a cryoge3km interferometer is planned in
Japan.

The recent recommendation by the National Research Coofrtie United States (Astro2010
review) of LISA as the second major mission in Astronomy arstir@physics will trigger new pro-
posals for the technology, and a large international effariorganizing the LISA Data Analysis
community at the end of the present decade.
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