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Abstract We revisit the problem of radiative transitions of electrons in the presence
of a strong magnetic field. We derive fully relativistic cyclotron transition rates for an
arbitrary magnetic field, for any orientation of electron spin and for any polarization
of the emitted radiation. Also, we obtain the transition rates for any value of the ini-
tial electron’s parallel momentum. For very strong magnetic fields, transitions to the
ground state predominate. Transition rates summed over the electron’s spin orienta-
tion and for unpolarized radiation are also obtained, which confirm previous results
by Latal. Transition widths are calculated for different electron spin orientations and
different polarizations of radiation. We obtain general expressions for transition rates
that reduce to the results for the non-relativistic case and for unpolarized radiation.
Additionally we get, for the non-relativistic approximation, the transition rates for any
polarization of radiation. As an application, the first five emission lines are evaluated
and compared to the X-ray emitting neutron star V0332+53, which has multiple ob-
servable cyclotron lines, taking into account gravitational redshift. The most probable
polarization is £(2).

Key words: stars: neutron — radiation mechanisms: non-thermal — stars: magnetic
fields — polarization

1 INTRODUCTION

Cyclotron transition rates in strong magnetic fields are of great interest for emission from neutron
stars and some other exotic magnetized stellar objects, and have been discussed many times pre-
viously. Particularly, the effect of initial electron’s spin orientation on cyclotron radiation has been
analyzed by Herold et al. (1982). In that work, the transition rates are summed over the final spin
state and polarization of the emitted radiation. Harding & Preece (1987) discussed the behavior of
cyclotron transition rates as a function of electron spin for both initial and final states, unpolarized
radiation, and the case of zero initial electron parallel momentum. Bezchastnov & Pavlov (1991)
discuss cyclotron emission in plasmas including quantum and relativistic effects, but summed over
electron spin. A study of the effects of polarization of the emitted photon can be found in Sina
(1996), in which the angular distribution of radiation for two linear polarizations was analyzed, but
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considering only zero initial parallel electron momentum. Latal (1986) considered the radiative tran-
sition of the electron between low-lying Landau levels and the ground state in high magnetic fields.
He obtained transitions rates without taking into account the polarization of radiation, but for differ-
ent orientations of the electron’s spin in the initial state. We extend this evaluation further, including
the different possible polarization of photons. Also we obtain the transition rates for any N value
of the final state, and for any orientation of the electron’s spin if N is different from zero. Pavlov
et al. (1991) studied cyclotron radiation in strong magnetic fields but did not take into account the
consideration of polarizations of the photons. Baring et al. (2005) developed previous results in the
literature to obtain compact analytical expressions for cyclotron decay rates and widths in terms of a
series of Legendre functions of the second kind. Thus, they explicitly obtain the transition rates for
any third component of momentum of an electron, but only for transitions to the fundamental state
and without taking into account the polarization of radiation and the polarization of the electron’s
spin orientation if the final state is different from zero. Here, we generalize the previous studies,
including arbitrary electron Landau levels and spin states, electron parallel momentum and radiation
polarization states, and derive new expressions for the transition rates.

2 THE S-MATRIX

Cyclotron emission is a first order process, and the Feynman graph is shown, e.g., in Daugherty &
Ventura (1978). Here we use natural units, in which ¢ = i = 1, s0, e.g., B, = mTZ = 4.414x10'3 G.

In a magnetic field, the electron Landau energy level is given by Ey = [p.24+m?+2NeB]'/2, or by
Ey = [p? +m2(1+2NB')]*/2, with B’ = -5-. We keep non-zero p, in our expressions, although
it has been pointed out several times previouslc}r/ that one can carry out calculations for p,=0, then
perform a Lorentz transformation into a frame with non-zero p.. When we present figures showing
computed results, we present just p,=0 cases for simplicity. The reason for keeping non-zero p,
in our formulae, even though they are more complex, is to allow calculations to be made for non-
Zero p,, since in some cases it may be simpler to carry out these calculations. Examples could be a
complex velocity distribution where calculating the results which are directly dependent on p, might
be simpler than carrying out the set of Lorentz transformations (one for each velocity), or if one was
calculating a quantity which is not Lorentz-covariant, in which case one could not use the Lorentz
transformation. The S-matrix element for cyclotron emission is

Sgi = (~ic) / L /_OC Wy () A (2)Vi(x), )

where U ;(z) is the wave function of the electron (see Appendix) and A*(z) is the photon emission
wave function " ,
€ v ek iwt—ike
AH = gikyxY = iwt—id $7 2

@) = govz® RwV]i2° @
where the polarization of the photon £* can be denoted by A = 1, 2 (linear polarization) or A = +, —
(right and left handed circular polarization), i.e., £(!) also represents parallel polarization and £(2)
represents perpendicular polarization, where the photon’s electric field is parallel or perpendicular
to k x B, respectively. £() means the third component of the polarization of the photon along the
magnetic field B. V' means the underlying periodicity volume. Explicitly, the linear polarization unit
vectors are given by

M) = — cosfcos pi — cosfsin ] + sin Ok, 3)

£ = sin <pf — cos gp}, “

where 6, ¢ are spherical polar coordinates of the photon. The two circular polarizations are given by
1

ﬂ[é(l) + &), 5)

€+ =7F
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Thus, the photon momentum vector is
k = w[sin fcos @i + sin fsin ] + cos Ok]. (6)

The S-matrix element for the cyclotron radiation process for the cases of non-spin flip transitions

(initial and final electron spins down-down | |, or initial and final electron spins up-up T7) is
—ie[eB]'/? [27]3

AL.L,[EEo(E + Bo) P|[E'Ey(E + Ep)'/2 2wV |12

O(E — E —w)d(p, — py — ky)o(p. — pz — k2)

[ie— (o + rm)"*(Ey —r'm)'/* - [(E + Eo)(E' + Eg) — popl] - I

+&3N(Ey + rm)YV2(EL +r'm)Y? - [p.(E' + E)) + pl(E + Ey)] - I

+iey (Eo — rm)2 (B} + r'm)"?[p.p., — (E + Eo)(E' + E{)] - I

+e*N(Ey — rm)V2(Ey — 'm)? - [p.(B' + E) + pL(E + Eo)) - L), (])

rr’
Sy =

where the superscripts on S denote initial and final spin states (r = v’ = 1 for the case of 77 and
r =1’ = —1 for the case of | |).
For the spin-flip transitions r = r/, i.e. 7] and |7, the S-matrix element is given by
— [—ie]leB)1/? 2]
517 AL.L,[EE(E + Eo) PEEY(E' + Bp) /2 RwV 172

S(E' = E —w)d(p, — py — ky)d(pl — pz — k)
[r'e—(Bo +rm)"2(Ey — r'm)' 2 [p,(E + Eo) — pa(B' + Ep)] - I
+ir'eN (Eg + rm)Y2(E) + r'm) Y [p.pl, + (E + Eo)(E' + E))] - I»
+r'es (By — rm) V2 (Ey + r'm) [l (E + Eo) — p(E' + Ey)] - I3
—ir'e® N (Ey — rm)Y2(Ey — v'm)Y?[p.p. + (E + Eo)(E' + E))] - L. (8)

3 TRANSITION RATES
The differential transition rates for the four cases can be written as just one expression as follows:

JWT awd) .
N'=N-16(27) [Eo(E + Eo)|[E'EY(E' + E})|[E’ — w(sin0)2 — p/, cos ]
[< PL(E + Eo) — p:(E" + Ep)]7 4,0 > ,
[(E + Eo)(E" + Ep) — p=pL]7—,.
e (Eo + rm)(Ey — r'm) IR, y_1(x) + ee’ (B — rm)(By +r'm) IR _y n ()]
+V2N'eB((E + Eo)(E' + Eo) — rr'ppl]lp=(E' + Ej) + rr'p.(E + Eo)]
[(Eo +rm)(e_e*3Me? 4 SNe* o=V I vy (2) In—1 v-1(7)
+(Ey —rm)(e4e*3Ne™ 4 53()‘)516“”)11\;/_1,1\;(ac)IN/yN(x)]
(E+ Eo) — p(E' + Ep)|2,,.
e/ S Ly o)
(e—e%e®? +epere ) v yo1(2)In 1, n(2)

4 (B4 Eo)(E' + B2
9 3(N\) ~x3(\) [pzpz +( 0/lr#r Ine _ In
+2[e* Ve D.(E + Eo) +p.(E' + B2, ) V=1 (@) v n(2)]
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+V2eBN[(E + Eo)(E' + E})) — rr'p.p.][p.(E + Eo) + r1'p. (E' + EJ)]
[(E(l) _ ,r,/m) (6_5*3()\)61'-@ + SS(A)Eie(iiQD))IN/’N_l(.I)IN/7N($)
+H(Ey+1'm)[e4e¥Ne ¢ + 3Nt ) Iy N1 (@) In—1, v (@)

FIFCICVIRE 1OV < -l + (E + Eo)(E' + Ep)l7 ., >
0. (Eo + E) + p.(E' + B2,

1(Eo +rm)(Ey +1'm)I}_y n_1(x) + (Eo — rm)(Ej — r'm) I3 ()], €))
where z = “’225612}2 0 Ep = eg’\) + ieé’\), E_ = 69) — isg’\), and I+ n(x) is the Laguerre function,

for which we use the expression

IN’,N = (10)

VNI _2an2e (WP sin20\ YV [N-N w?sin? @

N 213 N 2B )

The integrals in the S-matrix element I3, I, I3 and I, are summarized in the Appendix.
In Table 1 we give the coefficients related to the polarization of the radiation which appear in

Equation (9). If we take p/, = 0, and sum over the outgoing electron spin, we obtain a transition rate
which is in agreement with Herold et al. (1982).

Table 1 Coefficients Related to Polarization

Coefficient =1 c(A=2) eA=%) Sum over A
e_e* (cos 0)? 1 %(1 + cos0)? 1+ (cos6)?
e_e*3(N) 7%811129-6_1'99 0 ¥%sin€(1icos€) ceThe 7%Sin29-€_i'@
e_e’ (cos0)? . e7i2¢  —eTi2¥ —%(sin 0)2 . 712w —(sin@)? . e72¢
53(”51 —% sin 20 - e~1'¢ 0 :I:%sin O(1 Fcos)-et% —% sin 20 - e~¥¢
ete% (cos 0)? 1 1(1F cos0)? (1 + [cos 0]2)
g3(M)g*3(X) (sin 9)?2 0 %(sin 0)2 (sin 6)2

As a consequence of conservation of energy and the parallel component of electron momentum,
onehas F' = E+wandp, = p, + w - cosb.
The energy of the photon as a function of the angle 8 is given by

(E' —p cosf) — \/(E’ —plcosf)2 —2m2B’'sin® (N’ — N)

) an

NN sin? @

In Table 2 we give the contributions to the transition rates for different types of polarizations of
radiation and use the electron’s spin orientation (down-down) in this evaluation. We integrate over
the angle @ and take magnetic field values between 5 x 10'° and 4.414 x 10'* G. An important
fact is that the most probable polarization of the radiation is (*) rather than (). Only for a very
strong magnetic field, ~ 4.414 x 10** G, does the transition to the fundamental state dominate, and
for B < 4.414 x 10'* G, transitions to the nearest lower level (N = N’ — 1) dominate. Also seen
from Table 2, for B = 5 x 102G and pl, = 0, the de-excitation summed over photon polarization
is strongly favored via a single step transition. This is consistent with the results of Daugherty &
Ventura (1977), in which the photon emission at the specific angle of § = 90° was analyzed.

For p/, = 0, the energy of radiation, w, as a function of 6 is

El — \/E62 —2m2B’sin? (N’ — N)

sin® 6

WN'N = (12)
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Table 2 Contribution to Transition Rates for Different Types of Polarizations (p, = 0)

B—magnetic field (G) N’ — N Yo%) O (%) eXA=D(%)
5 x 1010 N =2—-N=0 0.271 0.0451 0.225
N =2-5N=1 99.7 25 74.8
N =3—=N=0 0.00176 0.00022 0.00154
N =3 N=1 0.538 0.0898 0.448
N =35 N=2 99.5 24.9 74.6
5 x 1012 N =25 N=0 18.3 3.2 15.1
N =2-5N=1 81.7 21.7 60
N =3 N=0 6.5 0.875 5.6
N =3-5N=1 23.8 4.5 19.3
N =35 N=2 69.7 19.2 50.5
4.414 x 1013 N =25 N=0 45.9 9.6 36.3
N =2-5N=1 54.1 16.6 37.5
N =3 N=0 30.7 5.5 25.2
N =3 -N=1 28.6 7.2 21.4
N =35 N=2 40.6 12.9 27.8
4.414 x 104 N =2—-N=0 56.3 16.7 39.6
N =2-5N=1 43.7 14.5 29.2
N =3—-N=0 42 11.8 30.2
N =3-5N=1 24.4 7.2 17.2
N =35 N=2 33.6 11.2 22.3

which agrees with equation (15) of Herold et al. (1982). For § = 0° or § = 180°, the photon energy
is given by
(eB)(N — N')
L. FE)
where the upper sign is for § = 0° and the lower sign is for § = 180°.
For a particular transition from any excited state to the fundamental state N = 0, with p/, = 0
and 0 = 90° where w is maximum, we can write the expression for the emitted energy

w=m(\1+2B'N' —1)-(1+ Zy) " for any B’ and N’

B
~ mB'N'(1+Zy)" " if BN <1 or w~ 11.6mN’(1 +Zy) tkeV,  (14)

(see, Coburn et al. 2002). For the evaluation of the magnetic field strength, we also take into account
gravitational redshift

13)

WN'—-N =

—1/2
RS} -1 (15)

Zy=|1——
g |: R

with R, = % and Mg is the mass of the neutron star.
The exact expression for w (Eq. (14)) must be used when B’ ~ 1 because otherwise we obtain
a significant difference with respect to the exact values, i.e., for N’ = 1 — 0 we get a discrepancy

of 38%; for N' = 2 — 0, 60%; and for N’ = 3 — 0, 80%.
After the integration over ¢ in the equation for the differential transition rate, we obtain the
result for any polarization

™

a [2 dOw sin 0 . / 2
Pepizo = 3 /0 EL[ELE — 2eB[N’ — N](sin 6)2]1/2 [e—&= (Fo £m)(Ep —w Fm)In,n-1(2)

—V2N’eBwcos(0)[e—e**Me'? 4 2N e I n 1 (%) Inr -1 n-1(X)
+2eBVNN'Ini n_1 (@) ni_y n(x)[e—ehet™f 4 e e e 29
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+&3 NS (B T m) (By — w £ m) Iy 1 v ()

—263 N3N NN 2e BIn/ 1 1 (x)Ins ()

terei (By Fm)(E) —w+m)In_y n(z)°

—V2N'eBw cos QIN/_LN(x)IN/,N(a:)[5+5*3(>‘>e_i‘p + 53(’\)516“9]

+&3 NN (B £ m) (B —w F m) Iy ()] (16)

Summing over the polarization of the radiation, we have the total unpolarized transition rate

s

a [2 df wsin 6 9
r_, = c E By —w+m)y
FL=03 2/0 B[y — 2eB(N’ — N)sin? 0]1/2 (1B Fm) (Fp —w £ m) I 1,n1(2)

+(Ey +m)(Ey —w F m) Iy n(x)?]sin® 0 + [(E) + m)(Ey —w F m) Iy y_1(2)°
+(Ey Fm)(Ey —w +m)In_q n(x)?][1 + (cos0)?] + 2(V2NeB)w[In/ 1 ()
Ini—yn—1(x) + Inv 1 n (2) Ins v (2)] sin 0(cos 0)? — 4eBV NN’
{In'nv-1(@) Iy -1 n(x) + Int -1, n—1(2) Ine N () } (sin 9)2]- (17)

As noted by Herold et al. (1982), the most important transition for astrophysical applications is
the transition from N’ = 1 to N = 0. For this case, the rate becomes

r oz/g w sin 6d6 —(#2sin%0)
’— = — e 2m2 B/
Fr=0"" 2 )y By(E) —wsin0)

leret (By Fm)(B) —w+m) — w?sinf cos (e e Ne
- 25in?
+e3Ner ¢9) 1 BN (BL £ m)(B) —w T m)(%)]. (18)
Explicity, for the transition from N’ = 1 to N = 0, one has for polarization A\ = 1
. . 4
150 wsin 6do _(£2sin?0) w?sin® @
F(:F L= / El El _ LUSiIl2 9) € 2m?B [(EO + m) (EO m) 2m2B’
+(E) F m)(E) — w4 m) cos? 0 + 2w? sin” § cos? ]; (19)
and for polarization A = 2
N wsin 0dO w?sin?0
Ly 2z_0 = / FL (Bl — wsin? ) e”zn25 ) [(Ep 7 m)(Ey — w £ m). (20)

From the above expressions, we calculate the transition rate for unpolarized radiation and obtain
the same result as the expression for unpolarized radiation previously calculated by Herold & Ruder
(1982).

Now, taking the non-relativistic case, and for transition N’ = 1 to N = 0, we then get that
E{ ~m+mB’, w~ mB and the argument of the Laguerre function is [5=%] ~ Bl%“ze. Then we
confirm the results in Herold et al. (1982) for the non-relativistic transition rates which was given
for the case of: N’ = 1 to 0; p/, = 0 and sum over final electron spins and photon polarizations.

Consider the spin-averaged total cyclotron transition rate for the transition to the fundamental
state (N’ = N =0)and p, =0

T 2B'N'NV' / J 7127’+1)p (1- p)NL1
= e 1+p  _— .
TO(N ) (1 + QB’N’ 3/2 Y (1 +p)N’+1
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9B'N’ — @; (sum over ), see eq. (27b), Latal 1986)
BN (A= 2) @1
B'N'— =ek (y=1)

P )

(1+2B'N'y?)
(1+2B'N")
over the final state of the electron’s spin, the cyclotron transition rate to the ground state is obtained

for the spin-up or spin-down initial state,

with 79 = -1, which is the characteristic time, and p = with y = cos f. By summing

Py —N=0 _ 2B'N"Y . /1 dyed(Vl/J(rlﬂjp) : w :
(N’ = D)I(1+2B'N")3/2 " |, (14 p)Ntt
[2B'N' — (1;/)/')] T \/ﬁ] (sum over \)
By bl O=2) @)
i Yy W S 7 U ) W

Here the upper sign is for the spin-up case and the lower sign is for the spin-down case.

4 APPROXIMATIONS

We obtain transition rates for any polarization of radiation in the non-relativistic approximation case.
For initial electron spin down and transition N’ = 1to N =0

1
i = gam(B')2 for A = 1, (23)
I3 = am(B')? for A = 2. (24)
For initial electron spin up, one has
1
sl = iam(B')?’ for A =1, (25)
1
iy’ = 6om(B')3 for A = 2. (26)

Thus the transition rate for linear polarization £(1) is three times smaller (larger) than for £(2) if the
initial electron spin is down (up).
For the transition from N’ — N = N’ — 1 the rates are

’ a7/ 1
L=t = gom(B')QN' for A =1, (27)
rgV_';N:N’*l = am(B')’N’ for A = 2, (28)

and for N’ — N = 0 the rates are

amB'N+D N1 NN -1 (N')!

N'—-N=0 __ _
TN=0 — el for A = 1, (29)
, B/(N/+2)Nl(2N,+1)2(N/_1) N')!
i h=0 = 2 (V) for A = 2. (30)
2N+ 1)

For the case of circular polarization, we obtain for p/, = 0,

for A = +,
for A = —. @D

Fé\i’r]\/ﬂfl _ Oém(Bl)2N/{

[SNEN SNy
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For transitions from N’ to N, with initial and final electron spin down (no spin flip) we have

NN oz(B/)NI_N'H(N/ _ N)2N’—2N—1 . m(N’)!

I [(N' — N — 1)I]2(N)!
2W4m.(NUJV—UL?MJNMW—N+U!$ 1
2(N" = N) +1]! (N"—N) |’

(32)

where the upper sign is for the polarization A = + and the lower sign is for the polarization A = —.
By summing over electron initial and final spin states, we obtain

,H BN TNTUN N 4 1)(N — N)2N 2NN =N+ 4 NY (N — 1)
Fé\]f\b(ﬁf —am ( +1)( ) (N"+ N)( ) sumover A (33)
(2N’ — 2N + 1)IN!

N _ amB N TN (N ) BN2N9 (NN (N NY(NY - 1))

r = forx=1
(~N>0) @N— 2N 1 1)1V orx=1 G4
oy _ amB' N TN (N N)EN' 2N (NN (N 4 N (N — 1))
(NS0 = forA=2. (39
(2N’ —2N)!N!

For the case of circular polarizations (the upper sign means A = + and the lower sign means
A=-)

N/ =N a(B)N NFL(N' — NP2 (N = 1)I((N 4 N) Lo(N=N'+1) |

(N>0) = [(N'— N — DIJ(N)!
(N' = N +1) - 22N'=2N-1(N' _ )| ! (36)
2(N — N) + 1! TN N
For the case that the electron spin is T, T, with N > 0, we obtain
P
NN am2N’—N(B/)N'—N+1(N/ _ 1)!(N’ . N)zNLzN B
T = 2OV - N) + (V) forA =1, ®7
, N =N (p\N'—=N+1/nr/ _ 1\W(N! _ 2N’ —2N
PN =N am?2 (B") (N'=1)I(N"—=N) for A =2, 38)

[2(N7 = N)JI(NY)
am2N’—N+1(B/)N’—N+1(N/ _ 1)'(N/ _ N)QN/—ZN 3 (N/ _ N 4 1)

2(N" = N) + 1I(N)) sumover A. (39)

N'—N
INREES
For circular polarizations, we find

pven _ am2V TN (BN NN - 1IN - NP

1 - [N’—N—l]!Q(N!)
22NN L (N — N — DI(N' = N + 1) 1
( : )N ) . o
[Q(N_N)-i-l]! (N—N)
(with upper sign for A = + and lower sign for A\ = —). For N = N’ — 1, we obtain
Lif A =1,
1if A =2,
DN = ma(B) - d GiEA = 1)

if A= —,
sum over A.

WD~
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For electron spin T, | we obtain

N =N _ am2N =N (BN =N+2(N/ ) (N - N)2N 2N (NN )
Tl - (N"=N)12(N!) [2(N"=N+1)]!

(N"=N—-1)! forA=2

{(N'= N =)'+ gr—tre - AN = N+ 1)+ 4(N' = N)! +3(N' = N = 1)!]} sum over A
(42)
and for circular polarization we get
[N/ =N _ am2NT N (BON'ENEX(N )N NNV (oN—aN41) [N =N+1)1]?
N (N =N)IZ(V) [ @2(N'=N+D+1)!

(N'—N)! N/ —oN+1 (N =N)I(N'=N+1)! N'—aN—1 (N'=N-1)!(N'=N+1)!
Fanv—nrn T 22N 2N BN -NFD+ T 22N 2N RN —NTD! (43)
:F(N/—N—l)! 3-22‘”/*2”*1(N’—N—l)!(N'—N+1)!]

2(N'—=N+1)! 2(N'=N+1)+1]! )
where the upper sign is for A = +, and the lower sign is for A = —. For the transition N’ — N’ — 1
the non-relativistic approximations are
fam(B')? for A\ =1,
sam(B')? for A =2,
F?{l_N “l=¢ Zam(B')? sum over J, (44)
Ham(B')? for A = +,
Sam(B')3 for A = —.

5 RESULTS
5.1 Sample Calculated Transition Rates

We now return to calculating the full relativistic transition rates. For the transitions N’ = 1 to
N =0, p,, = 0, and the range of magnetic field strengths 0.1 < B’ < 20, which is supposed to exist
in magnetars, cyclotron rates are shown in Figure 1. The transition rate is greatest for polarization
£® (perpendicular) and electron spin down-down (]]). Also, for B’ greater than 2.36, the rate
for (1) (parallel) polarization and electron spin 1| becomes larger than the rate for £(*) (parallel)
polarization and electron spin | |.

For the N/ = 2to N = 1 case and spin orientation | |, one also finds that the rate for polarization
£ is larger than for ¢ as is also true for the N’ = 1to N = 0 case. Figure 2 shows the transition
rate in units of the cyclotron frequency wg. The effect of nonzero p’, is also shown in Figure 2:
increasing p’, decreases the transition rate.

In Figure 3, we compare transition rates for different Landau level transitions with the initial
level N’ = 3 (taking p/, = 0). Transition rates for polarization £(2) are generally larger than rates
for polarization ¢ For polarization é(z), when B <~ 1.4B,,, the highest rate is for the Landau
transition N’ = 3to N = 2 but when B > 1.4B.,, the highest rate is for the Landau transition
N’ = 3 to N = 0. For polarization 1) when B <~ 8B, the highest rate is for the Landau
transition N’ = 3 to N = 2, but when B > 8B,,, the highest rate is for the Landau transition
N =3toN =0.

The transition rates for different types of photon polarization and for transitions from N’ = 20
to all different N < N are shown in Figure 4. These were calculated for the case B = 1B, p, =0
and for electron spin | |. One always finds the result I' 2y > I' vy =T'o-) > T ).

Next, we consider a non-relativistic thermal electron energy distribution
1 (222

th N € -~
f (pz)—Q(%mT)l/Qe ; (45)
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Fig.1 Transition rates for different types of photon polarizations and for transitions from N’ = 20
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Fig.2 Transition rate (divided by wg) vs. magnetic field for N’ = 2 to N = 1 and
spin orientation | |.

and obtain emission rates vs. frequency (i.e. spectra) for linearly polarized photons. We consider the
case for temperature 7' = 0.02m =~ 10keV and 6 = 30°.

Figure 5 shows the results for the transition N’ = 1to N = 0 and B%r = 0.1. The result for the
sum over photon polarizations is similar to Herold et al. (1982). The photon emission rate is larger
for electron initial spin down than for spin up.

Also, we see for B = 0.1B,, that the emission rate is larger by a factor of ~20 for photon
polarization £(*=2) than for *=1)_ In Figure 6, we show the results for B = 10B,, and summing
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Fig. 3 Transition rates (divided by wg) from the N = 3 Landau level, with p, = 0.
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Fig.4 Transition rates for different types of photon polarization and for transitions from N’ = 20
toN < N'.

over Landau transitions N’ to N = 0 for N'=1 to 10. The radiation spectrum resulting from each
transition is much narrower and is at a lower frequency relative to the cyclotron frequency than for
smaller B. Thus, one can see the separate emissions from the different Landau transitions in the
spectrum, and hence there are 10 peaks in the spectrum, limited by the number of Landau transitions
we chose to calculate.

Lastly, we consider the emission spectra from non-thermal electrons, using the distribution func-
tion of Herold et al. (1982)

1 p? 1
1 = .
(2mT)1/2( + QmT)
We calculate emission rates vs. frequency for unpolarized and linearly polarized photons and we
sum over all Landau transitions N’ to N = 0 for N'=1 to 10.

nt _
[ (p2) = o (46)
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energy distribution with temperature 10 keV. Rates are shown for the different photon polarizations
and initial electron spins and for B = 0.1B;.
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Fig. 6 Results for B = 10 B, .

We take T' = 0.02m =~ 10keV and 6 = 5°. Figure 7 shows the results for the B = 0.1B,, and
B =B,.

Figure 8 shows the results for the B = B, and B = 10B,,. As B increases, the spectrum
becomes narrower and, although it shifts to a higher energy relative to the cyclotron frequency, the
spectrum shifts lower. The photon emission rate is larger for electron initial spin down than for spin
up, although the difference is quite small (only visible at the highest frequencies on these plots).
Also, we see that the emission rate is larger for photon polarization £(*=2) than for ¢(*=1) by factors
~20, ~5, and ~1.6 for B = 0.1, 1, and 10 B,,, respectively.
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Fig.7 Photon emission rate vs. frequency, in units of the cyclotron frequency, wg, for the non-
thermal electron energy distribution of Herold et al. (1982) with 7" = 10 keV. Rates are shown for
the different photon polarizations and initial electron spins. Results are for the cases B = 0.1B.,

and B = B;.
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Fig.8 Results for B = B, and B = 10B.;.

If we now analyze the spin-dependent absorption cross section in the frame of a non-relativistic
limit, for both linear polarizations, and by using equation (2) of Harding & Daugherty (1991), we
obtain the following expression (the electron spins are initially in the ground state)

an’h?

62

B'N

NQB/ 2 N-1
sin® 6 @7

m

(N =1)!

(5

2
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This is valid for the case of A = 1 and for spin | T (spin down-up) and

UN,lw)Naw?h%?. B'N  (N’B'sin’¢ N’l.COSQQ
abs m (N —1)! 2 ’

(48)

again valid for the case with A = 2 and for spin | (spin down-up).
Additionally, for the cases of spin (] |) down-down we got

252 2 2 2 gy V1
N.2 arm“h’c 1 N*B’sin“ 0 .
o () ~ TR ( 5 ~(2cos?0)(1 — NB'sin®0),  (49)
for A =1, and
N2 gy 2am2h3c? 1 N2B'sin2\ " " 50,
Tabs m (N —1) 2 ’
for A = 2.

Thus, if we now average over the photon polarizations described by Equations (48), (49), (50)
and (51), we just obtain equation (14) (Harding & Daugherty 1991), except that we get a factor of
two difference for the second equation (14) of their paper cited above, and we get

N-1
> [(1 + cos? ) — NB'sin? § cos® 0]. (51)

os(0) ~ 5

N2 ar?h?c? 1 N2B’sin?6
abs m (N-D)

Thus, the evaluation of the total absorption cross section, including the spin-dependent natural
line width for the first harmonic (N = 1), for the linear polarization, yields

1 1.1 2 1.2 2 47Th202
o =0, oy ~
abs abs 7TF1,1 abs 7TF1,2 m2B’2

(1 + 3cos? ) (52)

(for either A = 1 or A = 2).

Figure 9 shows the total absorption cross section, including natural line width for the first five
harmonics, when initially the electrons are in the ground state, B = 0.1 and # = 30°. Applying
equation (9) used by Harding & Daugherty (1991), and for the case of linear polarization and un-
polarized absorbed radiation. Equations (47), (48), (49) and (50) were used and transition rates in
non-relativistic approximation for emission processes. Also by summing over the orientation of the
electron is in the final state, because initially if N = 0, only the spin-down orientation is permitted.

Figure 10 displays the total transition rate for magnetic strength beyond the critical field. The
non relativistic approximation behaves as a straight line, growing linearly whereas the exact total
transition declines after a value greater than the critical field according to Herold et al. (1982).

5.2 Application to Neutron Stars

The detection of cyclotron lines in neutron stars allows a direct determination of the magnetic field
intensity. In the case of the pulsar Her X-1, Truemper et al. (1978) suggested the existence of a
strong line feature at ~ 58keV in the pulsed (1.24 s) X-ray spectrum and the interpretation of this
line is a consequence of the electron cyclotron emission. This feature is now generally accepted as
an absorption line around 40 keV (see, R. Staubert et al. 2007).

For the evaluation of the magnetic field strength, we also take the gravitational redshift into

account. For the non-relativistic case, with p’z =0and 0 = g, the fundamental line (transition
from N’ = 1 — 0) has Ey ~ mB'(1 + Zz)"'(MeV) = 11.61585(1 + Z,) ' (keV) and the
other harmonic lines, i.e., 2Ey, 3Ey, - - -, are given by expression of equation (1) in Coburn et al.

(2002). However, it should be emphasized that this is only valid for very strong magnetic fields
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unpolarized radiation
linear polarization e(1) 1
-=--- linear polarization e(2)

Fig.9 Absorption cross sections with spin-dependent relativistic natural width as a function of
incident energy (in units of the cyclotron energy) and for unpolarized absorbed radiation for both
linear polarizations, for field strength B’ = 0.1 and photon angle = 30°. We used the nonrelativistic
approximation expressions for this figure and obtained similar results as fig. 1 of the paper (Harding
& Daugherty 1991).

107 - .
— Exact
--- Non-relativistic approximation

o,

10°
0.01

0.10 1.00 10.00

B/B

critical

Fig. 10 Total transition rates in units of w g, so that we can compare with fig. 2 of Herold et al. (1982).
In that paper they analyze the same process, but by summing over polarizations of the radiation.
We obtain the same result for unpolarized radiation if the spin orientation is down-down. For a
fairly weak magnetic field, both solutions, non-relativistic and relativistic, give the same solutions.
However, for B near B., we have a different value for each solution. Specifically, we analyze the
transition from N = 1to N = 0 and p, = 0 MeV.
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B’ ~ 1. Thus, we must use the exact expression for the transition rates because the difference in the
percentage for the transitions is quite large, i.e. N = 1 — 0: 38% difference; N = 2 — 0: 60%
difference; and N = 3 — 0: 80% difference. For the case of Her X-1, the gravitational redshift,
Zy = 0.305, can be calculated by using Leahy (2004): M = 1.4M and R = 10° cm. Thus, the
observed energy is given by Fg obs = Eo(1+ Z4)~'. Heindl et al. (2004) suggested a magnetic field
strength of B = 3.5 x 10'2 G to obtain the observed absorption line at ~ 41 keV. However, as we
have noted, the errors in using the approximate expression for w are significant. We find we need
to take B = 5.0 x 10'2 G in order to obtain the fundamental at the energy of 41 keV. As discussed
above, the emitted radiation is dominated by linear polarization (%),

V0332+53 has several observed cyclotron resonance features (CRSFs). Pottschmidt et al. (2005)
confirm the presence of three absorption line energies: the fundamental line has w = 26.3keV,
the second cyclotron line energy is ~ 50keV and the third line energy is 73.7keV. We evaluate
line energies corrected for redshift using our formulae for different values of the magnetic field. In
Table 3, we present a set of energies matching those observed for V0332+53; to match the observed
lines of V0332453, we find that the required strength of the magnetic field is ~ 3.1 x 10'2G. In
Table 3, the values enclosed by parentheses are the average values of the cyclotron energy emitted
near the surface of the neutron star. The values before the parentheses are the average energy values
far from the star when we take into account gravitational redshift.

Table 3 Energy of the First Five Transitions to the Ground State for V0332+53, for
B=31x10"G

Transitions @ (keV) for 1) & (keV) for £(2) Probability for D) (%) Probability for €@ (%)

1—0 26.1 (34) 26.3 (34) 25.2 74.8

2—0 50.3 (66) 51(67) 17.1 82.9

3—0 73 (95) 74.3 (97) 13.1 86.9

4—0 95 (124) 96.6 (126) 10.8 89.2

5—=0 115.8 (151) 117.9 (154) 9.2 90.8
6 SUMMARY

In this paper, we have presented new calculations which extend previous works. We present com-
plete formulae to calculate fully relativistic cyclotron transition rates for an arbitrary magnetic field,
for any orientation of electron’s spin and for any polarization of emitted radiation. Also, we obtain
the transition rates for any value of the initial electron’s parallel momentum. The formulae have been
applied to calculate cyclotron emission rates for a number of sample cases, with different magnetic
fields, different polarizations and electron spins, different Landau transitions and different electron
momenta or electron momentum distributions. These formulae should be useful in calculating cy-
clotron emission rates for cases of strong magnetic fields, such as for accreting neutron stars and
magnetars, and to obtain the rates for the different photon polarizations and electron spin states of
interest.
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and CONICIT of Costa Rica. We acknowledge support from the Natural Sciences and Engineering
Research Council of Canada.
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Appendix A:

We carry out our calculations in the Landau gauge and use electron wave functions of Herold (1979),
and Sokolov & Ternov (1968)

: Bt —ip=(Eo —m)"*®n_1(p)
Py y+pzz—Et) (E + Eo)(Eo +m)2®x(p)

Ul(r,t) = (eB)"/* Al
(1) = (eB) (L-L,)22[EEo(E + Eo))'2 | —i(E + Fo)(Eo — m)"*®x1(p) (D
—p=(Eo +m)'?on(p)
which corresponds to spin down, and
oyt sED) (E + Eo)(Eo +m)'/*®n_1(p)
i(Pyy+pz2z— s _ 12p

o2 t) = (eB 1/4 e ipz(Eo — m) ~(p) A2
) = B Ly PABEE+ BT " | pa(Bo +m) 201 (o) 2

i(E + Eo)(Eo —m)?®y/(p)

which corresponds to spin up. In the above: Ey = vm? + 2NeB = my/1+ 2N B’, and ®x(p)
are the normalized eigenfunctions of the one-dimensional harrglonic oscillator with the argument
p=VeB(z+ LL): dn(p) = (<E)/4(2NN)~Y2Hy(p)e ™5 . The polarization of the photon is
denoted by A = 1,2 (linear polarization) or +, — (circular polarization). g (also denoted ||) and
() (also denoted L), have the photon’s electric field respectively parallel or orthogonal to k x B.
The unit vectors £1), &2 and k form a right-handed coordinate system:

) x 2@ — k. (A.3)

The integrals for the transition rates are

j. / Dy (p) B (p)d

+ikzpy , ) / iw? sin? 0 sin 2¢ 2
_ T (LN NV N g ze <°2":B> (A4)
for N' > N — 1, withw, =wsinfand p = VeB(z + 2%);
b= [ ety (ptn (s
ikx Dy ’ . ’ iw? sin2 0 sin 2
_ €+ :pr (—i)N =N ip(N —N)e# NN (;UJ_B> (A.5)
e
forN'—1>N—-1;
tikapy / ) / iw? sin? 6 sin 2
T (LN N (N 1N s mze (:;3) (A.6)
for N’ —1 > N;and
ik py ’ . / iw< sin sin 2¢ 2
_ eJr:in(—i)N —Neup(N —N)e$ ] IN/’N (;UJ_B) (A7)
e

for N’ > N. We used Gradshteyn & Rhyzhik (1965): Tables of Integrals, Series and Products to
evaluate these integrals.
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